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Preface

This handbook provides a package of methods based on Sinc ap-
proximation. It contains about 450 MATLAB® programs for ap-
proximating almost every type of operation stemming from calculus,
as well as new and powerful methods for solving ordinary differential
equations (ODE), partial differential equations (PDE), and integral
equations (IE). This work reflects advances with Sinc the author has
made since 1995.

The mathematics of Sinc methods is substantially different from the
mathematics of classical numerical analysis. One of the aims for cre-
ating this handbook is to make Sinc methods accessible to users who
may choose to bypass the complete theory behind why the methods
work so well. This handbook nevertheless provides sufficient theo-
retical detail for those who do want a full working understanding of
this exciting area of numerical analysis. The MATLAB® programs,
presented in Chapters 3 and 4, apply to problems which range from
elementary to complex ones having actual real world interest. The
ability to apply Sinc methods to new engineering problems will de-
pend to a large extent on a careful reading of these chapters.

Sinc methods are particularly adept at solving one dimensional prob-
lems: interpolation, indefinite and definite integration, definite and
indefinite convolution, approximation of derivatives, polynomial and
wavelet bases for carrying out Sinc approximation, approximation
of Fourier and Laplace transforms and their inverse transforms, ap-
proximation of Hilbert transforms, analytic continuation, linear and
nonlinear ODE initial value problems using both Sinc and wavelet
collocation, and Wiener—Hopf problems.

In more than one dimension, this handbook derives and illustrates
methods for solving linear and nonlinear PDE problems with em-

XV
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phasis on elliptic, hyperbolic and parabolic PDE, including Navier—
Stokes equations, over bounded, unbounded and curvilinear regions.
Underlying these methods and the basis for the so—called Sinc
method of separation of variables is the ability to transform a multi-
dimensional problem into a small number of one dimensional possi-
bly nonlinear indefinite convolutions, which in turn can be efficiently
computed through simple operations on small sized matrices.

We believe that beyond providing approximation and solution al-
gorithms, Sinc represents an “ideal road map” for handling numeric
problems in general, much like calculus represents a way of life for sci-
entists in general. Using the mathematical tools developed in Chap-
ters 1 and 2, Chapters 3 and 4 provide details which support this
Sinc perspective.

Let me comment on the layout of the handbook.

Chapter 1 of the handbook gives a theoretical presentation of one
dimensional Sinc methods. This differs somewhat from [S1], in that
part of the present version is developed using Fourier transforms in
place of analytic function methods. This is an easier approach for
beginning students. Ultimately, however, analyticity first becomes
necessary for the derivation of Sinc indefinite convolution in §1.5.9,
and then, as Chapters 1 and 2 unfold, takes over and becomes the
most mathematically expedient setting for developing our results.
Indeed, this handbook supports the principle that the mathematics
of numerical analysis is best carried out in the complex plane.

New procedures derived in Chapter 1 which do not appear in [S1]
are: derivations of functional relations between Sinc series trigono-
metric and algebraic polynomials, thus establishing connections be-
tween known and new finite term quadratures; more explicit develop-
ment of polynomial-like interpolation for approximating derivatives
[S13]; formulas for Laplace transform inversion; formulas for evaluat-
ing Hilbert transforms; approximating nonlinear convolutions, such
as

r(x):/;k(ﬂs,x—t,t)dt

and advances in analytic continuation. We also derive easy-to-use
periodic Sinc—wavelet formulas and expressions based on the con-
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nection between Sinc series and Fourier polynomials [SBCHP]. The
final section of this chapter derives a family of composite polynomials
that interpolate at Sinc points. The derivative of these interpolating
polynomials enables accurate approximation of the derivative of the
Sinc interpolated function.

Sinc methods in one dimension developed historically as an interplay
between finding Sinc approximation algorithms for functions defined
on finite and infinite intervals and identifying spaces M, 3.4(y) best
suited to carry out these algorithms. This proved to be a powerful,
fruitful process. Previously open questions in approximation theory
were tackled and new results achieving near optimal rates of con-
vergence were obtained [S1]. When Sinc was then applied to solving
PDE and IE problems, these same spaces, as we shall see, again
proved to be the proper setting in which to carry out Sinc convolu-
tion integral algorithms, and as an ideal repository for solution to
these problems.

Chapter 2 provides a new theory that combines Sinc convolution with
the boundary integral equation approach for achieving accurate ap-
proximate solutions of a variety of elliptic, parabolic, and hyperbolic
PDE through IE methods. Fundamental to this are derivations of
closed form expressions of Laplace transforms for virtually all stan-
dard free-space Green’s functions in R? x (0,00), d = 1,2, 3. These
multidimensional Laplace transforms enable accurate approximate
evaluation of the convolution integrals of the IE, transforming each
integral into a finite sum of repeated one dimensional integrals. We
also derive strong intrinsic analyticity properties of solutions of PDE
needed to apply the Sinc separation of variables methods over rect-
angular and curvilinear regions.

In general, we can achieve separation of variables whenever a PDE
can be written in the form

Lu=f(r,t,u,Vu)

with 7 in some region of R%, d = 1,2,3 and time ¢ in (0,00), where
L is one of the linear differential operators
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Au,
ou

Lu— E—Au, or (1)
d%u

Analyticity, a natural result of calculus-like derivations, then al-
lows us to solve (1) relying solely on one dimensional Sinc methods,
thereby eliminating dealing with the large sized matrices typically
associated with finite difference and finite element methods. We shall
see how elementary assumptions on the way PDE are derived allow
us to break away from restrictions postulated in Morse and Fesh-
bach [MrFe], who assert 3-d Laplace and Helmholtz equations can
be solved by separation of variables only in thirteen coordinate sys-
tems.

Chapter 3 provides examples and MATLAB® programs for the full
repertoire of one dimensional problems.

Chapter 4 provides MATLAB® programs which illustrate Sinc solu-
tion of Poisson, wave and heat problems over rectangular and curvi-
linear regions, as well as solutions formed as analytic continuations.

Chapter 5 contains a complete list of of the MATLAB® programs
of this handbook.

The advent of modern computers has strongly influenced how differ-
ential equations are modeled, understood, and numerically solved.
In the past sixty years, finite difference, finite element and spec-
tral methods are the most prominent procedures to have emerged.
Sinc, having its origins as a spectral method, first established it-
self as a means to strengthen and unify classical and modern tech-
niques for approximating functions. Since 1995 a deeper understand-
ing has been developing how Sinc can perform superbly as a means
for numerically solving partial differential equations. Popular nu-
meric solvers, i.e., finite difference and finite elements, have severe
limitations with regard to speed and accuracy, as well as intrinsic re-
strictions making them ill fit for realistic, less simplified engineering
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problems. Spectral methods also have substantial difficulties regard-
ing complexity of implementation and accuracy of solution in the
presence of singularities.

Research in Sinc methods is ongoing and vibrant. Hence this hand-
book is far from a complete story. All of the programs have been
tested. It will be possible over time to make many of them more
efficient, e.g. multidimensional algorithms are particularly amenable
to parallel processing.

I shall be grateful to be informed of errors or misprints the reader
may discover.
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be able to discern the influence of mathematicians who guided me
throughout this work:

My friend, Philip Davis, whose encyclopedic command of mathemat-
ics has been such a strong influence;
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1

One Dimensional Sinc Theory

ABSTRACT This chapter presents the theory of one dimensional Sinc
methods. Our presentation differs somewhat from that in [S1], in that
Fourier and Laplace transformations are used in place of complex vari-
ables to derive many of the identities. Whenever possible, references are
given to programs of this handbook following each derived formula.

At the outset we present identities of band limited classes of functions,
which can be obtained via use of Fourier series and Fourier integrals. In
the next section we show that these identities are, in fact, accurate approx-
imations of certain functions which are not band limited. We also introduce
Fourier wavelets, and polynomials, which are a subset of Sinc series.

We then introduce spaces of functions in which the finite sums of these
approximations converge rapidly, enabling accurate approximations with
a relatively small number of evaluation points. These results are then ex-
tended to an arbitrary arc I' using a special class of transformations, and
then to various procedures of numerical approximation.

In the final section of Chapter 1, we derive composition polynomials for
approximating data given at Sinc points.

1.1 Introduction and Summary

This chapter contains derivations of one dimensional Sinc approxima-
tions. Whereas previous derivations of these results were done using
complex variables, the majority of the derivations in this section are
done using Fourier transforms. We thus present derivations of Sinc
approximation, over a finite interval (a,b), over a semi-infinite in-
terval (0,00), over the whole real line (—00, 00), and more generally
over arcs in the complex plane. Sinc approximations are provided for
the following types of operations:

Interpolation;

Approzimation of derivatives;

Quadrature;

Indefinite integration;

Indefinite convolution;
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Fourier transforms;

Hilbert transforms;

Cauchy transforms;

Analytic continuation;

Laplace transforms, and their inversion;

Solutions of Volterra integral equations;

Solutions of Wiener Hopf integral equations; and

Solutions of ordinary differential equation initial value problems.

1.1.1 SoOME INTRODUCTORY REMARKS

Let me make a few general remarks about Sinc methods.

The B-spline,

N $2
By(z) =] (1 - ﬁ) (1.1.1)
k=1

becomes the “sinc function” sinc(z) in the limit as N — oo, where

sinc(x) = sin(r z) = lim 1 <1 - a:_2> . (1.1.2)

Figure 1.1 is a graph of sinc(x — 1).

For k an element of Z , the set of integers, and h a positive number,
it is notationally convenient to define the Sinc function S(k,h) as
follows,

S(k, h)(z) = sine (% - k) . (1.1.3)

Sinc functions do well as approximating functions. Let f be defined
for all z on the real line, and form the sum

Fu(z) =" f(kh)S(k,h)(x). (1.1.4)

kEZ
If convergent, this series is known as the “Whittaker Cardinal Func-
tion”. My mentor, J.J. McNamee, called this function “a func-
tion of royal blood, whose distinguished properties separate it from
its bourgeois brethren”. It is replete with many identities, and it
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FIGURE 1.1. sinc(x-1)

enables highly accurate approximation of smooth functions f de-
fined on R such as f(z) = 1/(1 + 22), or f(x) = 1/cosh(z), and
f(x) = exp(—2?). Indeed, if the maximum difference for all z € IR
between f(x) and Fj(x) is €, then the maximum difference between
f(x) and F}, jo(x) is less than 2. Thus replacement of h by h/2 leaves
every second sinc interpolation point k h unchanged and enables au-
tomatic checking of the accuracy of approximation. These desirable
features of sinc approximation gave impetus for sinc wavelet approx-
imation, the most used basis for wavelet approximation on R.

The Fourier transform of Fj () is just the well known discrete Fourier
transform (DFT),

o0
—~ f(kh)e*ht if x| < /R
Fy(t) = n;oo | (1.1.5)
0 if |z|>n/h.
This enables the fast Fourier transform (FFT) approximation of the
Fourier transform of f (see §1.4.10).

The above infinite expansion, Fj(x), while accurate on R, is not
nearly as accurate when it is used for approximation on a finite in-
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terval. Fortunately, there exist certain transformations that enable us
to preserve the two features of Sinc approximation — identities which
yield simple to apply approximations — and very rapid convergence
to zero of the error of approximation, for finite, and semi—infinite in-
tervals, and even for arcs. See the references at the end of this text.
For example, the transformation w and its inverse x

w = o(z)=log (%) (1.1.6)

w

yield a highly accurate approximation of any function g defined on
(0,1), provided that g is analytic in a region containing the interval
(0,1), of class Lip,, on [0,1], and which vanishes at the end—points
of (0,1). This approximation takes the form

N
g@)~ > g (¢ (kh)) Sk, h) o p(x). (1.1.7)

k=—M

Approximations (1.1.7) are termed Sinc approzimations.

For example Fig. 1.2 graphs the mapped Sinc function, S(1,1)(¢(z)),
where p(z) = log(z/(1 — z)).

In this case, the Sinc points z, = ¢~ 1(kh) = ek"/ (1 + ek h) are all
on the interval (0,1), and “bunch up” at the end—points 0 and 1 of
this interval. Furthermore, the approximation in (1.1.7) is accurate
to within a uniform error, that converges to 0 at the rate

exp (—C’ Nl/z) ,

with C a positive constant, even for badly behaved functions, such
as g(z) = /3 (1 — xl/Q) , and even if the exact nature of the singu-
larity of a function at an end—point of the interval is not explicitly
known. This accuracy is preserved under the calculus operation dif-
ferentiation and definite and indefinite integration applied to func-
tions g on (0,1).

The function g in (1.1.7) must vanish at the end—points of (0,1) in
order for us to obtain uniform accuracy of approximation. It is also
possible for g to be of class Lip,, in a neighborhood of the end-point
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sinc(p(x) — 1)

0 of (0,1), and of class Lipg in a neighborhood of the end-point 1.

In §1.5.4 of this handbook we give an explicit simple modification of
the Sinc basis to the expression

N

g@)~ D gla)wi(z), (1.1.8)
k=—M

where the wy, are defined in Definition 1.5.12. Expression (1.1.8) en-

ables uniform accuracy of approximation on an interval or arc I' for

all functions g that are bounded on the closure of I', analytic on the

open arc I'; of class Lip, in a neighborhood of the end—point 0 of
[, and of class Lipg in a neighborhood of the end-—point 1.

1.1.2 USES AND MISUSES OF SINC

Sinc methods require careful computations of function values near
singularities.
Example 1.1.1 - The accuracy of Sinc quadrature (i.e., numerical

integration) is illustrated in [S11], in the approximation of the
integral

5
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I—/l dx
V1= 22

by means of the Sinc quadrature formula

N wy
ImIy=h Y —2_

)
2
k=—N /1 —x},

where

2 ekh ekh — 1
1+ erhy2’ kT gk

h:w/\/ﬁ, wy =

Points z; and weights wy were first evaluated and then sub-
stituted into the formula for I. This yielded only about 10
places of accuracy in double precision, the reason being that
the xp bunch up near the end-points of the interval. For ex-
ample, near x = 1, xx may have a decimal expansion of the
form xp = .9999999978... , leaving relatively few places of ac-
curacy in the evaluation of 1 — xi The problem can be circum-
vented by noting, in view of the above expression for xj that
1—22 = 4¢eFh/(14e*)2, an expression which can be computed
in double precision to 16 places of accuracy, and which gives
approximation of I to 16 places of accuracy.

— The series F}, of (1.1.4) enables uniform approximation to f on
all of R. Furthermore, the derivative of Fj yields a uniform
approximation to f’ on IR. Similarly, the series on the right
of (1.1.7) yields a uniformly accurate approximation to g on
(0,1). On the other hand the derivative of the series in (1.1.7)
yields a uniformly accurate approximation to ¢’ only on strict
subintervals of (0,1). This is because when computing the
derivative over an interval other than IR , the factor ¢’ appears,
which becomes infinite at a finite end—point.

— Even when f has a bounded derivative on a closed interval with a
finite end—point differentiation of the Sinc approximation does
not yield a uniformly accurate approximation of the deriva-
tive in a neighborhood of the finite end—point. This problem is
effectively dealt with in the §1.7.
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~ MATLAB® computes eigenvalues to within an absolute (not rel-
ative) error; this can result in larger relative errors associated
with the typically small eigenvalues of Sinc indefinite inte-
gration matrices in neighborhoods of finite end—points. These
eigenvalue errors yield known limited accuracy in conjunction
with Sinc—convolution methods of this handbook.

— The programs of this handbook are written for approximation
with the Sinc bases functions {wk}iv:7 > derived in §1.5.4.
When M = N and functions are analytic and of class Lip,, we
achieve uniform convergence at the rate O (exp (—c’ N1/ 2)) ,

with ¢ a positive constant independent of N, this rate being
numerically achievable without having to determine «.

1.2 Sampling over the Real Line

Let R denote the real line (—0o,c0), and let € denote the complex
plane, {(z,y) :x+iy:xz € R,y € R}, with i = /—1.

Well known in engineering literature is the sinc function defined for
all real and complex z by

sin(7 z) '

sinc(z) = (1.2.1)

™z

For positive number h and an arbitrary integer k, we define Sinc
function

S(k,h)(x) = sinc <% - k:) . (1.2.2)

Let L2(a, b) be the family of all complex valued functions f defined
on the interval (a,b) such that || f||* = f; |f(z)]2dz < oco. Tt is well
known that any function G € L?(—m/h, 7/h) may be represented on
(—=m/h,m/h) by its Fourier series,

G(z) =) cpekhe (1.2.3)
kEZ

with
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h w/h

_ —ikhzx
=5 7ﬂ/hG(x)e dx , (1.2.4)

Ck

where the convergence is in the L? norm || - ||

It turns out that the Fourier series of the complex exponential is its
Sinc expansion over R.

Theorem 1.2.1 Let ( € €, and let Z denote the set of all integers.
Then

e =3 S(n,h)() e —n/h<z<7/h (1.2.5)
nEZ

Moreover, for any m € %,

o0

Y. S(n.h)(¢)emhe

n=—oo

| eik@=2ma/h) it (2m — 1) n/h <z < (2m+1)7/h
cos(m¢/h) if z=2m=*1)n/h.
(1.2.6)

Proof. Considered as a function of x, the function G(z) = €'¢®
clearly belongs to L2(—n/h,m/h), and therefore has a Fourier series
expansion of the form (1.2.3) on the interval (—m/h,7/h), with the
cx given by (1.2.4). Thus

h (/R
= — @Gk gy = : 1.2.
a=5 [ o dz = Sk, h)(C) (1.2.7)

The identity (1.2.5) therefore follows.

However, the series sum on the right hand side of (1.2.5) represents a
periodic function of z on the real line IR, with period 2 7/h. Thus we
deduce the top line on the right hand side of (1.2.6). It should perhaps
be emphasized that the Fourier series of the function G(x) = €/¢%
which is identical to this function on (—m/h,w/h), defines a new
function H(z), which is a periodic extension of G to all of R. In
fact, H(z) = G(z) if —w/h < x < 7w/h, while if |x| > =n/h, and
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r =&+ 2mmn/h, with —n/h < £ < 7w/h, then H is defined by
H(x) = H( +2m/h) = H(E).

The bottom line of (1.2.5) describes the fact that the function H is
discontinuous at = (2m + 1) w/h, and at such points, the Fourier
series of h takes on its average value, i.e.,

H((2m + 1) 7/h)

_ oy G@mA /b —t) + G(@m+ Y m/h )
t—0t+ 2

G(—7/h) + G(r/h)
2

= cos(m ¢ /h).

Analogous to (1.2.3), given function f € L2(R), the Fourier trans-
form, f of f, is defined by

flz) = /Rf(t) e’ dt. (1.2.8)

The function f also belongs to L2(IR).

Given f we can recover f via the inverse transform of f,

1

T 2r

f(t) /]Re*”tf(a:) dx. (1.2.9)

Starting with a function F' € L?(—m/h,m/h), let us define a new
function f on R,

F(z) if ze(—n/h,7/h)
f(z) = (1.2.10)
0 if z€eR, & (—7/h,7/h).

(Here and henceforth we will not include values of Fourier series or
Fourier transforms at end—points of an interval.)
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Calculating the inverse Fourier transform of this function f, gives
back

f&) = L/Re_i”f(ac)dx

27
1.2.11
1 ﬂ/h 7i:BtF d ( )
= ﬂ/_ﬂhe (x) dx.

Every function f defined in this way is said to belong to the Wiener
space W (7 /h) , or equivalently, is said to be band limited.

In particular, it follows from (1.2.10) and (1.2.11), that

Tho
f(nh) = /_ he*m“f(x)dx. (1.2.12)

B E w/h

By Theorem 1.2.1 we then get the Cardinal function representation
of f,

m/h .
10 = 5= [ F@) Y Stmoe e da

T et (1.2.13)

= 3 f(nh)S(n, h)(#).

neZ

The Cardinal function representation of f is denoted by C(f,h), and
given for ¢t € R (and generally for any complex t) by

C(f,h)(t) =Y f(nh)S(n,h)(2). (1.2.14)

neZ

Sinc methods are based on the use of the Cardinal function. In
this handbook, t in S(k,h)(t) is frequently replaced by a transfor-
mation, (). This allows Cardinal function approximation over in-
tervals other than the real line.

It turns out that the set of all functions f which satisfy f = C(f,h)
is precisely the set of band limited functions W (x/h).
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The identities of the following exercises are important, and will be
used in the sequel. These can be derived applying standard calcu-
lus operations or Fourier series and Fourier transform formulas to
the Cardinal function. See [Zy, RaSe, Sh, S1] for help with these

problems.

PROBLEMS FOR SECTION 1.2
1.2.1 Deduce, using the expansion (1.2.5), that for all z €C,
1 (w/h . )
—/ hekht=iet gy — S(k, h)(z);
21 Jn/n

1.2.2 Use Parseval’s theorem, which states that if f and ¢ are
Fourier transforms of f and g (resp.), then

- 1 L
| rwaa =5 [ Fa)iw) de.

where e.g., g(t) denotes the complex conjugate of ¢(t), to
deduce that the functions in the sequence of Sinc functions

{S(k,n)}> are “continuous” orthogonal, i.e., Vk and ¢ € Z,

2 pem/h .
/ S(k, B)(2)S(E, h) () do = h—/ GBORt G — s,
R 2w J—x/h

where 0_y is defined in Problem 1.2.6 (i) below.
1.2.3 Deduce that the functions of the sequence {S(k,h)}> are
“discrete” orthogonal, i.e., Vk and ¢ € Z,

1 if k=¢
S(k,h)(Ch) = ;
0 if k#¢

1.2.4 Prove that if Sz > 0, then

- Sz >0,
21

L[ S, oy
R t—2z ~ 2im(z — kh)/h’

— S(k,h)(z) asz=xz+iy—x€cR.
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1.2.5 Parseval’s Theorem states that if f denotes the Fourier trans-
form of f, and if § denotes the Fourier transform of g, then

N}

Deduce using Parseval’s theorem that for z = z + ¢y, with
r€R and y € R,

im(x—kh)/h __
gi/ S(k‘,h)(%‘) P 1
i JrRt—x — 1y im(z —kh)/h

—

PV. r S(k,h)(t) . cos[m(x —kh)/h] -1
/R T oy I

™

where “P.V.” denotes the principal value of the integral, i.e.,
using the above notation, and letting S f denote the Hilbert
transform, we have

S )= 2% [ L0 4 :/ Gt san(t) f(1) dt.
T JRt—x R
with
1 if t>0
sgn(t) = 0 if t=0
-1 if t<0

1.2.6 Let f € W(rw/h). Prove that:
(a) For all z € R,

fla) = /R f() e dt

h > f(kh)e™™ e if |z < 7/h;
k=—o00

0, if |z| > 7/h.
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(b) f may be “reproduced” for any ¢t € € by the formula

—%(t__ 2)) dx.

1 sin (
0=y 0T

(c) f satisfies the relation

~

[iswra=n 3 (7o

n=—oo

(d) Let uzy + uyy = 0in Q4 = {(z,y) : x € R,y > 0}, and
let u(z,0") = f(z). Then, with z = z + iy,

u(e,y) =Y fkh)R

{eiﬂ(z—kh)/h -1
keZ

m} y %Z > 0.
(1.2.15)
(e) Let ugy + uyy = 0 for y = Sz > 0, and let u(z,07) =
Sf(x), with Sf denoting the Hilbert transform,
PV. [ f(t)
T Jrt—=

Sflx) =

Then, V &z > 0,

0 eiw(z—kh)/h -1
w(z,y)= > f(kh)S {m} .

k=—o00

dt, x € R.

(f) Set {S}S(k,h) =T(k,h), and prove that

cos[m(x — jh)/h] — 1
wi(x —jh)/h

(g) Let T'(k, h) be defined as in (f) above. Prove that

T(k,h)(z) =

sup [T'(k,h)(z)] =1 and Z |T(k,h)(x)]* = 1.
zeR keZ

(h) Prove that if f € W(x/h), and if S f denotes the Hilbert
transform of f as defined in part (e), then

S(f)(x) = Z f(kh)T(k,h)(x), ze€RR.

kEZ
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(i) If f € W(n/h), then f' € W(n/h). Hence, if m € Z,

n € %, and if 8% is defined by

k
- (%) S(1,1)(2)sm, k=0,1,2,---, (1.2.16)

D) =n Y o,

n=—oo

Notice that this definition differs from that in [S1], inas-
much as the present definition is more convenient for our
purposes. This difference should not matter appreciably,
since the method of solution of PDE in this handbook
differs from that used in [S1].

In particular,
5O _ 1 if m=n
m=no ) 0 if m#n,

@ { 0 if m=n
Om—n =91 (=™ .
f

p— if m#n,

—%/3  if m=n

O =

(m —n)?

This handbook contains programs which construct square

k) th

matrices that have (5( m_y, as their (m,n)

(k)

entry.

The constants 9,,”,, enable us to write

P =k S { 3 f<mh>5$’_n}s<n,h><x>,

n=—oo m=—00

an identity if f € W(nw/h).
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(j) If g(x) = [* f(t)dt exists and is uniformly bounded for
all x € R, then for all £k =0,+1,4+2,---,

kh oo
gkhy= [ f&ydt=h S 8% fien)
- {=—0c0
with
_ 1
51& Vo= §+0k>

k .

S / sin(mt) .
0 Tt

Moreover, if g € L2(IR), then for all 2 €C,

/w Fdi=h S { 3 ak_gf(ﬁh)}S(k,h)(a:).
0 k=—oc0 {=—0cc

1.2.7* Verify the validity of the identity

S (s )ome (320 Jonan)

n=0

= Z g(nh)S(n,h)(z)

n=—oo

in the case

9(0)] + lg(0] + lg(=m] + 3 lguh)| +lg(~nh)] - 1% <o

n=2

Here

6g(x) = g(x +h/2) — g(z —h/2)

62g(x) = 6{dg(x)}, etc.
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1.2.8 Prove that if a €C, z €C, then for h > 0,

> 1 1 zsin(m x/h)
. g 1 .
2 a? + n2h? Sn. h)(z) a? + 22 asinh(ma/h)

n=—oo

1.2.9 Let I" denote the Gamma function, which is defined for Rz > 0
by ['(2) = [ t*"Le ! dt, and which may be continued analyt-
ically to all of € via the formula I'(z + 1) = 2I'(z). Use the
identity 1/T'(z) = I'(1 — 2) sin(7wz) /7 to deduce the formula

1 2 S(n,1)(2)  sin(mz) [ _, .
(*) mzz (n D) +— /1 e "t

n=1

which is valid for all z € €. Discuss the error in approximating
1/T'(z) by the sum ( >-7° ;) on the right-hand side of (*).

1.2.10 Show that if # € IR, 0 < a < 27, then

i <sin(na+9)>2_z

=\ na+d Ca

1.2.11 (a) Deduce, using Theorem 1.2.1, that if x € R, then
sup|S(¢,h) (1) = > (S(k, h)(x))® = 1;

(b) Prove that for any positive integer N,
a 2
(+)  lICnll=sup D [S(k,h)(z)] < =[3/2+~+1log(N +1)]
zeR k=—N m
with v denoting Euler’s constant,
—lim L4 it log(N) = 577
TENEL T T2 TS N_1 BTl

[Hint: Prove first that the sum (*) is even in x; next, in the
case of 0 < x < h, prove that
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. sin(ﬂx/h){ 1 N 1 }_é
e x/h  1—z/hf =«

On the interval 0 < x < h, prove that for the remaining sum,

by(z) =
Sin(:r/lh) { {1 +1m1/h N . _1x/h}
o ]

1 1
+[N—1+a:/h+N—x/h]+N+x/h}’

each of the terms in square brackets has the same maximum
value at x = 0 and at x = h, and hence

=

N
\bN<x>|Ssz§{— Ly }
k=1

2 1
< —{y+log(N+1) -5}
s 2
Finally, show that if £ > 0, and if kh < z < (k+1) h, then the

sum in (x) is less than it is for 0 < x < h.]

N —

1.2.12 Let ( €C, z € R

(a) Prove that

o0

¢t¢= 3 [+ (iz) (¢ —nh)] S*(n,h)(¢) e

k=—o00

(1.2.17)
(b) Prove that if for some G € L?(—2m/h,27/h) we have

f(Q) = —/ e ¢ G(z) dw, (1.2.18)

then
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FO = [f(nh) + (C—nh) f'(nh)] S*(n,h)(Q).
e (1.2.19)

1.3 More General Sinc Approximation on IR

When no longer being an exact representation for all functions,
C(f,h) provides a highly accurate approximation on R for func-
tions f whose Fourier transforms decay rapidly. We consider in this
section the approximation of functions f that are not band lim-
ited. At the outset we consider approximation of those functions
f whose Fourier transform f have a decay rate on R, of the form
f(y) = O(exp(—dly|), for d a positive number. Later we consider the
use of a truncated form of C(f,h) to achieve an accurate approxi-
mation of functions for which f(y) = O(exp(—d|y|)) and for which
f(z) = O(exp(—alz])), with « a positive number.

1.3.1 INFINITE TERM SINC APPROXIMATION ON R

An important result relating Fourier transforms and Fourier series
is Poisson’s Summation formula.

Theorem 1.3.1 Poisson Summation Formula. Let f € L*(R),
and let f and its Fourier transform f fort and x on IR , satisfy the
conditions

fla=t) + flz+1)

@) = tl—i>r(])ﬂ+ 2
~ R (1.3.1)
R (UL (CE)
t—0t+ 2

Then, for all h > 0,

hy f(mh)etmhe = > f(QnTﬁ —I—:E). (1.3.2)

meZ neZ

Proof. Set
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Flz) = Zf(m;” x) (1.3.3)

neZ

Then F' is evidently periodic, with period 27/h, so that

=Y e zeR, (1.3.4)
meZ
with
h w/h .
Cm = —/ F(x)e tmhe dy

27 —7/h

— / (277,7T+ ) 7imhzdx
27 —n/h
h @n+)m/h 4 1.3.5

= — / f(z)e imhedg ( )
21 =) (@n—1)n/h

= i/j:(x)eimhmalx
21T JR

= hf(mh),

which proves (1.3.2).

In view of (1.3.1), and since the Fourier series of a piecewise smooth
function takes on its average value at a point of discontinuity, the
relations in (1.3.5) hold even if f and f have jump discontinuities. m

Let us use the notation || f|| to denote sup,cpg |f(x)|.

Theorem 1.3.2 Let f be defined on R, and let Fourier transform
f, be such that for some positive constant d,

Fw) =0 (e M)y — oo, (1.3.6)
For0<d <d, and x € R, set
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ket (1.3.7)

h > f(kh)e*me it |z < w/h
2 (f,h)(x) {
0 if |z| > n/h.

Then, as h — 0,
Hf — > Sk h) fh)| =0 (e77); (1.3.8)
keZ
/ Ftydt—n Y fkh) = 0 (e ) (1.3.9)
kEZ
|[F=cwm|=0(); (1.3.10)
W9 eh) = h=i 3 60, =0 (e %); (1.3.11)
kEZ
Zh 4
tydt—h Y- 07, f(kh)| = O (e7F ) ; (1.3.12)
N kEZ

f@) cos[r(x — kh)/h] — 1 rd
7r Rt—xd_kezz 7(z — kh)/h J(kh) —(’)(e h)’
(1.3.13)
% /Rf(t)S(j, h)(t) dt — f(jh) = O (e—%d) . (1.3.14)
where in (1.3.11) and (1.3.12),
5 (%)msinc(m) y
" (1.3.15)

¢
6§_1) = / sinc(x) dx.
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Remark. We may note, that if A is replaced by h/2 in these formulas,
then they yield (roughly) twice as many significant figures of accu-
racy. Thus, when using these formulas, we can have the computer
determine when a particular accuracy has been achieved. For, when
the difference between a Sinc approximation with step size h and one
with step size h/2 differs by €!/2, then the actual error in the h/2
approximation is of the order of . For example, if I(f) = [ f(t)dt
and T(f,h) = h > ,cgz f(nh), then we know from (1.3.9) that

I(f) = T(f,h) = O (¢V/2), and I(f) = T(f,h/2) = O(e). Thus, if

T(f,h/2)=T(f,h) = (I(f)=T(f, )~ (I(f)~T(f,h/2)) = O (/?),
then I(f) —T(f,h/2) = O(e).

We also remark, that the rates of convergence appearing in Theorem
1.3.2 hold uniformly with respect to h, over finite intervals (0, hg),
hg > 0. Therefore in each equation, “= O <e_7rd/h) , h — 0" can
be replaced by an inequality “< C'e~ ™% h e (0,hg)”, for C some

constant independent of h.
Proof of (1.3.8): By Theorem 1.2.1 we have

= > f(nh) S(n,h)(t)

neZ

1 r i xt —inhx
:%/Rf(x) [e” ~ Y einh S(n,h)(t)]dx

neZ

1 -
= — f(z) [ —iwt Z e"tnhe S(n h)(t )1 dx.
27 J|z|>7/h oy
(1.3.16)
But it follows from (1.2.6) that if + € R and |z| > 7/h then

> e S(n, h)(t) = 'St

VA
for some & € R, so that this sum is bounded by 1 on IR. The first
term e~**! inside the square brackets of the last equation in (1.3.16)
is also bounded by 1 on R. That is, the term in square brackets in
the last equation of (1.3.16) is bounded by 2. Furthermore, under
our assumption on f, there exists a constant C' such that |f(z)| <
C exp(—d|z|) for all x € R. Therefore, we have
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W
Q

sup | f(t) — C(f, h)(t)] <

teR

o0 4 T
/ e 4T dy = Ce_Td. (1.3.17)
T Jr/h 2md

[\

Proof of (1.3.9): Taking z = 0 in the Poisson Summation Formula
expression (1.3.2), we have

/f ydt—h > f(mh)

meZ
—h zejzf(mh) (1.3.18)
2nmd
- ¥ (%)

n€Z ,n#0
That is, the difference in (1.3.9) is bounded as follows:

>, %)

ne€Z ,n#0

<203 (22271)
n=1

h (1.3.19)
20672Lhd
2md
1 —e Th

o (), b0,

Proof of (1.3.10): If € (—n/h,7/h), then using the Poisson Sum-
mation Formula

[ syt de =)
R

—h mZG:Zf(m h) et (1.3.20)

= Z f(m—ﬂ—l—x)

neZ ,n#0
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That is, the difference (1.3.10) is bounded by

~(2n7r )
sup fl—+=z
jal<t/h|nczmzo N P
<2C Zexp< (2n—1) hd>
=1 (1.3.21)
2C€—ﬂ'd/h
T 1 _e-2nd/h

= (’)(e‘”d/h>, h — 0.

On the other hand, if ¢ [—7/h,7/h], then C(f,h)(x) =0, and the
difference on the left hand side of (1.3.10) is bounded by |f(z)| <
Ce—d|x| < Ce_Wd/h.

Proof of (1.3.11): For 2 € (—m/h,7/h), we take the j* derivative
of both sides of (1.2.5) with respect to ¢ to get

(—iz)l e = 3" SU(n,h)(t)e T —m/h <z <7/h

n=—oo

Then, since h=7 6 = h=3 sinc® (¢ — n) = SU)(n, h)(£h),

FOh) =77 S 6 f(nh)

neZ

- % /]R]E(IL’) {(—ix)j efifhz o i S(J)(n, h)(fh) einhx} de

1 _
B ﬁ /|z|>7r/hf(x) '

{(—Z$ —zéh:r:_ Z S ) —inhx} dr.

n=—oo

(1.3.22)
The final infinite sum of (1.3.22) is periodic in x, with period 27 /h ;
because this series is the Fourier series expansion of (—i z)) eI it
is bounded by (7/h)? on R. Also, |f(z)] < Ce~?*l on R. Hence
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1 - ey . )
[€)) —inhx
oo /MM/h f(z) nz}_joos (n,h)(Ch) e "% 4
C [(n\? [ c /r\’ md
<=2 (Z — - (Z 22
=7 (h) /ﬂ/heXp( dw)dr =3 (h) eXp( h)

(1.3.23)
Integration by parts, we get

1

27

5
V
3
~
>
i
8
[
-~
8
N~—
<
Q)
S
>
8
QU
=

with

whereas if h/(md) > 1, then

h\’J
< | — .
S_<7rd>€

It thus follows that in either of these cases, we have

=0 (h‘j exp (-%)) .

[ F@) (i) e o
|z|>m/h
(1.3.24)

The inequality (1.3.11) thus follows from (1.3.23) and (1.3.24).
Proof of (1.3.12): A proof of this inequality may be found in [S1,
§4.5].

Proof of (1.3.13): This result may be established using an argu-
ment similar to that of the proof of (1.3.8), by means of the identity
(1.2.5). It is left to Problem 1.3.5.

1

27
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Proof of (1.3.14): This result can also be readily verified using the
identity (1.2.5). It is left to Problem 1.3.6. m

1.3.2 FINITE TERM SINC APPROXIMATION ON R

Even though Sinc approximation with infinite number of terms may
be very accurate, as indicated by Theorem 1.3.2, there may still be a
problem from the point of view of numerical computation. In partic-
ular, this can happen when the number of terms in the summations
that we require to achieve this accuracy is large.

For example (see Problem 1.2.8) if f(t) = (1 —|—t2)71, then f(z) =
exp(—|z|), so that d = 1 by Theorem 1.3.2, and the difference
between f and its infinite-term Cardinal series converges to zero
rapidly as h — 0. On the other hand, the function f(¢) decreases to
zero relatively slowly as ¢ — oo, and replacing > _{-} in (1.3.8)
by SN ~{} yields a large error, unless N is taken to be very large.
This situation is circumvented when not only the Fourier transform
f but also f decay rapidly to zero on IR for large argument.

In what follows, “id” signifies the identity map.

Definition 1.3.3 (i) Corresponding to positive numbers o and d,
let Loa(id) denote the family of all functions f, with Fourier
transforms f, such that

fit)y = O (e—a\tl) , t— Zoo,
(1.3.25)
flz) = O (e‘dm) , * — too.

It will be convenient in §1.5.9 and in Chapter 2 of this hand-
book, to replace the second equation in (1.3.25) with the as-

sumption that f is analytic in the domain Dy = {z € C :
S(2)] < d}.

(ii) Let g defined on R be such that g has finite limits at +oc.
Suppose the above constants o and d in (i) are restricted so
that 0 < a <1 and 0 < d < w. Define Lg by

g(—00) + ¢’ g(o0)
1+ et

(Lg)(t) = (1.3.26)
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M, q(id) will denote the family of all functions g such that

g— Lg € L, 4(id).
Example 1.3.4 Consider the function f(t) = 1/cosh(at), where
a € (1/2,1]. The Fourier transform f(x) is (7/a) /cosh(mx/(2 ).
Since f(t) = O (6—alt|) , t— 400, and f(z) = O (e_dm) , T —
+oo, it follows that f € Lyq(id), with d = 7/(2a) < m. Also,
g(t) = e*t/cosh(at) is O (6*20“'”) as t — —oo, and ¢g(t) — 1 as
t — oo. If we now set fi = g— Lg since Lg(t) = e'/(1 + €'), then,
with vy = min(2a, 1),

(@) (e‘”'t‘) , t— —00
fit) =
O(e )  t— oo.
Furthermore, it is readily shown that f(z) = O (e‘dm> , * — Foo,
with d = 7/(2a) < 7, and thus g € M, 4(id). Notice also, that g

has singularities at the points ¢ 7/(2 «), which shows also that both
g and also fi are analytic in the strip Dg,.

Remark. The introduction of the class of functions M, 4 in the
previous definition enables us to approximate using Sinc methods
functions that do not vanish at +co. The reasons for restricting the
constants « and d in the above definition will become evident.

We use the notation of Theorem 1.3.2 in the following theorem.

Theorem 1.3.5 Let f € L, 4(id), and corresponding to a positive
integer N, set

Lo <7T—d)1/2
~ \aN ’
_— <27rd>1/2
aN ’ (1.3.27)
ey = N2 exp{—(ﬂdaN)l/z},

ey = exp{—(2wdaN)1/2}.

Then, as N — 00,
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N
F&) = > f(kh)S(k,h)(t)
k=—N

N
‘/ Flydt =1 30 fkh)| = O(h):
R k=—N

(1.3.29)
N
[etr@de—n S5 @ pmn)| = O(en):
R k=—N
(1.3.30)
N .
WD @eh) — = S 69, fkh)| = O(en);
k=—N
(1.3.31)

th N
‘ | s@de—n 3 65 ) = Oew):
—o© k=—N

(1.3.32)

PV. [ f(t) N cos [T(x —kh)] — 1 B _
T/Rt—l‘dt_kz_:N %(az—kh) fER)| = Olen);s
(1.3.33)

y [ HOsGm@ - 761 = 0.

(1.3.34)

Remark. The order relations on the right hand sides of the equa-
tions in Theorem 1.3.5 actually hold uniformly with respect to N,
for all N > 1. Thus, the right hand sides of these equations can be
replaced by “< Cen, N € (1,00)”, and C a constant independent
of N.

Proof. We prove only the first of these, (1.3.28), leaving the re-
maining proofs for problems at the end of this section.

We have,
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N
‘f(t) — . f(kh)S(k,h)(t)
k=—N

FO— S F(kh) Sk B)(0)

k=—00

< +| > f(kh)S(kh)(1)

|k|>N

S E+ ) |f(kh)S(k,h)(2)].
|k|>N
(1.3.35)
where by Theorem 1.3.2, E = O (exp(—md/h)). Under our assump-
tion on f | there exists a constant C’ such that for all ¢ € IR, we have
|f(t)] < C" el Hence, since |S(k,h)(t)| <1 on R,

> f(kh)S(k,h)(t)

|k|>N

< > If(k R

|k|>N

IN

2 Cl Z e—a kh
k>N (1.3.36)

_ ! —aNh
= 20"

2_6’/ efaNh
ah )
It therefore follows from (1.3.35) that

<

N
C
_ —md/h 2 —aNh
f(®) k:E—Nf(k h)S(k,h)(t)| < Cre +—e , (1.3.37)

where Cy and C are constants. Substituting the definition of A given
in (1.3.27) into (1.3.37), we get (1.3.28). m

Remark. As already mentioned, the programs of this hand—book
deal with approximation in Mg g 4(¢), with 0 < o, < 1. In this
case we would use approximating sums of the form YV s rather than
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SNy, and as a consequence, the error term (1.3.37) now takes the
form

N
f&)—= > f(kh)S(kh)(t)
k=—M
< Cpe T 4 %efaMh_{_ %eﬂNh‘

We would now set M = [ N/a], and we would then determine h
such that SN h =md/h.

With reference to the class of functions L, 4(id), it is usually easier
to determine the constant « than it is to determine d. For example,
the function f(t) = 1/cosh(at), decays to zero like exp(— a|¢]). On
the other hand, in order to find d, we need its Fourier transform

/ A S (1.3.38)
R cosh(at) o cosh (3Z) h
This decays to zero like exp (— 7;'—2') , showing that d = /(2 «). The

following theorem may at times be useful for determining these con-
stants. To apply Sinc methods and obtain exponential convergence
O (e N 1/2> it is not necessary to know « and d exactly, as shown
in Corollary 1.3.7 below. However, to obtain optimal exponential
convergence, it is desirable to know these constants. The following
theorem may be useful in this regard. In this theorem «, d, o; and

d; (i =1,2) denote positive constants.
Theorem 1.3.6 (i) If f € L, 4(id), then f € Lgo(id) ;
(ii) If a; < a9, and d1 < d2, then Loq,dl (ld) D) La27d2 (ld) 5

(iii) If fl S Laz‘,dw i = 1,2, then f3 = fl + f2 S La,d(id) with
a =min(a,as) and d = min(dy, ds) ;

(ZU) If fi € Lai,di(id); i=1,2, and if f3 = f1 f2, then f3 € La,d(id)
with o = a1 + a9 ; and

(1.3.39)

d = min(dl,dg) if dl#dg
o dl—z’f if dlzdz;
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(v) If fi € Lq, q,(id), i = 1,2, and if f5 is the convolution of fi and
fg, i.e., fg(t) = f]R f1 (7’) fg(t — 7’) dT, then f3 S Lmd(id) with
d=d; +ds and

o { min(ar,0) if a1 # as (1.3.40)
a; —e if a1 = as.

In () and (v), € > 0 is otherwise arbitrary.

Proof. Parts (i), (ii) and (iii) of the theorem are straightforward,
and we leave them to the problems at the end of this section.

The first part of (iv) i.e., that for f3 = fi fo we have a = a; + a»
is also obvious from the definition of L, 4(id). To prove the second
half of Part (iv), let f3 = f1 fo denote the Fourier transform of f1 fo.

Then we have, for z > 0, and some constant C',
o) <C L+ D+ 1),
with

6—d2 T

0
I = / di t+da (t—2x) di = ’
! —o0 c dy + dsy

- efdgm _ e*dl T )
I = / e—dl t+da(t—x) dt = W if dy #dsy,
0 ze 2T if dy =d,,
—di x

Iy = / Teditdaa) gy - €
3 z ¢ dy + do

Thus the constant d for fs(z) satisfies (1.3.39), which proves the
statement of the theorem for the case of x > 0. The proof for x < 0
is similar.

Part (v) is a consequence of Parts (i) and (iv). m

Remark. The next corollary states that we can always get expo-

nential convergence in Sinc approximation without the positive con-
stants a and d being explicitly known.
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Corollary 1.3.7 Let f € L, 4(id), and for arbitrary v > 0 set
i

Then ey on the right hand sides of (1.3.28)-(1.8.34) in Theorem
1.8.5 can be replaced by dn, where

(1.3.41)

Sy = N2 BN (1.3.42)

and where
d
# = min {% ,owy} . (1.3.43)

Proof. The result follows directly for (1.3.28), upon substitution of
h =~/N'Y?in (1.3.37), and in a like manner, for (1.3.29)-(1.3.34).
[

This corollary tells us that for f € L, 4(id), regardless of the values
of o and d, the convergence can always be exponential. Note that
the fastest convergence is achieved when (3 is a maximum, obtained
approximately, by setting 7 d/y = a and solving for ~.

PROBLEMS FOR SECTION 1.3

1.3.1 Let the Fourier transform f exist and satisfy the relation
|f(z)] < C exp(—d|z|) for all z € R.

(a) Deduce that f is analytic in the strip

Dy={z€C:|3(z)| < d}
(b) Show that Sf, the Hilbert transform of f, is also analytic
in the strip Dy.

(c) Show that the derivative of f as well as the indefinite
integral of f are also analytic in the strip Dg.

1.3.2 Does f(t) = e~ “M belong to the space Ly 4(id) ? Why, or
why not 7 Compare with (1.3.38).
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1.3.3 Set g = f/, let f and § denote the Fourier transforms of f and
g respectively, and assume that for some positive constants C',
C5 and d, we have for x € IR, that

@)l < Cre®, () < Cpe o,

Prove that there exists a constant C such that for all x € IR,
’Q(JI)

x

< Ce

1.3.4 Let f € L, 4(id). Why is it no longer true that Sf € L, 4(id),
where Sf denotes the Hilbert transform of f?

1.3.5 Give a detailed proof of (1.3.13). [Hint: Start with the repre-
sentation

PV. f(t)
T Rt—x

1 . ,
dt = o /]ngn(t) ft)e*tdt,
use (1.3.6) and then proceed as in the proof of (1.3.8).]

1.3.7 Give a detailed proof of (1.3.14). [Hint: Apply Parseval’s
theorem to the integral part of (1.3.14).]

1.4 Sinc, Wavelets, Trigonometric and Algebraic
Polynomials and Quadratures

In the present section we shall study relationships between the Car-
dinal series trigonometric polynomials and wavelets, and algebraic
polynomials.

Most wavelet applications are based on use of the Cardinal series
(1.1.4), although only special cases of (1.1.4) satisfy all of the prop-
erties of wavelets [Gz]. Our aim in this section is not the development
nor the illustration of wavelet algorithms, but rather to present new
insights into the relationships between the cardinal series, trigono-
metric polynomials and algebraic polynomials, and also, the devel-
opment of novel expressions which are, in fact, wavelets [Gz]. (We
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assume that users of wavelet methods have access to wavelet algo-
rithms.)

Surprisingly, if f is periodic with period 27 on R, then with suitable
selection of h, (1.1.4) reduces to an explicit finite sum of Dirichlet
kernels times function values, thus providing a trigonometric interpo-
lation polynomial. Well-known identities then enable these trigono-
metric polynomials to be transformed into algebraic polynomials.

Algebraic polynomials are of course equivalent to trigonometric co-
sine polynomials (see p. 106 of [S1]), and so they are a subset of all
Fourier polynomials. On the other hand, the results of this section
show that Fourier polynomials (hence cosine and sine polynomials)
are a subset of Cardinal series expansions. The hierarchy relation
Algebraic Polynomials C Fourier polynomials C Cardinal series ex-
pansions thus follows. We shall show that trigonometric polynomial
approximation of finite degree on (0,7) is equivalent to approxima-
tion on (—1,1), with functions of the form P(x) + v1 — 22 Q(z),
with P(z) and Q(z) denoting polynomials in x.

Finally, the fact that all algebraic and trigonometric polynomials
can be represented as Cardinal series enables us to derive novel error
bounds for approximation of periodic analytic functions via Cardinal
series, via trigonometric polynomials, and via algebraic polynomials,
and for quadrature.

We shall use the following well known identities several times in this
section. The second of these is, in fact a special case of the first.

Lemma 1.4.1 If € denotes the complex plane, and if z €T, then

A
— =1 . 1.4.1
tan(7 2) NE k:z_:N z—k ( )
Also,
00 1)k
— -y ) (1.4.2)
sin(rz) &~ z—k

Throughout the remainder of this section, we shall use the Dirichlet
kernel notations
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D.(N, )
1 N-1
=5 (1 + cos(N x) + kzzzl cos(k :c)) (1.4.3)
sin{ N x}

2N tan(z/2)’
and

N
D,(N,z) = 2N1+ 1 <1 +2 kz_:lcos(k l‘))
a (1.4.4)
sin{(IV +1/2) x}
(2N +1) sin(x/2)’
with subscript e denoting “even”, corresponding to h = 27/(2N) =

m/N, and with subscript o denoting “odd”, corresponding to h =
27/(2N +1).

These even and odd kernels are closely related through

(2N +1)Dy(N ,2) — 2N Do(N , ) = cos(N z). (1.4.5)

Remark. The following identities are easily verified, for any given
integer k,

De(N,z2— (2N +k—bh) = DuN,z— (k—bh)

Dy(N,z —(2N+14k—=>b)h) = D,(N,x—(k—>b)h).
(1.4.6)
These identities serve to simplify the expressions in the parts (ii) and
(iii) of these Corollaries.

Denoting p and ¢ to be integers with p < ¢, we shall write

Z aj = (1/2)ap + apy1+ ... +ag_1+ (1/2) ay, (1.4.7)

i.e., the prime indicates that the first and last terms of the sum are
to be halved.
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1.4.1 A GENERAL THEOREM

The condition that f(z +1¢) —2 f(x) 4+ f(x —t) — 0 as t — 0 in the
theorem which follows just means that that f takes on its average
value at points of discontinuity on R.

Theorem 1.4.2 Let f, have period 27 on R, let f(z+t)—2 f(x)+
flx—t) — 0 ast — 0, with (x,t) € R%, and take h > 0. For
arbitrary b € R, write

o) — B sin {7 (z — (k—"0)h)} .
fob,z) =" f((k—1b)h) Yy cR. (1.4.8)

kEZ

(i) If N h = 7, where N is a positive integer, then

N
faba) = > F(k—b)h) De(N o — (k—b)h).  (1.49)

k=—N+1

(i) If (2N + 1) h = 27, where N is a non-negative integer, then

N
fub,x) = > f((k—b)h) Do(N ,x — (k —b) h). (1.4.10)

k=—N

Proof of Part (i): Since f(x +2m) = f(x) for all x € R, for b an
arbitrary real number, we have

fu(b,z) = f((k—b)h) Sinz{ (%x( :C—_(k(k—_b)bf)t)h)}

keZ h

sin {Z(x 4+ bh — kh — 2sNh)}

T ZN {

= kh —bh 4+ 2sNh

SEZ k:_N+1f( e ) %(HT + bh — kh — QSNh)
N

= > f((k=bh)De(N,z— (k—Db)h),

k=—N+1

(1.4.11)
where, since N h = 7,
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De(N ,z — (k —b)h)

R ~ 1 (1.4.12)
= sm{ﬁ(ﬂt— (k _b)h)} 2_:00 x(k—b)h—2s7’

S=

Hence, using (1.4.1), and the first of (1.4.6) we get (1.4.9).

Proof of Part (ii): The proof of this case is similar to the proof of
Part (i), and is omitted. m

1.4.2 ExprICIT SPECIAL CASES ON [0,27]

The most interesting cases of Theorem 1.4.2 are for b = 0 and for
b =1/2. Theorem 1.4.2 reduces to several different explicit formulas

on [—7, 7| depending on whether b =0 or b = 1/2, and depending
on whether 2 N h = 27, or when (2 N+1) h = 2 7. Important special
cases of these also occur depending on whether f5(b,z) is an even or
an odd function on IR. Enumeration of these special cases requires
two corollaries for the case of N h = 7: the first for interpolation at
the points {k h}72; and the second for interpolation at the points
{kh — h/2}22|. Following this, we state two corollaries, this time
for the case when (2N + 1)h = 27 : one for interpolation at the
points {kh — h/2}72 N ™1; and the second for interpolation at the
points {k h}2 N+1. For sake of broader applicability, these theorems
are stated to allow different values of f at £m. We shall return to f
being both analytic on R as well as periodic in subsections of this
section.

We omit the proofs of the four corollaries which follow, leaving them
to the problems at the end of this section. The proofs follow readily
using the results f(z +27) = f(z) = (f(z) + f(xr +27))/2, and

1 n 1 B 2 sin(2a)
tan(a + b) tan(a —b)  cos(2b) —cos(2a)’
1 1 4 sin(b) cos(a)

sin(a + b) * sin(a — b) cos(2a) —cos(2b)’
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Corollary 1.4.3 If Nh=m, and b= 0 in (1.4.9):
(i) Interpolating on [—7 ,7:

fu(0,2) = > f(kh)S(kh)(z)

keZ

sin(Nz) & / (_1)kf(%7)
N L (- B

(i) If f(—z) = f(z) for all x € R, then (1.4.13) reduces to the

exTPression

(1.4.13)

cos((N = 1)) — cos(N + 1)z) & (DF £ (5¢)
2N k—0 cos(z) — cos (ljv)
(1.4.14)

fh(0a$) =

for interpolation of f on [0,].

(i1i) If f(—z) = —f(x) for all x € R, then (1.4.13) reduces to the
expression

. N— )k sin km f km
fr(0, ) = SndY Z () 7 (5 ) (1.4.15)
k=1  cos(x) — cos (Wﬂ)
for interpolation on [0, x].
Corollary 1.4.4 If Nh=m, and b=1/2 in (1.4.9), then:
(i) Interpolating on [—m , 7],

fn (1 ar) _cos(Na) oL (VY ((x-3) %) (1.4.16)

2N % tan (% (a:— (k— %) %))

(it) If in addition we have f(—x) = f(x) for x € R, then (1.4.16)

reduces to the expression
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(1) - ) () 5

2 _ cos(z) — cos ((k

[T PN
A
v
\_/
Z
—

(1.4.17)
for interpolation of f on [0,].

(iii) If f(—x) = —f(x) for v € R, then (1.4.16) reduces to the
expression

In (%,l‘> =

sin((N + 1) ) + sin(N — 1) z) i (DL ((k—3) %) |
2N k—1 cos(x) — cos ((k = %) %)

for interpolation of f on [0,m].

The formula (1.4.17) was obtained previously by Gabdulhaev (see
[S1], Theorem 2.2.6).

Corollary 1.4.5 If 2N +1)h =27, and b= 0 in (1.4.10),

sin(N+3)z) & () F(2)
2N +1 k=—N Sin (% (:1: - 2%\?11)) '

(ii) If in addition we have f(—x) = f(x) for x € R, then (1.4.19)
reduces to the expression

fn(0,2) = (1.4.19)

cos((N + 1)) —cos(Nz)
2N +1

(L i (1" cos (£42+) (2%511))’

cos(z) cos(x) — cos (22]\1,27:1)

fh(()?:E) =

(1.4.20)
for interpolation of f on [0,].

(i) If f(—x) = —f(z) for x € R, then (1.4.19) reduces to the
expression
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sin(N z) +sin(N +1)z)

= 2

(1.4.21)
)

% (—1)* sin (2N+1> f(

cos(z) — cos (

N+
for interpolation of f on [0, ].

Corollary 1.4.6 If(2N+1)h =27, andb=1/2in (1.4.10), then:
(i) Interpolating on [—m , 7],

fh(%,x) = Zf(kh—h/?)sinc(%—k—i—l/Q)

kEZ

Cn((ve) ) g o (5
= 2N +1 XJ:V 1Sln(1 (m_%’j\t_’l_);r))
(1.4.22)

(i) If f(—x) = f(x) for all x € R, then (1.4.22) reduces to the

exTPression

cos(N z) + cos((N + 1) z)
fu(3x) = 2N +1 '

(=D f(r) N-1 (=1)F sin <(’;]+V%+>1”> f ((221<N++1)1w)
S ko) e ()

(1.4.23)
for interpolation of f on [0,].

(1ii) If f(—x) = —f(x) for all x € R, then (1.4.22) reduces to the

exTpression
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sin(N x) + sin((N + 1) z)
I <%x) - 2N + 1 '

1)k Cos <(k2+]b/fiﬂ'> f ((22161\-}-41-)17r) (1.4.24)
(2k+1)n)
2N+1

N-1 (-
>
k=0

cos(z) — cos (
for interpolation of f on [0, ].

1.4.3 WAVELETS AND TRIGONOMETRIC POLYNOMIALS

The two Dirichlet kernels already introduced in (1.4.3) and (1.4.4)
above are used regularly to prove the convergence of Fourier series
approximation. We can also express these kernels for approximation
on (—m,m) in their complex variable forms:

1 N 1 N
DG(N’:B):W Z 6ka, Do(N,x):2N+l Z eikx
k=—N k=—N

(1.4.25)

Given f defined on [—7, 7|, recall that its Fourier series is given by

F(z) = Z c eFT (1.4.26)
keZ
with
1 4
cr = —/ F(x)e **% dg. (1.4.27)
27 J_»

It follows that

1 T
— F(2')Do(N ,z — ') da’
27 J_n
1 | o L (1.4.28)
:EC—NQ_ZNx"i_ Z Ckelkx—f‘iCNeZNx.
k=—N+1

and also,
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1 ™ N .
— / F(2')Dyo(N ,z — 2')da’ = Z cp ek (1.4.29)
27 S k=—N

The formulas (1.4.28) and (1.4.29) as integrals of Dirichlet kernels
are said to be continuous wavelet transforms.

The usual (m + 1)-point Trapezoidal integration rule T,,(h, f) for
approximate integration of f over [—7, 7] is, with mh =27,

m—1

S fomt+kh) —i—%f(w)}. (1.4.30)

k=1

Ton(h ) = I {%f(—m +

Likewise, the usual m—point Midordinate rule, is

My (h, f) = h Em: f—m+(k—1/2)h), h=2r/m. (1.4.31)
k=1

It is easily seen that application of the Trapezoidal or Midordinate
rules to the formulas ((1.4.28) and (1.4.29) yields the exact values of
the integrals. Indeed:

— Application of the Trapezoidal rule to (1.4.28) yields the formula
(1.4.13);

— Application of the Midordinate rule to (1.4.28) yields the formula
(1.4.16);

— Application of the Midordinate rule to (1.4.29) yields the formula
(1.4.19);

— Application of the Trapezoidal rule to (1.4.29) yields the formula
(1.4.22); and

The formulas (1.4.14), (1.4.20), (1.4.16) and (1.4.22) are discrete
wavelet transforms.

Remark. The approximations of the Corollaries 1.4.3 — 1.4.6 are
trigonometric polynomials which interpolate f: The identities for
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fr(0,-) interpolate f at the points {kh} for k € Z, while the iden-
tities for f(1/2,-) interpolate f at the points {kh + h/2}, k € Z.
If f is even on IR, then we get interpolation of f by cosines, while if
f is odd, we get interpolations of f by sines. We can thus state the
following self-evident corollary.

Corollary 1.4.7 There exist constants ag andbl, J=1, 2, 3 and
4, such that:

(i) If N h =7, then

Z aj. cos (— 3:) Z b}, sin <—kx> . (1.4.32)

and

( ) Z a2 cos (— x) + Z b2 sm( Tk x) , (1.4.33)

(ii) If 2N + 1)h =27, then

Zak cos <—x> Zbk sm( Tk ) . (1.4.34)

and

( ) Z aj, cos ( ) + Z bi sin ( mk :c) , (1.4.35)

Similar expressions for the cases of f even and odd, are also possible.

1.4.4 ERROR OF APPROXIMATION

In Sections 1.2 and 1.3 above we studied properties of the Cardinal
function, which is an entire function of order 1 and type 7/h and its
uses for approximating other functions f. In particular, an infinite
term Cardinal functions were used to approximate functions f for
which |f(y)| < C exp(—dly|), y € R, where f denotes the Fourier
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transform of f, and where C and d are positive numbers, and a
finite term Cardinal function was used if f also satisfies the relation
|f(z)] < C"exp(—alz|), for z € R, where C’ and « are positive
constants (see Theorems 1.3.2 and 1.3.5 of [S1]).

In the present section we shall study relationships between the the
above Cardinal series f, trigonometric polynomials and wavelets,
and algebraic polynomials, as well as errors of approximation. To
this end, we shall assume that f is not only defined on IR, but
is analytic in the region D; defined below, where d is a positive
number. Let R = e?, and let us define the following domains in the
complex plane:

Dy = {z€C:[3z| <d},
Drg = {2z€C:|Rz| <7, |3z <d},

Ar = {(€C:1/R<|¢| < R}

L 2R(w) \? 23 (w) \?
Er = {wG(D. <m) +<m> <1}.

(1.4.36)

We denote by H(B) the family of all functions that are analytic in a

region B of the complex plane €. We remark here, that f € H(Dy)

us equivalent to the above assumption, that |f(y)| < C exp(—d |y|)

for y € R. Let H;(Dy) denote the subset of all periodic functions f

in H(D,) such that for all (z,y) € R? and = + iy € Dy, we have

fle+2m+iy) = f(z+iy).

Two transformations will be useful for our purposes:
w=w(z) = e'? < z=—ilog(w), and
1 1 .
¢(=((w) = slw+—) = w=C_+iy/1-C2
w
(1.4.37)

Given any f € H;(Dy), the transformation z = z(w) replaces f(z)
with f(—i log(w)) = F(w), with F € H(Ag), and with R = .
Similarly, given F' € H(AR), we can set w = exp(iz) to transform
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F defined on Ap into f defined on Dy, and where f(z + 27+ iy) =
flx+iy) forall z=z+iy € Dy.

Note also, that the transformation z = (1/i) log(w) is a one-to—one
transformation of Agr onto Dy 4.

Every f € H(ARg) has a Laurent expansion of the form

F(w) = Z cw®, Jwe Ag, (1.4.38)
keZ

where the ¢ can be obtained, e.g., using the formula

1

*= o

/ F(ew) e imdn, n=0, £1, £2,.... (1.4.39)

Denote by H.(Apg) the set of all /' € H(Ag) such c_,, = ¢,, or
equivalently, such that F'(1/w) = F(w) in (1.4.28).

Let us next invoke the mapping ¢ = ((w) of (1.4.37) above. This
mapping satisfies the equation ((1/w) = {(w), and although it is not
a conformal map from Ap onto £ (see Equation (1.4.36) above), it
provides a one to one correspondence of functions F' € H.(Ag) with
the functions G € H(ER). Indeed, we have

S u) = To(0) (1.4.40)

with 7},(¢) the Chebyshev polynomial. The polynomials 7;, may also
be defined either by the the equations & = cos(d) and T,(§) =
cos(n @), or recursively by means of the equations

To(¢) =1, Ti(()=¢
(1.4.41)
Tn-i-l(() = 2<Tn(C) - Tn—l(C)? n= 1727 T

Hence, it follows that if F' € H.(ARg), then the corresponding func-
tion G defined as above has the series representation

G(Q) :co—i—Zichn(C), ¢ €&p. (1.4.42)
n=1

We shall use the following H' norms in what follows:
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2m
71, = s [ F@+ ()7 id ) dal
1 _
1Flla, = glafl/m:(z%)m | F(w) dw| (1.4.43)
Gl = 1 G(¢) dC|.
IGle, = Jlim | 16

Of course these three norms have the same values, under the assump-
tion that the three functions f, F', and G are related as above.

We next use complex variables to prove that under conditions of
periodicity and analyticity of f, the wavelet polynomials of Theo-
rem 1.4.2 and the Trapezoidal and Midordinate formulas converge
exponentially, which is much better as compared with the O(h?) con-
vergence usually associated with these methods of approximation, in
the absence of periodicity and analyticity.

Let d denote a positive constant, let f be periodic with period 27 on
R, and let f be analytic in the infinite strip Dy defined in (1.4.36).
Let 0 <e <1, and let us define the rectangle D by

Dg={z€C:|Rz| <1/e, |Sz|<(1—¢e)d}. (1.4.44)

Under the assumption that f is also periodic with period 27 on R,
it follows that f(zx+iy), |y| < d, is as a function of z, also periodic
with period 27 on IR. Let us assume furthermore that the integral of
|f| taken along the vertical sides of the boundary 0D of rectangle
D5 remains bounded as € — 0, and such that the norm || ]%d is finite.
Let z € [-7,m], h =m/N, and consider the integral

sin {7 (z +bh)} f(t)
2mi opy (t —x) sin {7 (t+bh)}

E.(f) =

dt, (1.4.45)

see Equation (3.1.4) of [S1].

We then obtain the following results by proceeding as in the con-
structive proofs of Theorem 3.1.2 of [S1] and Theorem 1.4.2 above.
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Theorem 1.4.8 Let f be periodic on IR with period 2w and analytic
in Dy, let b€ R ,and let || f||p, < o.

(i) If N h =7, then for allz € R,

F@) = fulb,x) = sin(N(x—i—Wb)).

21

T £t~ id)
- | tan (%(t —x— zd)) sin(N (t 4+ mb — id)

ft+id)
- dt,
tan (%(t —x+ zd)) sin(N (t+mb+id)) }
(1.4.46)
and
1
|f(z) = falb,2)| < 115, (1.4.47)

27 tanh (%l) sinh(N d).
(i) If 2N +1)h =27, then for allxz € R,

sin((N+ %) (x+7rb)> .

211

f(x) = fu(b,z) =

/“{ f(t—id)
| sin (3t -2 —id) sin ((N+3) (¢ +b—id)

B f(t+id) ”
sin (3t =2 +id)) sin (N +3)(t+bh+id) [
(1.4.48)
and
1115,

I@) = 5utb- 2}l < 27 sinh (g) sinh ((N + %) d) ' (1.4:49)
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Proof. Obtaining the above norm bounds from the integral (1.4.45)
is straight forward. We use the inequalities |sin(w/h(t £+ id)|) >
sinh(mw d/h) (see [S1], Eq. (3.1.8)) and also, |tan((1/2)(t—z=+id))| >
tanh(d/2). m

It is interesting that we are able to get a single expression for the
errors of each combination of quadratures, trapezoidal and Midor-
dinate, for b either 0 or 1/2, and with h being defined by either
h=mn/N or by h =27/(2N + 1). We prove only one of the formu-
las, since the proofs in all cases are similar.

We now use the notations of the Trapezoidal and Midordinate rules
introduced in (1.4.30) and (1.4.31) above.

Theorem 1.4.9 Let f satisfy the conditions of Theorem 1.4.8. If
either b =0 or b = 1/2, if fn(b,x) is defined as in (1.4.1), and if
either h =m/N or h=27/(2N + 1), then

—Tr

") - fuba))dr = ——— [T Gyt 1.4.50
LY@ = heore - —r | e (1450

with
G(t)
 f(t—id) exp (S e+bh))  F(t+id) exp (5t +bh))
~ sin(E(t+bh—id)  sin(F(t+bh+id))
(1.4.51)
Moreover,
1f1lp,

‘/ {f(2) = fu(b,z)}da ’ (1.4.52)

exp (”d) sinh (%d) .
where HfH%)d is defined as in (1.4.43).
Proof. We sketch here the derivation of the error of quadrature

using the formula (1.4.46) with h = w/N , omitting a similar proof
for the derivation of the same result using the formula (1.4.48).
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Considered as a function of x, the integrand (1.4.46) is periodic,
with period 2 7. Integrating both sides of (1.4.46), we consider first
the evaluation of the integral

L= /” sin {F(x+bh)}

pu— . 1-4-
2710 ) xtan{% (z —t+id)} de (1.4.53)

Note that, since both x and ¢ are real, and since the integrand in
(1.4.53) is periodic, of period 27 with respect to x, replacing = by
x + t does not change the value of this integral. Note also, that the
value of the integral with respect to x of the second term in (1.4.46)
can be readily deduced from the value of the integral of the first
term, by just replacing ¢d by —id.

We can deduce the expression

1 - _ sin(6) — i sinh(d). (1.4.54)
tan(6/2+1:d/2)  cosh(d) — cos(6)
Moreover, it follows, using the identity
1 o e*ik@
= S 1.4.55
cosh(d) — cos(0) k:z—oo RIEl ( )
in which R = exp(d), that for any integer ¢,
1 [2r il0 1
— df = —. 1.4.56
27 /0 cosh(d) — cos(0) Rl ( )
The result (1.4.52) can now be readily obtained using this identity.

1.4.5 ALGEBRAIC INTERPOLATION AND QUADRATURE

We derive here the polynomial forms of the expressions (ii) and (iii)
of Corollaries 1.4.3-1.4.6. To this end, we shall use the notation R =
exp(d). Under the transformations (1.4.37), a function f = f(x)
which is periodic with period 27, which is an even function on R,
and which is analytic in the region Dy of (1.4.36), then becomes
a function F' = F(() that is analytic in the ellipse £r defined in
(1.4.36). Such a function F' can be readily approximated by algebraic
polynomials in £ on [—1, 1].
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Similarly, if f(z) is an odd function that is periodic with period 2 7 on
R and analytic in Dy, we can set g(x) = f(z) sin(z), and under the
above stated transformations, g(x) becomes a function G(¢) which
is again analytic in the ellipse £€r. In this case, we shall consider the
approximation of y/1 — &2 F(§) on the interval [—1,1]. Finally, we
shall assume that f is real-valued on IR, so that the corresponding
functions F' and G are real-valued on the interval [—1,1]. In this
case, the two (%) integral terms of (1.4.46) have the same value.

Although the polynomials 7;,, have already been defined in (1.4.41)
above, we now reintroduce them here, along with the Chebyshev
polynomials of the second kind, U,, as well as their zeros, t; and 7,
such that T, (tx) = 0 and U, (1) = 0:

Io(§) =1; Ti(§ =¢= COS(Q])c’ s
T (&) = cos(m@), tp = cos ( _m/ 7r>

(1.4.57)

_ sin{(m +1)6} B k
Un(§) = @) Tk, = COS (m——klw> :

Algebraic Interpolations. We now examine each of the interpola-
tion procedures of the (ii) and (iii)—parts of Corollaries 1.4.3-1.4.6,
for algebraic polynomial interpolation. To this end, we shall use the
notations

wy = cos(kw/N),

xp =cos((2k—1)7w/(2N))

yp =cos((2km/(2N +1))

2z =cos((2k—1)w/(2N + 1)),

throughout this section.

We omit the proofs of the following theorems, since they involve
simple trigonometric identities, the most complicated of these being

1 _ sin(u) + sin(v)
tan (452) cos(u) — cos(v)
(1.4.58)
1 2 sin (%£2)

sin (452) ~ cos(u) — cos(v)”
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These identities enable us to obtain the necessary monomial terms
& —wg and € — 71 in the denominators of the interpolation polyno-
mials.

Theorem 1.4.10 Let f be periodic on IR, with period 2. Then:

(a) If f is an even function defined on R, the function fr(0,z) of
(1.4.14) can also be represented in the form of a polynomial of degree
N, i.e.,

N
fr(0,2) =) Pr+1(6) F(wyg), (1.4.59)

= (& —wi) Py (w)
with wy, = cos(km/N), and with Py41(§) = Tn-1(§) — Tn41(8).

(b) If f is an odd function defined on R, the function f,(0,z) of
(1.4.15) can also be represented on [—1,1] in the form

N QW
fr(0,2) = 2 =) T F(wg), (1.4.60)

with wy, = cos(km/N) , and with Q(§) = /1 — &2 Un_1(¢).

Theorem 1.4.11 Let f be periodic, with period 27w on R. Then:

(a) If f is an even function defined on R, the function fp(1/2,x)
of (1.4.17) can also be represented in the form of a polynomial of
degree N — 1, i.e.,

1 B al Tn()
In (2 :c) = kz::l o0 Tolon) F(xy), (1.4.61)

with xy, = cos((2k — 1) 7/(2N)).

(b) If f is an odd function defined on R, the function fp (% ,x) of
(1.4.18) can also be represented on [—1,1] in the form

Lyos QO
fn (2 a:) = ];1 € 1) Q) F(xy), (1.4.62)

with xp, = cos((2k—1)7/(2N)) , and with Q(§) = V1 — &2 (Un_1(&)+
Un+1(§))-
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Theorem 1.4.12 Let f be periodic, with period 2. Then:

(a) If f is an even function defined on R, the function fn(1/2,€) of
(1.4.20) is also represented in the form of a polynomial of degree N ,
i.€.,

' < (1) g: F(yk) )
26— 1) Py (1) = E—we) Pyyalu) )7
(1.4.63)
with y, = cos((2knw/(2N + 1)), and with Pyy1(§) = Tn+1(§) —
Tn(§).
(b) If f is an odd function defined on R, the function fr(1/2,x) of
(1.4.21) is also represented on [—1,1] in the form

al Q)
(3)= Y oA (1464

with y = cos(2knw /(2N + 1)), and with
Q) = /1 =& (Un(&) + Un-1(¢)) -

Theorem 1.4.13 Let f be periodic, with period 2w = (2N + 1) h.
Then:

(a) If f is an even function defined on R, the function fr(1/2,x)
of (1.4.28) is also represented in the form of a polynomial of degree
N, i.e.,

In (% ,IE) = Pyy1(§)-

| ( Fe) N R )

(cos(x) + 1) P'(=1)  f= (6= 2) Pyyq(2k) )

(1.4.65)

with z;, = cos((2k +1)7/(2N + 1)), and with Pn11(§) = Tn(€) +
Tn11(8)-
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(b) If f is an odd function defined on R, the function f,(1/2,z) of
(1.4.24) is also represented on [—1,1] in the form

L)y QO g
Jn (2 :c) —kz::l E 00 F(z), (1.4.66)

with z, = cos((2k+1)7/(2N + 1)), and with
Q&) = /1 - & (Un+1(§) + Un(8))-

Algebraic Interpolation Errors.

Using the transformations (1.4.37), we replace x in Theorem 1.4.8
by ¢, taking & = R(, and recalling that R = e, , £ = R, we get
the following result:

Theorem 1.4.14 (a) Let ®(&) denote either one of the polynomials
on the right hand side of (1.4.59) or (1.4.61). Then we have, for

RY2 4 Rp—1/2
|F(£) - (I)(f)| < T (R1/2 . Rfl/z) (RN _ R*N)

(b) Let W (&) denote either of the polynomials on the right hand sides
of (1.4.63) or (1.4.65). Then we have, for —1 < ¢ <1,

IF ), (1.4.67)

1

If f is an odd function of period 27 defined on IR, which is analytic
in the region Dy of (1.4.36) , then g defined by g(z) = f(z) sin(z) is
an even function of period 27 on IR which is analytic in the region
Dy of (1.4.36). By using the transformations (1.4.37) we transform
the functions f(x) and g(x) into functions F'(¢) and G(¢) defined on
the ellipse g, on which G is analytic and normed as in (1.4.43). We
arrive at the following theorem.

||F||}€R. (1.4.68)

Theorem 1.4.15 Set G(§) = F(§) V1 — &2, and let G be analytic
m SR.

(a) Let ® denote the term in the sum on the right hand side of either
(1.4.60) or (1.4.62). Then |F(§)—®(&)| is bounded for all £ € [—1,1]
by the right hand side of (1.4.67).
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(b) Let U denote the term in the sum on the right hand side of either
(1.4.64) or (1.4.66). Then |F(&)—Y(§)| is bounded for all £ € [—1,1]
by the right hand side of (1.4.68).

Connections with Quadratures on [—1,1]. The above interpo-
lation schemes enable a variety of quadratures. All of these formulas,
including, e.g., the well known Gauss—Chebyshev and the Clenshaw—
Curtis procedures can be readily obtained from the above interpola-
tion results.

Let us state three theorems, the proofs of which are straight—forward
consequences of the results already obtained above. As stated, there
appears to be little difference between the three theorems; the dif-
ference occurs when we assume that not only the function f, but
also the function g in Theorems 1.4.18 and 1.4.19 is analytic on
the region Dy defined in (1.4.45). Analogously, we also have that

= VT—E2G(¢), where G € H' (ER).

It is convenient to use the following notations for the variety of for-
mulas that are possible:

1. Gauss—Chebyshev and Related Quadratures. The case when f €
H'(Dy), and when f is an even function of period 27 on RR;
equivalently, let F' be defined on £ with F' = f based on the
transformations (1.4.37), so that F € H'(£g), where F(¢) =

F (ei9> = f(#). In this case, we have

If)—/oﬂf(e)de — 1I(F / m de. (1.4.69)

For this case, we have four quadrature formula approximations
corresponding to the explicit special cases of Corollary 1.4.3
(ii), with h = /N, Corollary 1.4.4 (ii), with h =27 /(2N +1),
Corollary 1.4.5 (ii), with A = 7/N and Corollary 1.4.6 (ii), with
h=2nw/2N +1):
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1 1 =
W) = h{§f(0)+§f(7f)+2f(kh)},
henN,
N
1
QII(f) = h flitk—=)h), h=n/N,
o ’; << N2> ) / 1.4.70
Q) = h{%f +kah} AT
—k;/(N+1/2)
M) = h{%f +Zf((k:——) )}
b= r)(N+1/2).

These quadratures become the following, under the transfor-
mations (1.4.37):

1 1 Nl
QN(F) = h{QF(—1)+§F(1)+ZF(wk)}7
k=1
h=mx/N,
N
QN(F) = hY F(z), h==/N,
k=1
QNI(F) = h{%F —I—ZFyk},
h=m/(N+1/2)
OV (F) = h{%F +Zsz},
h=n/(N+1/2).

(1.4.71)
We can then state the following
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Theorem 1.4.16 Let f € H(Dy), and let f be an even func-
tion of period 27 defined on IR. Then

))+ B (f) (1.4.72)

with each of the errors E} (f) bounded as in Theorem 1.4.9.

Equivalently, let F € HY(ER). Then

F)+el(F) (1.4.73)

where, eh; and €5} are bounded by

211FIL, it
RN(RN—R_N) ( )
whereas, 5%1 and 6{\,‘/ are bounded by
2[|F||:
17l (1.4.75)

RN+1/2 (RN+1/2 _ R7N71/2) )

and where HFH}gR is defined as in (1.4.43).

. Clenshaw—-Curtis Type Formulas. These are also readily obtain-
able, via use of the above approach. Consider, for example, the
following theorem, in which we again assume that f is a pe-
riodic function of period 27 defined on R, that f € HY(Dy),
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and furthermore, that f(x) = g(x) sin( ) Equivalently, we as-
sume that F € H(ER), with F(& £) /1 —&2. Note, it
is obvious at this point, that the functlons g and G need not
be bounded at the end-points of integration, whereas the val-
ues f(0), f(m), and F(£1) must, in fact, exist and be finite. If
also g € H(D,) then the terms f(0), f(7), and F(£1) must all
vanish, as was tacitly assumed by Clenshaw and Curtis [CIlCul]
and Imhof [Im].

Hence, paraphrasing the steps that we took preceding Theorem
1.4.16 above, we get the following results, for which the points
Wk, Tk, Yi, and zp are the same as above:

, 1 1 N-1o
Qulg) =h §f(0) t3 f(m) + Z sin(kh)g(kh) ¢ ,

/N k=1
-9 )o(-2) )
herN,
Ql(9) = {%f@) -3 sini k) gl h)} ,
h= /(N +1/2),
2 )

Q1" (9) =
+h i ysin ((k=3) n) g ((k=13) h),
h=n/(N+1/2).
(1.4.76)

Analogously, the quadratures over (—1,1) take the form
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N-1
QL(G) = h {%F(—l) + % F)+ Y sin(k:h)G(wk)} ,
h=mx/N, =
N 1

oll@) = hkz::lsin<(k:—§> h) G(xy), h=n/N,

N
oGy = hn {%F(l) + > sin(kh) G(yk)} ,
W RN 1/2).

1 i 1
oG = h {5 F(-1)+ kz::lsm ((k — 5) h) G(zk)} ,
h=mn/(N+1/2).
We can then state the following

Theorem 1.4.17 Let f(z) = sin(z) g(z), let f € H(D,) , and
let f be an even function of period 27 defined on R. Then

év(g)) + Ef(f) (1.4.78)

with each of the errors Ej(f) bounded as in Theorem 1.4.9.

Equivalently, let F(€) = /1 —€2G(€), and let F € H(ER).
Then

G) +eiy(F) (1.4.79)
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where, €5 and el are bounded by

2P, s
RN (RN_RfN) ( o )
whereas, 5%1 and E{VV are bounded by
2||F||}
17z, (1.4.81)

RN+1/2 (RN+1/2 _ R—N—1/2) ’

and where HFH%R is defined as in (1.4.79).

. Other Formulas. Similar results could easily be deduced for
approximation of integrals of the form

/_11 G(z)V1—z2dx (1.4.82)

under the assumption that F' € H(Eg), with F(z) = (1 —
22) G(x). Equivalently, we assume that f(z) = sin®(z) g()
is an even function of period 27 defined on IR, that belongs
to H(Dy). It is then easily seen, that the sin(-) terms of the
previous theorem are then just replaced by sin? terms.

Hence, paraphrasing the above Clenshaw-Curtis—type presen-
tation, we get the following results, for which the points wy ,
Tk, Yk, and zj are the same as in (1.4.71):
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I 1 1 = 2
Qhlg) =h {5 FO) + 5 (m) + Y sin®(eh) gk h) {
k=1

h=m/N,
N
otto o S (k- 5) 1) o (+-3) ).
W RN
OB {%f(O) + ésm%k h) g(k h)} :

h=n/(N+1/2),
Vig) =

e (3 ) o) )

h=n/(N+1/2).
(1.4.83)

Analogously, the quadratures over (—1,1) take the form

1 1 N-1
oL(G) = h {§F(—1) + 5 F (1) + kz:jl sinQ(k:h)G(wk)} ,
h=m/N,
oll(G) = h g‘lsm? ((kN— %) h) G(yr), h=m/N,
oN(G) = h {%F(l) +kz_:lsin2(kh)G(Zk)} :
h=m/(N+1/2)

ov(@ = h {%F(—l) + kN sin? ((k — %) h) G(:ck)} ,

We can then state the following
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Theorem 1.4.18 Let f(x) = sin®(x)g(z), let f € H(Dy),
and let f be an even function of period 2w defined on IR. Then

(9) + Ef(f) (1.4.85)

with each of the errors E} (f) bounded as in Theorem 1.4.9.

Equivalently, let F(§) = (1 — £2)G(€), and let F € H(ER).
Then

G) + ey (F) (1.4.86)

where, 55\, and E%l are bounded by

2|1 Fllg,
RN (RN —R-N)

(1.4.87)

whereas, Ef\{ and E{VV are bounded by

2(|F(lg,,
RN+1/2 (RN+1/2 _ R-N-1/2)°

(1.4.88)
and where ||F|| is defined as in (1.4.79).

1.4.6 WAVELET DIFFERENTIATION

We shall discuss here, the approximation of derivatives via use of the
derivatives of wavelet approximations. To this end, we shall use the
notations
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D.(N,P,z)

2

1
:ﬁ{l—I—COS(QNWZE/P Z 2/€7T~T/P)}

k=1
sin{—2]\§;”ﬂ}
2 N tan {’T—P’”} ’

1 N
Dy(N,P,z) = SN 1 {1+2 > cos(2k m/P)}
k=1

sin{ (N-i-l]éZ)Trr}

(2N +1) sin { %}

(1.4.89)

which can be used for approximation on any interval [a,a + P)].

Differentiating the terms D, and D, with respect to « denoting these
by De/o( ,x), we get

fu(z) = fok Dejo(M, P,z — xy)

(1.4.90)
fi/z('x) - fok e/oM P $—$k)
with D/, as in (1.4.30) and (1.4.31), i.e
D.(N,P,z)
s 2Nz T 2kmx
:—Fsm( Iz ) NPZkSln( D ),
(1.4.91)
47 N 2kmx
D/'(N,P = k si
O( 9y )x) (2N+1)sz::1 Sln( P ),

and where, in (1.4.91),
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2N
k—1P
Z = Z, .’Ek—ﬂ;-’*%, fOI' De
k k=0
(1.4.92)

2N+1 (k—1/2)P
Z — Z, zp =a+ ———2— for D,.
. =1 2N +1

These formulas are not accurate in neighborhoods of end—points if
the function f is not periodic of period P. And they are of course
not accurate in neighborhoods of points where f is not smooth.

1.4.7 WAVELET INDEFINITE INTEGRATION

In this case, we integrate the first formula of (1.4.89) and then insert
the indefinite integral notations

E(N,P,z) — / D.(N, P,t)dt

+
v
Ey(N,P,z) — / Do (N, P,t) dt

k=1
(1.4.93)
This yields
| it
=) « Dg)o(M Pt —xy) f(xg)dt
Z '“/ / ) i) (1.4.94)

—Zak{ 6/O]W Pa:—;ck) B/O(M,P,a—wk)}.
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where the «y, are either 0 or 1/2, and with the xj suitably defined
as in (1.4.92) above, depending which of the interpolation schemes
of (1.4.90) is used.

Several integration matrices are therefore possible, corresponding to
Corollaries 1.4.4-1.4.7. Suppose for example, we have the represen-
tation (1.4.14) for f;,, over the interval [a,b], so that P = b — a,

h=P/(2N) andzy =a+ (k—1)h,for k=1, ..., 2N +1. We
can then form an indefinite integration matrix A = [a; ] of order
2N +1 with

.
ajr = /jDe(N,P,J:—a:k)d:c
a

(1.4.95)
= Eo(N,P,x;—x) — E.(N,P,a—xy),
jok=1, ..., 2N +1.
If we then form the vectors
f = (f(x1>a ceey f(xQN—i-l))T (1496)

F = (Flv R F2N+1)T:Af7

then, under the assumption that f is smooth and of period P on R,
we get the approximation

1
/f —F1 NP,z —a)+ S Fsn DN, Pz~ )
2N-1
+ Z Fy De(N, P,z — xy).
k=1
(1.4.97)

1.4.8 HILBERT TRANSFORMS

Let us present here some Hilbert transform results for periodic func-
tions. The following result, in which “P.V.” denotes the principal
value of an integral, is readily deduced starting with the identity
(1.3.11) and proceeding as in the proof of Theorem 1.4.2 (see Prob-
lem 1.4.3).
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Theorem 1.4.19 Let f be defined, and uniformly bounded on the
real line R, let f be periodic, with period P on IR, and for arbitrary
be R, define fr(b,z) by

sin{Z(x+bh—Fkh)}
T(z+bh—kh)

fu(byz) = f(kh—0bh)

kEZ

(1.4.98)

(i) If h is defined by h = P/(2N), where N is a positive integer,
then

PV. X fu(b,t)

lim - dt
X—o0o 1 _x t—=x
. (1.4.99)
< T(x+bh—kh)}—1
=% f(kh—bh) cos {f@ + ik
= 2N tan{F(z+bh—kh)}

(ii) If h is defined by h = P/(2N + 1), where N is a non-negative
integer, then

PV. (X fulb,1)

lim - dt
X—oco ™1 J_x t—x
. (1.4.100)
z bh—Fkh)} —1
S SN s (A L L) S
= (2N +1)sin{E(x+bh—Fkh)}

We can deduce a similar result for the case when the Hilbert trans-
form is taken over just one period. To this end, let us assume a
complex plane setting, with U the unit disc, and with the Hilbert
transform S f of a function f taken over the boundary, OU and eval-
uated at z € U. We then get

P.V. f(¢
i = T8 T g,
i Jou (— 2
pv. g« f(¢)
= = / o df
Tt J—m tan (T)
where ¢ is defined as in (1.4.42). If we take f(¢) = (™, with n an
integer, we get the well known result ([S1, Problem 1.3.5])

(1.4.101)
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(S¢™")(2) = 2" sgn(n). (1.4.102)

Theorem 1.4.20 Let D, and D, be defined as in (1.4.3)—(1.4.4).
Then,

v i, ()
271 J_n tan(t_Tr) N tan (3)’ ( |
1.4.103
. T . N T
PV. /7r Do(N ,t) " _sm(%) sm(%)
2mi Jr tan (52) B (N +1/2) sin (%)

The Hilbert transforms of the functions f in Theorem 1.4.2 can thus
be explicitly expressed, based on these formulas.

1.4.9 DISCRETE FOURIER TRANSFORM

Let us here derive DFT approximations based on two one dimen-
sional methods, Sinc series and wavelet series. We start with 2. N + 1
function values fy = f(kh), of a function f, for k=—-N,..., N
and h, = X/(2N) given on the interval [—X/2, X/2]. These values
may be used to approximate f on R with v(x), where v denotes
the sum in (1.3.28), but with the k = =N terms halved. The Fourier
transform v of v, a Fourier polynomial on the interval (—m/hy ,7/hy)
and zero on the outside of this interval can then be used to approx-
imate the Fourier transform f of f on R — see (1.3.30). Here the
Fourier and inverse transforms are defined by the integrals

f(y) = /Reixyf(x)dx
(1.4.104)

fz) = /R e=i7t f(y) dy

That is, the values fy = f(£h,), with hy, = 7/(N h,) = 7/X , and

with £ = —N, ..., N define 0. Similarly, the given the values
Op = O(lhy), £ = =N ,...N define a function v that is a Fourier
polynomials on [—-N hy, , N hy] = [-7/hy ,7/hs] and zero on the re-

mainder of the real line, and by taking the inverse Fourier transform
v of this function we get a finite Sinc series v that approximates
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f at the Sinc points {kh;}i_ . We thus derive here two explicit
matrices A and B which relate the two vectors

frv = (fon, ooy fN)°
(1.4.105)
f~v = (’[)—Nv ) @N)
by the formulas
v=Av and v=BvV. (1.4.106)
Given a set of numbers c_y, ¢c_N41, ..., cn, we shall use the

. /
notation Z{L,N cp = %C_N +C_Nt1+ ... +eNog + % CN ,
i.e., the prime on the sum indicates that the first and last terms are
to be halved.

(i) Fourier Transform of a Finite Sinc Sum.

Given f defined at the Sinc points {k hx}kN:_N , with h, > 0, define
v by the finite Sinc sum,

N /
v(x)= > flkhy)S(k, he)(). (1.4.107)
k=—N

Notice that v(k hy) = f(k hy). The Fourier transform of v taken over
R is just (see Problem 1.2.6)

o(y) = /]Re”yv(x)dac

N , (1.4.108)
) e X ekt i <
= et :
0 if [yl > 7.

As discussed in the above subsections, this Fourier polynomial in y is
determined by its m = 2 N 41 values v(¢ hy) on —7/h, <y < 7/hy,
with hy = (7/hy)/N. If we now evaluate 0(y) at y = j h,, we get

N !/
0(jhy) =hy Y e IFMhuy(h,). (1.4.109)
{=—N
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The values ©(k h,) approximate the values f(k hy) (see [S1, §3.3.3]).
The equation (1.4.109) thus determines the matrix A, i.e., noting
that hy hy = 7/N , we get

A=la;r] with aj=hy{exp(ijkn/N)}, (1.4.110)
where the prime indicates that the ell = =N terms are to be halved.

(ii) Inverse Fourier Transform of Trigonometric Polynomial.

Next let v(x) and v(y) be related as in (1.4.104) and (1.4.108) above,

and let us assume that we are given the data {0,} = {#(€hy)}L_

and with hy, = /(N hy;). We combine this data with the results of

Corollary 1.4.3 (i), to form the function ¢ that is a Fourier polynomial
n [—m/hg,m/hy] and zero on the remainder of R, i.e.,

N !
. Z Do(N,27/hy,y —Lhy) Ve if —7/hy <y <7/hy
oy) =3

0 if yelR,|yl >n/hg.
(1.4.111)
with
N /

1
De(N ;27 /ha y) = 5 Z elkhay, (1.4.112)

The inverse transform of the function D.(N,27/h, ,-) taken over
(=7/he  7/hg) is

1 7w/hy )
—/ De(N,27/hg ,y —Lhy)e ¥ dy

27 Jr/h,
N (1.4.113)
1 A
- S Sk by () ekt
2N hy Pt

so that
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1 7/ha izy . d
oa) = g [ ey
1 N N ! ,
—ikChyhy 5
= 2thk:z_:N S(k, hyg)(z) EZZ_:NG v (€ hy)
(1.4.114)
Taking « = k h, and h, hy = /N in this equation, we get
X
_ —ikéx/N
v(kh) = Qth:z_:N e N (L hy). (1.4.115)

This equation determines the matrix B :

B =aj;] with bjp=1/(2N hy){exp(—ijkn/N)}, (1.4.116)
where the prime indicates that the k = =N terms are to be halved.

In effect, we used the Part (i) of Corollary 1.4.3 to obtain our ap-
proximations above. Similar (but not identically the same) matrix
relations obtain using the Parts (i) of Corollaries 1.4.4, 1.4.5 and
1.4.6.

PROBLEMS FOR SECTION 1.4

1.4.1 Let f be analytic in the region Dy defined in (1.4.43), and let
f be periodic on R, with period P.

(a) Prove that if h > 0, then the expression
C —
Clg(r)loé /_Csinc (th> f(t)dt
exists, and defines a function Fy(z) for all € R.

(b) Prove that if h = P/(2N), then the function F} defined
in the (a)-Part of this problem can also be expressed via the
continuous wavelet formula
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P2 sin (F(z —t))

7T

P —py2 tan (5 (z —t)) F(t)dt.

(c) Prove that if h = P/(2 N +1), then the function F}, defined
in the (a)-Part of this problem can also be expressed via the
continuous wavelet formula

P/P/2 sin (% (z :t)) £(t) dt.

P/2 Sln P t))

|>\

1.4.2 Let f satisfy the conditions stated in Problem 1.4.1.
(a) Apply the Trapezoidal rule over R,

/g t)dt =~ Tp(g) =h Y _ g(kh)

keZ

to the integral expression for Fj do deduce that

B ~ fule) = 3 flen)sne (250

kEZ

(b) Apply the Trapezoidal and Midordinate rules (1.4.37) and
(1.4.39) to the integral expression in the (b)-Part of Problem
1.4.1, to get (1.4.14) and (1.4.18).

c) Apply the Trapezoidal and Midordinate rules (1.4.37) and

E 1.4.39) to the (c)-Part of Problem 1.4.1, to get (1.4.22) and
(1.4.26).

1.4.3 Give a detailed proof of Corollary 1.4.3.

1.4.4 Give a detailed proof of Corollary 1.4.4.

1.4.5 Give a detailed proof of Corollary 1.4.5.

1.4.6 Give a detailed proof of Corollary 1.4.6.

1.4.7 Give a detailed proof of Theorem 1.4.20.
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1.5 Sinc Methods on I"

In this section we shall consider using Sinc methods to approximate
functions as well as calculus operations of functions over finite, semi—
infinite, and infinite intervals, indeed, more generally, over planar
arcs, I'. A particular class of one—to—one transformations ¢ of I" to
IR are ideal for this purpose. These transform the class of functions
L, q(id) and M, 4(id) that we have introduced in the previous sec-
tion to convenient classes over I', and thus they yield similar accurate
approximations over I that were obtained for IR.

For practical usefulness, it is preferable to select functions ¢ which

can be explicitly expressed, and for which it is also possible to ex-

plicitly express the inverse functions, ¢~ 1.

1.5.1 SINC APPROXIMATION ON A FINITE INTERVAL

Consider first the case of a finite interval, (a,b). The mapping

wo= e = log(2). zelad
(1.5.1)
4 _a+be”
=z = ¢ (w) = Trew weR

provides a one-to—one transformation of the interval (a,b) onto RR.
The Sinc points are defined for h > 0 and k € Z =0,+1,42,---, by
2 = @ Y(kh) = (a +beP) /(1 + k).

Example 1.5.1 Let (a,b) = (0,1); we wish to approximate the
function F(z) = z'/3(1 — x)'/2. In this case, p(z) = log(z/(1 — z)),
and ¢! (w) = e¥/(1 + €*). Thus

B . B 6w/3

f(w) =F (SD (w)) B (1 + 6w)5/6

We would like to have this function belong to the class Ly, 4(id) , for
some positive numbers « and d. We may note first, that f(w) =
O (e“w|/3>, as w — —oo, while f(w) = O (e_|w|/2>, as w — o0,
and we may therefore take a = 1/3.

Next, the Fourier transform f of f is given by (see Problem 1.5.1)
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1/3+iy)D(1/2 +iy)
I'(5/6) ’

fo) = [ stwyereaw =1

and using Stirling’s formula, i.e.,

D(z+1) = (2n2)Y2(z/e)" [1+ O /z)], = — oo, (1.5.2)

we find that

f(y) = O (exp(=rlyl) [yl /%) , y — oo,

so that d = m. Hence f € L3, (id).

Upon selecting a positive integer N, defining h via (1.3.27), and
selecting the Sinc points as above, we find, using (1.3.28), that

N
sup |z1/3 (1-— a:)l/2 — Z Z,i/g (1- Zlc)l/2 S(k,h) o p(z)
z€(0,1) k=—N

-0 <N1/2 o (N/3)1/2> ‘
(1.5.3)

This improves considerably the O (N -1/ 3) error given in standard

approximation theory texts, of best approximation of z!/3(1 — z)'/2
on (0,1) via polynomials of degree 2N + 1 in z.

Let us observe that the derivatives of the function f(x) = 2'/3 (1—
2)'/2 are unbounded at the end-points of the interval (0,1), i.e., f
has singularities at these points. This type of singularity is a fre-
quently occurring one when one solves partial differential equations.
In the case when the nature of the singularity is known, then suitable
boundary element bases can be selected to produce an approxima-
tion that converges rapidly. On the other hand, in the solution of
three dimensional partial differential equation problems it is often
difficult to deduce a priori the nature of the singularity, and in such
cases methods based on polynomial or finite element approximations
converge very slowly. However, we see from Corollary 1.3.7 that Sinc
methods still converge at an exponential rate, even in such cases.
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We now introduce two important spaces of functions, L, 4(¢) and
M, q(¢p) associated with Sinc approximation on the finite interval
(a,b). These spaces are related to the spaces Ly ¢(id) and M, 4(id)
that were introduced in the previous section. For the case of L, 4(¢),
we assume that a, and d are arbitrary fixed positive numbers. The
space L 4(¢p) consists of the family of all functions f such that,

O(|z — al®), as z—a,

f(z) = { Oz —bl), asz—b, (1.5.4)

and such that the Fourier transform F' = {f o~ '}" satisfies the
relation

F(y) = O (exp(—dly|) y— +o0. (1.5.5)

Thus the function F* from Example 1.5.1 belongs to Ly /3 ().

In order to define the second space, M, 4(¢), it is convenient to
assume that «, and d are restricted such that 0 < o < 1, and 0 <
d < ). Then, M, 4(¢) denotes the family of all functions ¢ that are
continuous and uniformly bounded on I, such that g—L g € Ly a(¢),
where

Ly(x) = B=20@+ = 0)),

The class M, 4(¢) includes functions which are bounded on [a, b] but
which need not vanish at the end—points a or b of (a,b). For example,
M, q(¢) includes all those functions g with non-smooth (Lip,, i.e.,
singular) behavior at the end—points of (a,b). Such “Lip,” functions
frequently arise in the solution of partial differential equations. Let
us state here, that a function f is said to be of class Lip,, on a closed
interval [a,b] if there exists a constant C such that |f(x) — f(y)| <
C'lz — y|* for all points x and y on [a,b).

(1.5.6)

1.5.2 SINC SPACES FOR INTERVALS AND ARCS

Let us at once introduce some basic definitions, for approximation
on an arc I', including finite, semi-infinite and infinite intervals, as
well as genuine non—interval arcs, such as an arc of a circle.
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Definition 1.5.2 Let ¢ denote a smooth one—to—one transformation
of an arc T, with end—points a and b onto R, such that p(a) = —oo,
and @(b) = co. Let 1) = ¢! denote the inverse map, so that

'={z€C:z=v¢(u),u e R}. (1.5.7)

Given @, ¥ and a positive number h, define the Sinc points z; by

2k = Zk(h) = ¢(kh), k= 0, :|:1, :|:2, ter (1.5.8)

and a function p, by

p(z) = e??), (1.5.9)

Observe that p(z) increases from 0 to oo as z traverses I' from a to
b.

Corresponding to positive numbers a and d, let Ly 4(¢) denote the
family of all functions F defined on I' for which

O(p(2)*) as 2 —a,
F(z) = (1.5.10)
O(p(z)~®) as z—b.

and such that the Fourier transform {F o =1} satisfies the rela-
tion
[Foe™} " (O =0(e) (1.5.11)
for all ¢ € R.
Another important family of functions is Mg, q(¢), with0 < a <1,

and 0 < d < mw. It consists of all those functions F' defined on I' such
that

G=F—-LFeLyq4(p), (1.5.12)
and where L F is defined by
F(a) + p(x) F(b)
1+ p(z)

The Fourier exponential decay condition (1.5.11) is equivalent to the
more easily checked analyticity condition that F is analytic on the
region

LF(z) = (1.5.13)
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Ei={z€C: |arg(p(z))| < d}.

Remark. It may be shown that M, 4(¢) C Lip,(T) for arcs I' of
finite length. We also remark, with L defined as in (1.5.13), the term
L F satisfies the relations

LF €M)
LF(z) —LF(a)=0(p(z)), z—a (1.5.14)
LF(z) = (LF)(b) =0@1/p(2)), z—b,
and this is why we require 0 < o < 1 in the definition of the class
M, q(¢). That we cannot have d > 7 was already shown in Example

1.5.1. This result will again be demonstrated in the proof of Theorem
1.5.3 below.

The classes L, 4(¢) and M, 4(¢) are both convenient for and well
suited to Sinc methods, because they are easy to recognize, because
they house the solution to most differential and integral equation
problems which arise from applications, and because they guarantee
the rapid convergence of Sinc approximation described in the theo-
rems which follow. Justification for this assertion can be based on
theoretical considerations. The purpose of this handbook is to pro-
vide justification of this assertion based on examples born from the
theory presented in Chapters 1 and 2.

Remark. Instead of the spaces L, q(¢) and M, 4(¢) we could de-
fine more general ones, Ly g 4(¢) and M, g4(¢), by replacement of
(1.5.10) above with

O(p(z)?) as z—a,
F(z) =
(@) (p(z)*ﬁ) as z —b.

In this case, we would be able to replace the sum 5\ in (1.3.28)
above, as we did in (1.5.27) below with a possibly more efficient form,
Zév:_ - In fact, all of the programs of this handbook are written
for this more general case. We have simply chosen M = N in our
theoretical presentations in order to simplify the proofs.

Note also, that if o, o', B, 3, d, and d' are suitable positive
numbers selected as above, and if



1. One Dimensional Sinc Theory 75

a<d, <P and d<d,
then M/ Bd < M, B.d-

In the next theorem we state and prove some properties of the
spaces Ly 4(¢) and M, 4(¢) which are consequences of the above
definitions. The statements of this theorem mainly involve operations
of calculus. However we also wish to include Cauchy and Hilbert
transforms, and to this end, we now define these operations. With
apologies to the reader, we deviate here from our commitment to not
use complex variables.

Let T" denote an oriented analytic arc in the complex plane, with
end—points a and b, let x € T, and let z €C, z ¢ I'. The Hilbert and
Cauchy transforms of a function F' taken over I' are defined by the
equations

(SF)(z) = Ijr—‘z/ %dt, zel
g (1.5.15)
CF)(z) = QLM/Ff_(tidt, 2T

Remark. The following results are useful for determining the na-
ture of singularities following operations of calculus, in solutions of
differential equations, etc.

Theorem 1.5.3 Let a € (0,1], d € (0,7), and take d’ € (0,d).

i. If F € My a(p), then F'/¢' € Lo a(¢);

ii. If F € Maa(y), then F™ /(o) € Lo a(p), n=1,2,3,-;
iii. If F'/¢' € Lo a(p), then F € My, 4(¢);

iv. If F € Lo (p), then [ |¢'(z) F(x)dz| < co; and

v. If F € Lo 4(p), then both S F and CF belong to My, 4 ().

Proof of Part i: Set G = F — L F, with L F' defined as in (1.5.12)
above. Then
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/ ,_(F(b)—F(a))p
e

which obviously satisfies the asymptotic relations in (1.5.14). Next,
the identities p o 1(w) = e, and

-1 - e’ iTw Tz
— = —_— dr = —— 1.5.16
{ ¢’ v } (w) /]R (1+ew)? ‘ B sinh(7z)’ ( )

together with Theorem 1.5.3 with 0 < d < 7, and Problem 1.3.3
show that (1/¢') (L F)' € Laa() C Lo (9)

Define H = {(-1)/(27) (Go¢™)}" (~t), and since G € Ly 4(¢)

we have |H(t)| < C"exp(—d|t|), t € R.

Hence, with z = o~ (w),
G'(x)

()

= G'orp(w) ¥ (w)

A

= [ et i) d.
R
But since |H(t)| < C"exp(—d|t|), t € R, it follows that |(it)H (t)| <
C"exp(—(d—e)|t|) < C"exp(—d'[t]) for arbitrary positive ¢ < d—d'.
We have shown that G'/¢" and (LF)' /¢ are in L, ¢ (). Hence their
sum, F'/¢' € Ly a(p).
This completes the proof of Part i.

Proof of Part ii. This is similar to the proof of Part i., and we omit
it.

Proof of Part iii. By Problem 1.5.3 (¢) it suffices to consider the
case of p(x) = x. Now

< 00,

|F(00)| = ’F(O) + /000 F(1) dt

Therefore F(oo) (and similarly, F(—o0)) exists. Let G = F — LF',
ie., fort € R,

F(—00) + €' F(o0)
1+¢€t

G(t) = (F = LF)(t) = F(t) -
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so that G(£o0) = 0, and we obtain

_ _/too G'(t)dr = /too G'(7)dr. (1.5.17)

Now

which clearly belongs to L, g (id).

From the first equality in (1.5.17) we obtain a constant C' such that
G(t) < Ce ' as t — oo. That is G(t) = O (e™*") as t — oo, and
likewise G(t) = O (e*D"t‘) as t — —oo. Hence the Fourier transform

G exists,

1 - .
= —/ G(z)e "t dx.
27 JR

This equation yields

o | (i0)G@) e o,

and by our assumption that F' € Lj4(id), it follows that there
exists a constant C7, such that |z g(z)] < C; exp(—d|z|), and
also, that |G(z)| < oo, z € IR. However, taken together, these
two inequalities imply that there exists a constant Cs, such that
|G(x)] < Cy exp(—d|z|), = €.

G'(t) =

Proof of Part iv. By our assumption on F', there exists a constant
C such that

|F(z)| < C% (1.5.18)
Hence,
et a 2
/\F 2) dz| </ oﬁdm:cg&i}) . (15.19)

where I'(a) = [5° %! e~! dt denotes Euler’s Gamma function. This
last inequality shows that the left hand side of (1.5.19) is bounded.
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Proof of Part v. It is shown in [Gk], that if C is a closed contour,
if G € Lip,(C), and if the Hilbert transform of G is taken over
C, then this Hilbert transform also belongs to Lip,(C). Hence, if
I is another arc from b to a, which does not intersect I', we set
C =TUTI”, and we extend the definition of F to C by setting G = F
on I', while G = 0 on I'". Then G and also its Hilbert transform taken
over C belong to Lip, (C). In view of the relations

p.v./c G{t) 4 _ P-V/F ) 4y — (sP)().

T t—=x T t—x

it thus follows that S F' € Lip,(C).
Let z = 2z and z = 2f* denote points respectively to the left and
right of I', as one traverses I" from a to b, and set

Fi(z) = lim (C F)(zY)
o (1.5.20)
FE(z) = lim (C F)(zT)

where the limits are taken non-tangentially. The Plemelj formulas
[GK] state that

Fia) = 3 (f)+8@),
(1.5.21)
FR() = 3 (f@) - S().
Next, for any fixed 7 € (=d,d), let I'; = {z € C : Sp(z) = 7}.

By Cauchy’s theorem, F*(z%) is independent of 7 for any z” on
the left-hand side of I';. It thus follows from the definition (1.5.15)
of CF that F' is analytic and bounded in the region Dy = {z €
C : [Sp(z)] < d'}, for any d' € (0,d). Moreover, F € Lip,(I';),
from which it follows that I € Lip,(Dy). Similarly, F® is also
analytic and bounded and of class Lip, in Dy. By assumption F
is also analytic, bounded, and of class Lip,, in Dy. By inspection
of the above Plemelj formulas (1.5.21), it follows that each of the
functions, F', FL, FE and SF are analytic, bounded, and of class
Lip,, in Dy , i.e., that these functions belong to M, 4 (). m



1. One Dimensional Sinc Theory 79

1.5.3 IMPORTANT EXPLICIT TRANSFORMATIONS

Let us next describe some transformations for intervals and arcs
frequently encountered in applications. These transformations cover
all of the different types of singular behavior arising in applications.

Example 1.5.4 Transformation #1: The Identity Map over
R = (—o00,0). IfT' =R, and we wish to approximate functions
with exponential decay and whose Fourier transforms have exponen-
tial decay, take ¢(z) = z. With L as above, and g € M, 4(id), we
have L g(2) = [g(—00)+¢* g(o0)]/(1+¢7), and f = g— Lg € Loa(%),
the set of all functions f such that for some positive constants C
and «, the inequality |f(z)| < C exp(—alz|) holds for all z € R,
and such that the Fourier transform, f, satisfies the inequality
|f(w)| < C"e~¢"l for all w € R. The Sinc points z; are defined
by zj = jh, and 1/¢'(z;) = 1.

Example 1.5.5 Transformation #2: Finite Interval (a,b). For
the cased of I' = (a,b), we have ¢(z) =log((z —a)/(b— 2)), Y (w) =
1 (w) = (a+be®)/(1+¢v), L(2) = (b—2) gla) +(s—a) g(b))/ (h—
a). Ly () is the class of all functions f for which we have |f(2)| <
clz — al*|b — z|® on I', and such that for some positive constants
C and d, the Fourier transform f of f o1 satisfies the inequality
|f(z)] < Ce Ul for all x € R. The Sinc points z; are z; = ¥(jh) =
(a+bel™)/(1+eih) and 1/¢'(zj) = (b—a) e’ /(14 € ™)2. For most
examples of this handbook, we shall simply take a = 0 and b = 1,
i.e., for the case of I' = (0, 1).

Example 1.5.6 Transformation #3: Approzimating Functions
over (0,00) having Algebraic Behavior for Large and Small Values
of the Argument. If T' = (0, 00), take ¢(z) = log(z), so that ¥(w) =
¢~ (w) = e®, and Lg(2) = [9(0) + 29(c0)]/(1 + 2). Laalp) is the
family of all functions f such that for some positive constants C' and
a we have f(z) = O(|z|*) asz — 0, f(z) = O(|2|7%) as z — o0,
and such that for some positive constant d, the Fourier transform f
of f o1 satisfies the inequality |f(x)| < Ce Ul for all z € R. The
Sinc points z; are defined by z; = ¥(j h) = e/ ", and 1/¢/(z;) = 7"

Example 1.5.7 Transformation #4: Approzimating Functions
over (0,00) having Algebraic Behavior for Small and Exponential Be-
havior for Large Values of the Argument. If ' = (0,00), let us take
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©(z) = log(sinh(z)), so that 1 (w) = ¢! (w) = log (ew +V1+ eQw) ,
while L is given by Lg(z) = [g(0) 4 sinh(z) g(c0)]/(1 4 sinh(z)).
L, q(¢) is the class of all functions f such that for some posi-
tive constants C' and « we have f(z) = O(|z|%) as z — 0,
f(z) = O(exp(—az)) asz — oo, and such that for some positive
constant d, the Fourier transform f of f o1 satisfies the inequality
|f(z)] < Ce ¥l for all x € R. The Sinc points z; are defined by
zj = P(hh) = logle? " (1427 M)1/2] and 1/¢/ (2;) = (1+e"27M)~1/2,

Example 1.5.8 Transformation #5: Approzimating Functions
over R = (—o0,00) having Algebraic Decay at +o0o. If T' = R, we
take ¢(z) = log[z + (1 + 22)Y/2], so that ¥(w) = ¢~ (w) = sinh(w)
and L g(z) = [g(—00) + (2 4 (1 4 22)/2) g(c0)]/[1 + 2 + (1 + 22)1/2].
Then L, 4(¢) is the class of all functions f such that f(z) = O (|z|7%)
as z — xoo on IR, and such that for some positive constant d, the
Fourier transform f of f o1 satisfies the inequality |f(z)| < C ==l
for all 2 € R. The Sinc points z; are defined by z; = sinh(j &), and

1/¢(2) = cosh(j h).

Example 1.5.9 Transformation #6: Approzimating Functions
over R = (—00,00), having Algebraic Behavior at —oo, Exponen-
tial Behavior at co. If I' = R, we let ¢(z) = log{sinh[z +
(1 + 22)Y/2]}, so that, with t(w) = log (e“’ +vV1+4 62“’), we have
bw) = ¢~ (w) = (1/2) (#(w) — 1/t(w)). Then Lg(z) = g(—o0) +
sinh(z + (1 4 22)1/2) g(c0)]/[1 + sinh(z 4 (1 + 22)'/2)], and the class
L, q(p) is the class of all functions f such that f(z) = O (|z|7),
z — —o0, such that f(z) = O (exp(—az)), 2z — o0, and such that
for some positive constant d, the Fourier transform f of fo1) satisfies
the inequality | f(z)| < Ce~%*l for all z € R. The Sinc points z; are
defined by z; = (1/2)[t; — 1/t;], where t; = log[e’ " 4 (1 + €277)1/2],
and 1/ (z5) = (1/2)(1 + 1/)(1 + e-270) V2

Actually, the transformation #5 & #6 are special cases of double
exponential transformations which was discovered by Takahasi and
Mori [Mol, Mo2| and extensively studied by Sugihara [Sul, Su2,
Su3]; it may happen, after making a transformation from I' to R,
the Fourier transform of the resulting function decays faster than at
the rate exp(—d|z|) as © — oo on R, in which case, we may be
able to make an additional transformation from IR to R, and thus
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achieve even faster convergence. For example, suppose that, o and
are positive constants, and that we wish to approximate the integral

= /_11(1 +2)* (1 — ) da.

By setting 2 = ¢ (w), where ¢ is defined as in Example 1.5.5
above, with a = —1 and b = 1, we get the integral

eOt'LU
I = 20+P=2 / dw
R (1 + ew)o‘ (1 + ew)ﬁ
Now, it may be shown, by proceeding as in Example 1.5.1 above,
that the Fourier transform f of the integrand f in this last integral
satisfies f(z) = O(exp(—(m —¢) |x|)) as © — oo on R, where € > 0
but is otherwise arbitrary. Hence we can make a second exponen-

tial transformation, w = sinh(v) (see Example 1.5.8) in the integral
above, to get

a2 exp(a sinh(v)) cosh(v) y
I=2% /]R (1 + exp(sinh(v)))® (1 + exp(sinh(v)))? @,

At this point it may be shown that the Fourier transform of the
integrand is O(exp(—(mw/2 —¢)|z|)) as * — oo on R. However, the
new integrand decays much more rapidly than exponentially, and
thus requires relatively few points for accurate evaluation.

Example 1.5.10 Transformation #7: Approximation on a Cir-
cular Arc. TIf T'is the arc {z €T : z = ¢ u < 0§ < v}, with
0<v—u<?2nm,take ©(2) = i(v — u)/2 + log[(z — )/ (e® — 2)],
so that (w) = ¢~ (w) = [eWH? 4 HWHv)/2] /[ew 4 (v=1)/2] " and
Lg(z) = [(e” — 2)f(e™) + (2 — €")f(e')]/(e" — ™). The space
L, q(p) is the class of all functions f such that for some positive
constants ¢ and «, we have, |f(2)| < c|z — ™|*|e® — 2|% and
such that for some positive constant d, the Fourier transform f
of f o1 satisfies the inequality |f(z)] < Ce 4%l for all z € R.
The Sinc points z; are z; = [e/" T 4 ¢ut)/2] /[eih 4 ¢i(v=0)/2] " and
1/¢'(2;) = 23 /" sin((v — u)/2)/[e?h + ev—W/2]2,

Example 1.5.11 Transformation #8: Approximation on more
General Arcs I'. We define an arc I' of finite length in the (x,y)—
plane by a pair of coordinates
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U= {(z(t),y(t) : 0 <t <1}, (1.5.22)

and with the added requirement that:
() (#()* + ((t))* > 0 for all t € (0,1), and

(ii) Setting t = €"“/(1 + €*), the functions X and Y defined by

ev ev
X = Y =
() x(1+w)’ () y(1+w)
should both belong to the space M, 4(id).

We are able to deal with problems over such arcs I' via Sinc methods
applied to the interval (0, 1). For example, if ds denotes an element
of arc length, we can transform an integral over I to an integral over
(0,1) as follows:

[ fyds= [ 10,0 GO + G007

The Sinc points of such an arc I' are the points {(X(kh),Y (kh))},
for k € Z.

On the other hand, if the arc has infinite length, and one finite end—
point, it may be better to define such an arc as a map from the
arc to (0,00), and in this case, we could use one of the I' = (0, 00)
maps to define the Sinc points. Finally, if the arc starts at a point
at infinity, e.g., at the point oo e’ and ends up at another point at
infinity, e.g., 0o €’®?, then it may be more convenient to define such
an arc as a map from IR to the arc, and depending on the problem
to be solved!. We may then be able to use one of the I' = R maps
to define the Sinc points.

1.5.4 INTERPOLATION ON I'

Our aim here is the approximation of functions belonging to the
space My 4(¢) defined in Definition 1.5.2 above. In the first sub-
section we derive a basis for interpolation at the Sinc points on the

"We could, e.g., select one of the above three R — R Sinc maps of Examples
1.5.7 to 1.5.9, whichever yields the most suitable space for solution of the problem
via Sinc methods.
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interior of an interval. While this basis generates each of the methods
of approximation in the other subsections, the basis is seldom used
in computation, except for evaluation of the final computed answer
at points other than Sinc points. We shall see that the elimination
of interpolation at end—points of I' is a definite advantage, an obvi-
ous one being that it enables approximation of functions which are
either undefined, or unbounded at end—points of I'. If for example,
we require a boundary value of a computed approximation, then the
computed value at the nearest Sinc point is sufficiently accurate for
practical purposes.

Let us first establish a notation which we shall use throughout
the remainder of this handbook. We now use notations for approx-
imation using bases {w;}",, rather than for {w;}"\}, since this is
the manner in which they are used in the programs of this hand-
book. We also assume in force here, the definitions of L, g 4(¢) and
M, 3.4(¢), and such that either M = [8/a N], or N = [a/B M],
where [-] denotes the greatest integer function.

Definition 1.5.12  For given a positive integers M and N, let D
and V denote linear operators acting on functions u defined on I"
given by

Du = diag[u(z—p),...,u(zn)]
1.5.23
Vu = (u(znr),...,u(zn)) (1.5.23)
where z; = p~1(j h) denote the Sinc points. Set
Lo (7Td )1/2
= \gm ’
ij = S(]vh) @, j:_Ma"'7N7
wi = % J —-M N - la
1 ol 1
= — 1.5.24
M T §4 Tteh (1524)
—1 jh
wWN = p c

1+p_j=—M1+ejh’yj’

EN = N1/2e=(rdBN)'/2

The w; are the basis functions, and we may define the row vector of
basis functions
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W= (W_pr,...,WN). (1.5.25)
Finally, let || - || denote the uniform norm on T, i.e.,
If1l = sup | f (z)] (1.5.26)
zel

This norm will be used through the remainder of this handbook.

For given f defined in I', we can now form the Sinc approximation,

N
flz) ~ Z f(zr) wi(x), (1.5.27)
k=—M
or in terms of the notation defined above,

f=wVf.

Let us now discuss several features of the important approximation
(1.5.27) — features that are exhibited in the proof of the next theorem.

1. Given G € Ly 5.4(p), then Go ™! € L, g 4(id), and this
function can then be approximated on IR as described in The-
orem 1.3.5, i.e.,

N

G- 3 G(z)S(k,h)
k=—M

=O(y), N>1. (1.5.28)

2. We may note that the basis function w_ps(x) (resp., wy(z))
approaches the value 1 as x approaches the end—point a (resp.,
b) of I, and it approaches the value 0 as x approaches the end—
point b (resp., a) of I'. Whereas uniform approximation on R
via the basis {S(k,h)} is necessarily restricted to functions
that vanish at the end—points of I', we will now be able to
approximate functions which remain bounded, but need not
vanish at the end—points of I'.

3. Let us note that the basis function w_ys(x) (resp., wy(x)) is
close to 1 at the Sinc point = z_js (resp., © = zy), and yet
vanishes at all of the other Sinc points z;, j = —M +1,... N
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(resp., j = —M,...,N —1). Also, for j # —M or for j # N,
wj(z) = 1 for k = j, and 0 for k& # j. The bases {wj}iVM
is therefore discrete orthogonal, at least for purposes of ap-
plication. Simple multiplicative factors would have enabled us
to have w_ps (z—p7) = wy (zx) = 1, but such a factors would
introduce an added complication in the definition of these func-
tions, complications that are not worth bothering with, since
when approximating functions in M, g 4(¢), the resulting dif-
ference is negligible.

4. If f € My g.4(¢p), the differences f(a) — f (2—nm) and f(b) —
f(2n) are of the order of eV These terms are negligi-
ble compared with the error of approximation, enabling us to
make the substitutions f (z_ps) = f(a), and f (2n) = f(b) (see
Equations (1.5.10)—(1.5.13) and our remark following (1.5.14)).
This feature is a very convenient; it eliminates having to evalu-
ate functions whose boundary values are defined only in terms
of limits, as is often the case in applications. In addition the
computer evaluation of the Sinc function S(j, h) o p(z) poses
problems at the end—points a and b of I', since ¢ is not finite
at these points.

We state and prove the following theorem, the proof of which touches
on all of the above points. We remind the reader that either M =
[B/aN], or N = [a/ M].

Theorem 1.5.13 If F € M, g4(p), then, as N — oo,

IF —wVF|=0ey). (1.5.29)

Proof. Recall that ' — L F € Ly g q(p). By proceeding as in the
proof of (1.3.28), it follows, in view of our definition of A in (1.5.24)
that

N
F = LF+ Y (F-LF)(z)v+E,
j=—M (1.5.30)

E = O(), N-—oo,
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where here and for the remainder of this proof we shall write & for
en, 6 for e /v/N, and F}, for F(z,). Moreover, by assumption, both
o and (3 are on the interval (0,1], so 0y = e~ *Mh > ¢=Mh apd
“BNh > o=Nh and we therefore have

similarly, 6p = e
M (2 a) = O(1p(en)) = O@), M, N>1, (1531)
with 6 either oy, or dg.
Also note by (1.5.14), that since F' € My, g,4(¢), we have
F(a)—F_p = 0O(01)
Fb)—Fy = 0O(@r)

Furthermore, since x € T', the results of Problem 1.2.11 yield the
inequalities

(1.5.32)

1SR ep(@)] < 1, zeR,

g: SGR) op(@) = O(log(N)) M, N>1. (1533
j=—M

Expanding the approximation gotten from (1.5.30), and recalling the
way w; was defined in Definition 1.5.12, we have

F = LF+ i (Fj—LF(z)) v +E  (1.5.34)

Py
_ i Fro, (1.5.35)
[l
+ Py {%} Yt (1.5.36)
+ Py {#(ZN)} . (1.5.37)
+(F_p — Fa)) jiM %;f(zj) (1.5.38)
+ (Fy — F(b)) j]iM % (1.5.39)

+E. (1.5.40)
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Let us now consider in turn the error terms (1.5.36)—(1.5.40).

Eq. (1.5.36) : Since F' is bounded on T, since |y_ps| < 1, and since
p(z—pr) = O(6), the term in (1.5.36) is of the order of é.

Eq. (1.5.37) : This term is also of the order of d, since F' is bounded
on I, since 1/ (1 + p(zn)) = O(6), and since |yny| < 1.

Egs. (1.5.38) and (1.5.39): Both of these terms are O(dlog(N)) =
O(e) by (1.5.32) and (1.5.33).

Since the term E in (1.5.40) has already been shown to be O(g) in
(1.5.30), the statement of Theorem 1.5.13 now follows. m

Remark. We remark, that if G € Ly g 4(p), then it is convenient
to take w; = sinc{[¢ — jh]/h}, j = —M,..., N, instead of as defined
in Definition 1.5.12, since the corresponding approximation of G as
defined in (1.5.12)—(1.5.13) then also vanishes at the end points of
I', just as F' then vanishes at the end points of IT'.

1.5.5 SINC APPROXIMATION OF DERIVATIVES

The formulas given here yield approximations of derivatives which
may be used to obtain approximate solutions of ordinary and par-
tial differential equations. Notice, the results of the theorem which
follows are uniformly accurate, even when derivatives of f are un-
bounded at end—points of I'.

Theorem 1.5.14 Let f € M, g (), and let k be any non-negative
integer. Then

H (gy [f(’ﬂ —wlk) Vf} H =0O(en), N>1 (1.5.41)

Proof. The proof follows easily from Theorem 1.5.3, and is omitted.
|

We remark that the row vector of functions (h/¢')* w*) generates
an m X m matrix when evaluated at the Sinc points z; , i.e.,

<<P’?Zv:) ) k w§k) (Zi)] e MLN
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For purposes of applying Sinc theory to solving boundary value prob-
lems it is convenient to use the notation I®) for the m x m matrix
with (i, )" entry 51(5)] , where 5ék) is defined as in (1.3.15).

In this case, if p(z) with p € L, 4(¢) is approximated on I' by
P(h,x), with

N

P(hx) = plz)S(,h)op(x),
j=—M

then by differentiating both sides of the approximation p ~ P(h, "),
we get the approximation p’(z;) ~ P’(h,z), or, by means of the
above defined operator V' and diagonal matrix D(u),

V P =~ D(g'/h) IV V p.

We advise the user to use caution when applying this formula to
the approximation of a derivative, since it is inaccurate in the neigh-
borhood of a finite end—point of I" due to the fact that ¢’ becomes
unbounded in the neighborhood of such points. Derivatives of func-
tions in M, 4(¢) may also be unbounded at such points.

There are many instances of when a function f has several bounded
higher order derivatives on a closed and bounded interval I', finite or
semi-infinite, when we wish to approximate derivatives of f knowing
only function values at Sinc points. We shall return to this problem
again, in §1.7 below, where we derive some novel formulas based on
polynomial methods that can yield more accurate approximations
on the closed arc T'.

As shown above the matrices D ((go’ / h)k> I®) arise when we form

the k' derivative in a Sinc approximation of f. The matrices I*)
have eigenvalues bounded by 7* (see [S1, §7.2]). They are symmetric
for k even, and skew symmetric for k£ odd. They are all well condi-
tioned for even k, and this is also the case for k odd, provided that
the size m of I®) is even. In such cases the eigenvalues of smallest
magnitude of all of these matrices of size m is approximately equal to
(m/N)¥) ([S1, Lemma 7.2.4]). If k is odd, and if I*) is of odd order,
then I®) has a zero eigenvalue. These features show that Sinc meth-
ods are robust and easily adapted to solution of ordinary differential
equations via collocation (i.e., solution obtained through function
evaluation at Sinc points — see the next subsection). Hence, although
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the above approximation of V' P’ is inaccurate in the neighborhoods
of finite end—points of I', the use of the inverse of the matrix

A, =D ((%>k> 1%

in a differential equation is nevertheless satisfactory (see §7.2 of [S1])
if 7®) is non-singular. That is, whereas the use of A, V f is not an
accurate approximation, each of the approximations A,;l A;Vfis
accurate whenever 0 < j < k (and where Ay here denotes the unit
matrix), and when applied to functions f with f/¢*~7 € L, 4(¢) (see
Theorem 1.5.3).

Several methods of approximation of derivatives are possible via use
of Sinc bases. One method that we have not mentioned in this text,
is the use of integration by parts (see §7.2 of [S1]) based on Theorem
1.5.14 above. Other methods, for approximating the first derivative
involve the use of the inverse of an indefinite integration matrix.
Sinc-Pack has programs for all of these, including programs based
on the formulas of §1.7 below. Illustrations are provided in Chapter
3.

1.5.6 SINC COLLOCATION

We know from Theorem 1.5.13, that if ||f — wV f|| = O(en), or
equivalently, for some constant C, ||f —wV f|| < Cepn, then Theo-
rem 1.5.15 follows. This guaranteeing an accurate final approxima-
tion of f on I' provided that we know a good approximation to f
at the Sinc points. We leave its proof which follows directly via the
triangle inequality and Problem 1.2.11 to the reader. It tells us that
accurate approximations of f at Sinc points imply accurate approx-
imation of f on all of T.

Theorem 1.5.15 If f € My ga(p), and ¢ = (c_pr,...,cn) is a
complex vector of order m, such that for some § > 0,

N 1/2
(Z |f(Zj)—le2) <4, (1.5.42)

j=—M
then

|f —we| <Cey +0. (1.5.43)
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Similar results of the type (1.5.43) hold if the least squares error of
(1.5.42) is replaced by a ¢ error, for 1 < p < oo.

1.5.7 SINC QUADRATURE

We record next the standard Sinc quadrature formula. It belongs to
the Sinc family of powerful tools for solving differential and integral
equations.

Theorem 1.5.16 If f/¢' € Ly 5.4(p), then

/bf(x) de —h{V(A/)NT(VF)| =0(n), M, N>1. (1.5.44)

Remarks.

1. Note that (1.5.44) follows at once from (1.5.29) upon setting z =
¥ (t) in the integral in (1.5.44) and then applying the Trapezoidal
rule to the resulting integral (see Equations (1.3.8), (1.3.9)).

2. An excellent example is to consider the approximation of the inte-
gral fol f(z)dz, in which we take f(z) = x~2/3(1 — z)~'/V7. Notice
that f is infinite at both ends of the interval of integration. In this
case, we take ¢(z) = log(xz/(1 — x)), so that 1/¢/(z) = z(1 — z),
giving f(z)/¢'(x) = «/3(1 — 2)!7VVT. Hence. f/¢' € Lagalp),
with « =1/3, with 8 =1—1/y/7,, and with d = 7.

This illustrates that the condition f/¢’ € Ly g.4(¢), rather than
being difficult to apply, allows instead for the efficient numerical
approximation of integrals that may be unbounded at one or both
end-points of a finite interval. If the condition is satisfied, it guar-
antees that we can accurately approximate an integral over a finite
interval, over a semi-infinite interval, over IR, or even over an arc,
i.e., over any of the regions of the transformations of §1.5.3.

Example 1.5.17 A Quadrature Algorithm. The following is an algo-
rithm based on the transformation of Example 1.5.6 for computing
JoC f(z) dz to within any error ¢ (with error as small as 107'¢ in
double precision). Rapid convergence assumes that f satisfies the
conditions of Theorem 1.5.16. While more efficient versions of this
algorithm are known [ShSiS], what we have here, is short and easy
to program, and moreover, it contains the essential ideas of how
to achieve arbitrary accuracy in approximating an integral using
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(1.5.44). Following this algorithm, we give explicit transformations
that allow the use of this algorithm for each of the transformations
described in Examples 1.5.4 to 1.5.11.

Algorithm 1.5.18 Algorithm for Approzimating [;° f(x)dx to
within an Error of €.

User writes f(z) routine 3 p—1/q

input e r—pxf(p)+aqxf(q)
g1 — /e M —M+r
h 2 T — |7
e «— exp(h) if r1 <egotod
q < e q<—€e*xq
T — f(1) go to 3

1 p—1/q 4 M—hxM
r—p*fp)+a*flg) Ty — (T + M)/2
T—T+r 60— |T — M|
r1— || if 6 <eypgotoh
if 1y <egoto?2 T+ 1T
qexq e /e
go to 1 h «— h/2

2 T—hxT go to 6

6 M<—0 5 T'«1T)
e «— /e goto 7
qg—e
go to 3

7 output e,h, T

Let us now illustrate a sequence of transformations ¢ : £ — R,
as well as functions ¢ : E — (0,00) in integrals e.g., of the form

I:/Ef(y)dy, (1.5.45)

The transformation y = ¢(z) then transforms I into

J = /OOO g(x)dx, (1.5.46)

where

g(x) = fa(z)) d (=), (1.5.47)
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TABLE 1.1. Intervals and transformations for Algorithm 1.5.18

E %) q
(0,00) log(y) x
Yy X
(0,1) log (Ty T2
(0,00) log(sinh(y)) log(x + V1 + x?)
(=00, 00) y log(z)
(=00,00) | log {y+vI+4?} (1/2)(x — 1/z)
(—00,00) | log {sinh |y + VI +32|} | (1/2)(C - 1/Q),
¢ =log (a:+\/1+x2)

TABLE 1.2. Continuation of Table 1.1

/

E q q

(0,00) x 1

(0,1) 1ix (1+2)72

(0,00) log(z + V1 + x?) 1/vV1+ 2?2
(—00,00) log () i
(=00, 00) (1/2)(x — 1/x) (1/2)(1 +1/2?)
(—00,00) (1/2)(¢ = 1/¢) (1+1/¢%)/V1 +a?

¢ = log (a:—i—\/l—l—:vQ)

and where g/¢} () = log(x). We can now apply the Algorithm 1.5.18
to approximate the integral I to arbitrary accuracy. The specific
functional forms are given in Table 1.1.

1.5.8 SINC INDEFINITE INTEGRATION

Let us next describe Sinc indefinite integration over an interval or
an arc. A detailed derivation and proof of Sinc indefinite integration
is given in [S1, §3.6 and §4.5].

At the outset, we specify numbers o and eg, by
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k

op = /sinc(x)da:, keZ,
0

e = 1/2—|—O'k,

(1.5.48)

and we then define an mxm ( Toeplitz) matrix 1D by 11 = [e;_,],
with e;_; denoting the (i, §)™ element of T(=1),

Additional definitions are the operators 7+, J~, 7.t and J,, , and
m x m matrices AT and A~ :

(T f)2) = / “fyd

(T @) = /"f t)d.,
(T f)@) = w(@) ATV [, AT = hICYD(1/¢),
(T D)) = <>A Vi, AT = h(IEDTD/),
(1.5.49)
where D(-) and V(-) are defined as in (1.5.23), and where the de-
pendence of JX on m is through the dependence of A*, V and w
on m.

The following theorem then enables us to collocate (linear or non-
linear, non-stiff or stiff) initial value problems over an interval or an
arc.

Theorem 1.5.19 If /¢’ € Ly gal(p), then, for all N > 1,

IT*f =T Il = Olen),

T~ f—Tafl = Oen). (1.5.50)

1.5.9 Sinc INDEFINITE CONVOLUTION

We consider here the approximation of the two indefinite convolution
integrals on a finite or possibly infinite interval (a,b) C R:

plz) = /‘fx—t
a(x) Zt/ft—w

The approximation of these integrals is a very important part of
this Sinc—Pack handbook. As we illustrate in the later chapters, our
methods of approximating these integrals enable new formulas for

(1.5.51)
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approximating Laplace transform inversions (§1.5.10), Hilbert and
Cauchy transforms (§1.5.12), for approximating solutions to ordi-
nary differential equation problems (§3.9), for approximating solu-
tions to Wiener—Hopf integral equations (§1.5.15), for evaluating
more general convolution—type integrals of the form

r(z) = /amk(a:,a; i)t (1.5.52)

(in §1.5.11), and for approximating Abel-type integrals (§3.6). In
addition, our methods of solving integrals of the form (1.5.51) are
far simpler to implement than those in current use to solve control
theory problems. Our methods of approximating the integrals p and

q are original and powerful methods for solving partial differential
equations, which frequently converge faster by orders of magnitude
than conventional in use for solving such equations.

We shall use the notation of Definition 1.5.12, with the exception of
modifying the basis to the following:

wij(z) = 7(z), j=-M+1,---,N-1

N
1 Y
wy = (14+eMh)|— — Z J o
( ) 1+p j=—(M—1) 1+e (1.5.53)
Nh P g ejh'Yj
WN = (1+6 ) —1+P_j:z_:M1+€jh

This basis is the same as that in (1.5.24), except for w_js and wy,
which have been modified slightly for purposes of this proof, to en-
sure that these functions attain the exact value of 1 at the Sinc
points where they interpolate, i.e., w_p(z_n) = wn(zy) = 1. We
shall comment further on this modification in the proof of Theorem
1.5.20 below. In addition we shall use the definitions and notations
of the previous section (§1.5.8) for the indefinite integral operators
J*, and for their Sinc approximations, J, with the exception,
that these approximating operators are here defined via the basis
w = (w-m, ..., wy), with the functions w; as in (1.5.53) rather
than the w; in (1.5.24).
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We shall also limit our proof to the approximation only of p, in that
the procedure for approximating ¢ is nearly identical. The interested
reader should consult the references [S7] or [S1, §4.6] for original
derivations of Sinc convolution.

We introduce here the equivalent of a Laplace transform of f. To
this end, we shall assume that the usual Laplace transform f of f
given by

f<s>=/oce—8tf<t>dt, ¢>(b—a),

exists for all s > 0. We mention here that the Laplace transform
of f is customarily defined over (0,oc). However, we have chosen
a somewhat more general form (0,c), in order to also be able to
approximate integrals over finite intervals (a,b), with functions f
that do not have a Laplace transform over (0,00), e.g., for f(x) =
exp(x?). Furthermore, instead of using f , it is more convenient for
us to use F', defined by F(s) = f(1/s). Hence

F(s) = /0 S F)dt, e > (b—a). (1.5.54)

We shall also assume for simplicity of presentation that the definition
of F' has been extended to the closed right half plane, and thus avoid
writing limits in the inversion formulas. Since the transformation
s — 1/s is a conformal map of the right half plane onto itself, the
Bromwich inversion formula is transformed as follows:

1 100

0 = — [ fls)etds

271 J— o
1 ico [ t/s
= F) e o
271 J—ioo 52
Let us now prove the following result, where as usual || - || denotes the
sup norm on (a,b), as defined in (1.5.26), and in which the function

¢ : (a,b) = R is as in Definition 1.5.2:

Theorem 1.5.20 (a) Given f and g in (1.5.51), let indefinite in-
tegrals p(x) and q(x) exist and are uniformly bounded on the
finite or possibly infinite interval (a,b), and let F' be defined as
in (1.5.54). Then the following operator identities hold:
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p=F(IT ) g, ¢=F(IT )y (1.5.55)

(b) Suppose g/¢’" € Ly g.a(p), and let M, N, h and ey be defined
as in Definition 1.5.12. If for some positive ¢ independent of
N we have |F'(s)| < ¢ for all Rs > 0, then there exists a
constant C independent of N such that

lp = F (T,) gll

IN

C€N
(1.5.56)
l¢g—F(J;,) gl < Cen.

Remarks. (i) Suppose that A (see (1.5.49)) can be diagonalized
with AT = XS X!, with A~ =Y SY !, and with S a diagonal
matrix. Then, with 7 = w(x) ATV, we have for j =0, 1, ...,

(7)) (@) = w@) AV = w@)xs/ X1V,

(7)) @) = w@) (AYV = w@)Ysiy v,
and therefore, we have, with the basis (1.5.53) , that

(F(T5) 9) (@) = w(@)XF(S)X Vg
(1.5.57)
(F(Tn) 9)(x) = w(@)YF(S)Y 'Vy.

That is, whereas F(J%) g is abstract symbolic and not readily ap-
plicable, we are able to evaluate the approximations, F (jmi) g.

It follows, as a result of the definition of the basis given in (1.5.53),
that whereas the formulas (1.5.56) are exact using the basis (1.5.57),
in practice we would use the less cumbersome, basis (1.5.24), thus
introducing only a negligible error, as discussed in the remarks pre-
ceding the statement of Theorem 1.5.13.

(ii) Consider for case of 0 < b — a < co. Although the function F is
different for every ¢ > (b —a), with c as in (1.5.54) , the functions p
and ¢ in (1.5.55) and their approximations F' (J5) g are nevertheless
independent of ¢. On the other hand, F'(s) may not be bounded if
¢ = oo. For example, if (a,b) = (0,1), and if f(¢) = ¢, then
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2 if ¢c=o00

F(S):{ 82(1_6*1/3)_3671/5 if ¢c=b-a.

In this case, F'(s) is unbounded on the right half plane for the case
of ¢ = oo, and bounded for the case of a finite ¢. Hence taking
the smallest possible ¢ may yield a better bound for the error of
approximation in the (b)-Part of Theorem 1.5.20.

(iii) We have assumed in the theorem that (J* g)(x), p(x) and q(z)
exist and our uniformly bounded for all € (a,b). This need not
always be the case — see our worked example in §3.6.

Proof of Part (a) of Theorem 1.5.20. Let us start with the
well known result

T n—1
+\n ((L‘ — t)
= ———g(t)dt = 1, ...
()o@ = [ Tt m=0.1, ..
and the easily verifiable result that with any w such that u/¢’ €
L. g,4(p) we have

2
> 0.

/ab u(zx) dr

Notice by Theorem 1.5.16, that the integral of u taken over (a, b) ex-
ists and is bounded. This “inner product” inequality shows that the
real part of the spectrum of the operator J* is non-negative. Since
f;’ lg(t)| dt is finite, under our assumption that g/¢’ € Ly g 4(p) it
follows that the operator J* is then bounded by b — a. (Infinite
intervals (a,b) are handled via a sequence of nested finite intervals
approaching (a,b).)

R (7% u,u) :m(/jmu)(@@@) !

The following “Dunford operator integral approach” (see [S1, pp.
225-227] yields
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plz) = 2m// | expl(e /5 Fls) ds (o)

_ 1 /m S @O ) d(s) ds

q . n+2 |
211 —ico g S n!

1 700 + 0
= I F(s)ds

271 J_ico

1 oo /1] 1
= —— S F(s)d
271 /;’L'OO (s s—j+) (s)dsg

= (F(JH)-F0%)g=F(IT")g

where the last line obtains as a result of F(07) = f(c0) = 0. Notice
also, that this operator valued contour integral can be evaluated by
contour integration, via use of the contour C ={z=z+iy : —R <
y < RYU{z = Re'? : —1/2 < 0 < 7/2}. As R increases, this
contour contains the spectrum of 7 and furthermore, the part of the
contour integral along the circular part of this contour approaches
zero as R — oo.

Proof of Part (b) of Theorem 1.5.20. Let us first show that
the spectrum of JF is also on the closed right half plane. Consider
the case of J, . By definition (1.5.48) we have I = H + K,
where each of the m? entries of H is 1/2, whereas K is a skew
symmetric matrix. Hence, if ¢ = (c_pr, ..., cN)T is an arbitrary
complex column vector, then

2

+c"Kec.

N

> ¢

V=1
2 .=y

Since R c* K ¢ = 0, it follows from this identity that the the eigenval-
ues of I(=1 are all in the closed right half plane. Next, from (1.5.49)
we have AT = IV D | where D = D(h/¢) = diag(d_ps, ..., dn)
is a diagonal matrix with positive entries d;. Since the eigenval-
ues of AT are the same as the eigenvalues of DYV/2 A+t D12 =
DY2 1=1) DY2 it follows, with ¢ as above, that
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N 2

> ¢id;

j=—M

c DV2 (=0 pl/2¢ = % +c¢*DY?2 K DY?e.

(Notice, if we set ¢; = u(z;) with u the function used in the above
inner product examination (JTu,u), and with z; = ¢~ '(jh), a
Sinc—point, then the above sum Zévzf wm € dj is just the Sinc quadra-
ture approximation of [ ab u(z) dx — see §1.5.7). This identity confirms
again that the eigenvalues of AT are all on the closed right half plane.
Indeed, it has been tested? by direct computation, that the eigenval-
ues of I=1 are, in fact, on the open right half plane, for all orders
m up to 1024. This means that the matrices F (A%) are well defined
for all these values of m.

We then have

I(F (T%) = F (T)) 9l

<

/OlF’ (T4 (10 T3) dt (75~ T3) o

[P easa-ngz a] 1% - 75 ol

Since the spectra of the operators J * and ‘,’77% lie on the closed
and convex right half plane, the same is true of their convex linear
combination, t 7 + (1 —t) J:&. The assertion of Theorem 1.5.20 (b)
then follows by our assumption of the boundedness of F’ on the right
half plane, and by Theorem 1.5.19. m

Remark. We have tacitly assumed that AT and A~ can be diago-
nalized for every m. Although this has not been proved to date, it
has so far been the case for all problems that we have attempted.
Now the matrices Y which diagonalize I~ are well conditioned for
m =1, 2, ..., 1024. On the other hand if the condition number
of a matrix X such that AT = hICY D(1/¢') = XSX ! is large,

2A still unsolved problem, is a proof or disproof, for which the author is
offering $300, that all cigenvalues of IV lic on the open right half plane, for
every positive integer m.
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then a slight alteration of the parameter h (which does not appre-
ciably change the accuracy of approximation) will usually lower this
condition number.

1.5.10 LAPLACE TRANSFORM INVERSION
Let x € (0,a), with a > 0. Starting with the identity

f@ -0 = [ rwa.
" (1.5.58)

= [ Fa-nawa, g0 =1,

which is a convolution of the form (1.5.51), in which ¢(t) = 1. The
(ordinary) Laplace transform equivalent of f is

f(s) = /cexp(—ms)f(at)da:, c>a
0 (1.5.59)
= {sf(s)}{1/s},

or, replacing s by 1/s and f(1/s) by F(s), and then setting G(s) =
F(s)/s, we get (see (1.5.49) for the definition of J7)

f= 6Ty
(1.5.60)
flz) =~ w(z)G(AN)1,
where 1 = (1, 1, ..., 1)T.

It may be shown that this approximation is valid (in the sense of a
relative error of the order of €) even when f/¢" € Ly g.4(¢).

Remark. Typically, inversion of the Laplace transform is numeri-
cally difficult. However, the approximation result (1.5.60) now makes
it possible for engineers to solve problems in control theory that in
the past have proven to be difficult, or intractable. Using Sinc, we
see that the problem is reduced to finding the eigenvalues and eigen-
vectors of a single matrix, namely A™.
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1.5.11 MORE GENERAL 1 — d CONVOLUTIONS

We illustrate here the approximation of the following three one di-
mensional integrals, using the results of §1.5.9.

p(z) = /jk(x—t,t)dt, 2 € (a,b),
o(z) = /xk(x,x—t)dt, v € (a,b), (1.5.61)

r(z) = /:k(qr,:z—t,t)dt, x € (a,b).

The approximation of these integrals, particularly the approximation
of p(x) and r(z), have important ramifications regarding the solution
of PDE over curvilinear regions via Sinc convolution. We shall in fact
use these results in §2.4.3 and in §2.4.4.

1. The integral p(x). Let us assume here that the Laplace transform

K(s,t)—/ock(x,t) exp(—z/s)dz, c¢>(b—a) (15.62)

is known. If it is not known, then we shall have to approximate
this integral using Sinc quadrature, for each Sinc point z, on
(a,b), and for each eigenvalue s of the indefinite integration
matrix AT (see (1.5.49) and the last line of (1.5.64) below).

We assume that there exist L!((a,b) x (a,b)) approximations
to k(z,t) as in the first line of (1.5.63) below, so that
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K(s,t) = lim > k" (s,1) (1.5.63)
J
P (@) = [ k(s t)dt
P () = > pix)
j=1
p(z) = lim p*)(z).

Then, by proceeding as in (1.5.55)-(1.5.57) above, we get, in
the notation of (1.3.57), with X = [z;;] and X! = [2%], and
with z_j7, ..., zny denoting the Sinc points,

ng)(zn) = Z Lnk Z #a (V (V)(Zf)
= Z Tnk Z §ll Sk,Zé)
p(y)(zn) = Z Tnk Z xkﬁk(y)(skvzé)’ and
k=—M

p(zn) = lim p Z Tnk Z MK Sk, Zg

V—00

(1.5.64)

It is convenient by way of evaluating this result to let ug de-
note the k' row of K = [K(k,)] = [K(sk,2¢)], vi the k"
row of Xi = X1 to then form a column vector w with k"
component wy = U * (vk)T. We can then evaluate the column
vector p= (p_ar, .., pn)? via use of the expression

p=Xw. (1.5.65)

This then yields the accurate approximation p(zx) = pi.
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2. The Integral q(x). This is similar to the case of p(x) above. In-
stead of (1.3.58) and (1.3.59), we now write

K(z,s) = /Ock(:c,u) exp(—u/s)du, c¢> (b—a)

= lim > e (@) £ (s),
k=1

(1.5.66)
and so, we get
qz) = K(z,J")1
TR () PR 2y
Vgglozek (@) f (TT)
k=1
(1.5.67)

Q

Tim >~ e (@) 7 (7)1
k=1

V—00

= wX lim > e @) (s) X1,
k=1

where 1 is a column vector of m ones. That is, setting

X=lopl, X0 =["],
m (1.5.68)
yf — Z xfn’
n=1
we get
q(z) = > w0 K (2,50 Y (1.5.69)
/=1

3. The integral r(x). The treatment of this integral is also similar
to that of p(z) above. Instead of (1.5.62) and (1.5.63), we now
write



1. One Dimensional Sinc Theory 104

K(x,s,t) = /Ock(:v,u,t) exp(—u/s)du, c¢> (b—a)

= VangOZe V) (s,t).
(1.5.70)
Hence, by proceeding as for p(x) above, we set
e(V)( V) 8 t Z fky 7 ),
(1.5.71)
p(y)(zn = el Zn Z Ink Z Mf Sk,Z€)~
to get
r(zn) =~ Vlgngo p¥) (= )
(1.5.72)
= Z Tk Z " K (20, 51, 20).-
We thus get the approximation r = (r_ps, ..., rn), with r(z,) ~
T
Remarks.

1. The reader may note that if in the above equations he/she
makes the replacements (see §1.5.8)

Jt = J°
AR
AT — A,

then the above theory applies verbatim to the integrals



1. One Dimensional Sinc Theory 105

p(z) = /xbk(t—x,t)dt, z € (a,b),
g(z) = /bk;(x,t—x)dt, 2 € (a,b), (1.5.73)

r(z) = /xbk:(m,t—x,t)dt, z € (a,b).

2. As already mentioned, the equations of this section have im-
portant applications for solving PDE, since they enable us to
use separation of variables to solve partial differential equations
over curvilinear regions. Of course the student of engineering
is already familiar with this technique applied to cylindrical
and spherical regions where the existence of specific orthog-
onal bases make such separation possible. Chapters 2 & 4 of
this handbook contain illustrations of variables using Sinc con-
volution over significantly more general regions, namely, those
for which the boundary can be expressed as a union of a finite
number of explicit functional expressions.

1.5.12 HILBERT AND CAUCHY TRANSFORMS

We consider here some methods of approximating the Cauchy and
Hilbert transforms. The Cauchy transform of a function g defined on
an arc [', taken I" and evaluated at z €, with z € I", takes the form

(Co)(2) = —— /F 90 g4 (1.5.74)

2 t—z
The Hilbert transform of a function g defined on I', taken over I,
and evaluated at z € I' is defined by

PV. [ g(t)
Sg)(z) = = / dt, 1.5.75
(So)a) = = [ L (15.75)
where “P.V.” denotes the principal value of the integral. Initially we
state some approximations derived in [§5.2, S1] which have already
been successfully used in [SSc, Bia3, S1]. See also Theorem 1.3.2,
Equation (1.3.13) above. Finally, we describe a method for approxi-

mating these integrals via use of Sinc convolution.
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1. Use of Eaplicit Basis Functions. Let z = x + iy, with x and y
real, and let us define the following functional expressions, which are
deduced via inspection of the results of Problems 1.2.4 and 1.2.5:

slr) = © Smﬁzgg?__ﬂ ) (1.5.76)

te(z) = % eos {i,((fg ()x__kzc))} -1 (1.5.77)
expq 2 (p(z) —kh)p —1

c(z) = 221 Py h/(i)(z = Zk)} (1.5.78)

Note that for z = z, we have cx(z) = 5 (si(x) + ti()). If k and ¢
are integers, then

0if k#¢
Sk(Zg) = { 1if kiﬁ (1579)
_(_1\k—{
LU Sl Gt S T Y
te(zg) = ¢ ™Y (20) (21 — 20) (1.5.80)
0 if k=4
_ (_1\k—¢
%# it kAL
cnlz) = i @' (2k) (2r = 20) (1.5.81)
! if k=1¢

We then have the following theorem, the proof of which can be found
in [ES] and also in [S1, §5.2], and is omitted here. Part (c) of this
theorem involves complex variables. In the theorem, the function ¢
is not only a one-to—one map of I' to the real line R, but is also
a one-to—one map of a region D of the complex plane to the strip
Dy ={z €C:|Sz| < d}. The domain D" then denotes the part of D
to the left of " as one traverses I' from a to b. The number N (g, D, z)
in the theorem is defined by

N(9,D,z) = /ap ‘%dt‘. (1.5.82)
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Theorem 1.5.21 (a) If g € M, 3.4(p), then, for all z € T,

S gle)si(a)

k=—o0

le1()]

(1.5.83)
1
2 sinh(ﬂ'd/h)N(g’D’x)'
(b) If g € My galp), then, for allz €T,

82(1:) =

P"./’/g()dt— Z 9(2zx) tr ()

™ t—x o

(1.5.84)
e—wd/h 41
27 sinh(7wd/h)

(¢c) If g € My g.a(p), then for all z € DT, we have

N(g,D,x).

2772/(—2 de = Z 9(z5) e5(z

]7—00

53(2) =

(1.5.85)
77I'd/h +1

27 sinh(wd/h) N(g.D,z).

For example, the part (b) of this theorem yields the approximation

So)z) = 2V / 90

T t— 2z
(1.5.86)
~ Zgzk 1_(_1)k€
k;ﬁf ()0 ) k— %

The above bounds for €1(z) , e2(x), and €3 , and as well as the bounds
n (1.5.88) (1.5.88) on the basis functions si, t; and ¢ defined in
(1.5.76)—(1.5.78) were established in [ES] (see also [S1, §5.2]).

We may note that under our assumptions on g, the terms N (g, D, x)
and N(g,D, z) may become unbounded as z approaches a point of
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OD. In such a case the above sums must be interpreted in the sense
of a relative error. On the other hand, a uniform bound may be
possible, if these equations hold for all z € T', or for all 2 € D’
for the case of the part (c) of Theorem 1.5.22. For example, if we
have g € Lo g d(p), instead of g € Mg 5.4(¢) , then the errors €; in
Theorem 1.5.22 are uniformly bounded, and in particular,

N(g,T) = supN(g,D,z) < o0
zel
(1.5.87)
N(g,D) = supN(g,D,z) < occ.
z€D
In order to truncate the sums, we also use the bounds
sup |si(@)] < e
zel
sup [tx(z)] < "
xegl k()| < (1.5.88)

2eDt

sup [e(2)] < VZ el

We assume in the following corollary, that M and N are related by
= [a/B N], where [-] denotes the greatest integer function.

Corollary 1.5.22 If g € L, 34(p), then there exist positive con-
stants C;, i = 1,2, 3, that are independent of N, such that

sup |——
zel’

sup
2e€Dt

sup
zel

PV.

T

1

2mi Jr

> glz) si(x)

j=—M

g(z) —
[
rt—ux
t—z

Z 9(zj) tj(z

N
- % oot

<01€N, zel

N
)| < Cren, z€T

)| < Csen, z€Dt.

(1.5.89)



1. One Dimensional Sinc Theory 109

2. Cauchy and Hilbert Transforms via Sinc Convolution. In what
follows here, we derive our most preferable methods of approximat-
ing Cauchy and Hilbert transforms. Initially, we present the Cauchy
transform, which can be effectively approximated provided that we
can approximate the special function Fj(z) for complex values of z.
We then use this function, together with Plemelj’s formula [Gv], to
derive a method of approximating the Hilbert transform. This latter
formula does not require evaluation of the special function Fy. Ini-
tially, we derive the formulas for the interval (a,b) C R. In 3. below,
we extend these formulas to the case of an analytic arc.

Let (a,b) C R, and let y > 0. The Cauchy integral in the part (c)
of Theorem 1.5.22,

ge+iy) = CH+iy) = 271”, /ab t _J;(tl St (L5.90)

is of course also a convolution. Next, illustrate an alternative way of
approximating Hilbert and Cauchy integrals using Sinc convolutions.

We first rewrite the integral expressing ¢ in the form

(Cf)(:c+z'y)=—l /j f®) dt + L /: 1) dt.

211 r—t+1iy 271 t—x—1y
(1.5.91)
We thus need two Laplace transforms,
1 0o o—t/s
Ft(s,iy) = —/ c — dt,
271 Jo t41y
(1.5.92)
1 o0 e*t/s
F~(s,i = — dt.
(s,1y) 271'2'/0 t—1y

Inspecting these two integrals we see immediately that if y and s are
real, then

F~(s,iy)=FT(s,iy). (1.5.93)

Setting ¢t + iy = 7 in the above integral expression for F*(s,iy),
we get
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Pt - eiy/s S e—Td eiy/sE -
(s,iy) = Iy /iy/sT =55 1(1y/s),
(1.5.94)
. e /s )
Fo(siy) = —— Ei(=iy/s),

where E; denotes the well known special function expression (see
[Na, Eq. 5.1.5])

oo ,—t
El(z):/ o, Jarg(a) < (1.5.95)

Theorem 1.5.23 If J*, and AT are defined corresponding to an
interval (a,b) C R as in §1.5.8, the operator V and basis function
vector w as in Definition 1.5.12, and if F* are defined as in (1.5.94)
above, then the Cauchy transform of f defined on (a,b) is approxi-
mated as follows:

CHatiy) = L/abL).dt

21 t—x—1

= (FH (T iy) + F (T, iy) f) (@),

Q

w(z) (F*(A*,iy)+ F~ (A" iy) V],
(1.5.96)
If f € Logal(p), then the error of this approzimation is O(en),
whereas if f € My ga(p), then g(xz,y) may become unbounded as
x+iy — a orasx+iy — b, and in this case the approrimation
(1.5.96) is accurate to within a relative error of the order of en.

We must of course exercise care in using this approximation when y
is small. To this end, the representation of E; given below, in terms
of the special function G; may be useful. Spectral decompositions
AT =X ;S X i 1 will need to be used to evaluate F~, although errors
in X; and S can be magnified as y — 0. We remark also, that
the operators F'*(A* | iy) are well defined in view of the argument
restriction in the above definition of Ej(z), under the assumption
that the eigenvalues of the matrices A* are located on the open right
half plane. (See the footnote on page 99.)
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We can also deduce the Hilbert transform from this result, via use
of Sinc convolution. Recall first, the Plemelj identity,

1 /ab () dt:%(f(x)_i_(gf)(g;))_ (1.5.97)

y—>0+27Ti t—x—Zy

It is also known that ([Na, Eq. (5.1.11)])

Ei(z) = —y—1log(z)+ Gi(2)

00 (L 1y n (1.5.98)
Gi(z) = Z%
n=1 :

Clearly, GG is an entire function, and moreover, G1(z) — 0 as z — 0.

Consequently, in view of the definitions of V and w in §1.5.4, J+,
At =hIEY DAY, T~ and A~ = h(ICNT D(1/¢'), in §1.5.8,
we deduce that
lim FH(TFiy) + F (T ,iy)
y—07F
- (1.5.99)
=—+— ) —1 ).
>+ — (log(7 ) — log(7 "))
In view of (1.5.96) and (1.5.97) above, we thus get

Theorem 1.5.24 If J* and AT are defined corresponding to an
interval (a,b) C IR as in §1.5.8, the operator V and basis func-
tion vector w as in Definition 1.5.12, then the Hilbert transform of
f taken over (a,b) and evaluated at x € (a,b) is approzimated as
follows:

snw = 2 [T g
= ((; tosr) 1087 ) g) (2) (15100
~ wla) — (log(A™) ~ log(A")) V.

If f € Loga(p), then the error of this approzimation is O(en),
whereas if [ € Mqpa(p), then S f(x) may become unbounded as
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x — a orasx — b, and in this case the approximation (1.5.100) is
accurate to within a relative error of the order of en.

This last result was originally obtained by T. Yamamoto [Yal] via a
more direct procedure that does not involve the special function Ej.

Remark. It is unfortunate that

log(A) — log(A™) # log (A~ (AT)™") =log (1D (1)),

since equality of this result would enable a more efficient procedure
for computing Hilbert and Cauchy transforms.

3. Extension to Analytic Arcs. We extend here, the results of The-
orems 1.5.23 and 1.5.24 to analytic arcs. To this end, let us assume
that the arc I' is defined by

F={zeC:2z=((t), 0<t<1}, (1.5.101)

that we want to approximate the Cauchy transform at z, and that
our result should hold uniformly, as z — 2’ € I, where the approach
2z — 2/ = ((n) is assumed to be from the left of T'. Let us also assume
that we have for some iy €C, the relation {(n+iy) = 2.

Then we get,
e = — [ 10

2t Jrt— 2z

(1.5.102)

_ 1 /1£—n—iyf(C(£))é(§)
2miJo C(€)—2z §—-n—iy

dg

where ((§) = d(¢(£)/d€.

At this point, let F'* be defined as in (1.5.92) above, let A* denote
the Sinc indefinite integration matrices defined as above, but for the
interval (0,1). Let us set

1
B =[bjx] = 3 (FH(AT iy)+ F~ (A" ,iy)). (1.5.103)
0
whose terms need to be evaluated carefully via use of the eigen-

value decompositions of A* and A~ , since we may no longer have
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|arg(iy)| < 7 for the arc I'. Here, too, the above expression (1.5.98)
for E7 in terms of «, a logarithm, and an entire function G; will
be useful for purposes of programming the result given in the next
equation.

Evidently, the last expression in the above equation for (C f)(z) takes
the form of the convolution r(z) in §1.5.11, and we thus appeal to the
procedure given in §1.5.11 for approximating r(z). Letting ¢; denote
the Sinc points of (0,1) for j = —-N ..., N, we thus get

(€ Nt +iy)) Z bin —iy) B fctte)). (15.104)

Py C(tk +iy)

Remark. The evaluation of the above entries b, is non-trivial, and
inasmuch as this formula for evaluating (C f)(z) is a formula for
analytic continuation, it will be more efficient and just as accurate
to use the procedure described below in §1.5.13. The next formula,
for approximating the Hilbert transform S f which is derived via the
last formula for C f, is however, highly recommended.

For the case of the Hilbert transform, we just take the limit as y — 0
in the above expression for (C f)(¢(t; + iy)), and recall the above
Plemelj identities (1.5.21). Thus, setting

C = [ej] = % (log(A™) — log(A™)) | (1.5.105)

we get

iv: (= tk) ()

S =¢j Cj
(SHCE)) = e F(CL ))+k:7N’ ess () - <)

F(C(tr))-

(1.5.106)
The proofs of the results of these last two equations are left to the
problems at the end of §1.5.

Programs. See §5.1 for a listing of wavelet programs for this hand-
book.

1.5.13 ANALYTIC CONTINUATION

We present here an explicit harmonic extension of the basis defined
in Definition 1.5.12, enabling an effective procedure for analytic con-
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tinuation. The method may be used, for example, to determine a
complex valued function that is analytic to the left of an arc I', but
which reduces to given values on I', or to solve Poisson’s equation
(84.1.1) on a region whose boundary consists of a finite number of
analytic arcs, or for computing conformal maps of bounded or un-
bounded regions whose boundary is the union of a finite number of
analytic arcs, as defined in Definition 1.5.2. Here and henceforth, a
function U is called harmonic in a region B of the plane if it satisfies
the equation
2 2
%U(ﬂs,y) + ;—yQU(x,y) =0

at all points (z,y) in B.

Let T, ¢, p, N, m and h be defined as in (1.5.24), and let D denote
a region to the left of I' as one traverses I' from the end—point a to b
of I'. We can give a more precise definition of the region DT, which
depends not only on I', but also on . In Definition 1.5.2, we defined
I’ by the equation I' = {z = 2z + iy €C: z = ¢¥(u), v € R}. Of
course, if T is a subinterval of R, then v(u) = ¢~ !(u) is real valued
for all v € R. On the other hand, if I' is an arc in the plane, then
Y(u) = z(u) = z(u) +iy(u). In any case, whether I' is a subinterval
of R or not, we expect ¥(u + i v) to be defined for a set of non—zero
values of v. We can therefore define Dt by Dt = {¢(u + iv) : u €
R, v>0, and ¢(u + iv) is well defined}.

We are now in position to define the following functions, which enable
analytic continuations to DT. In particular, oj(z) is the imaginary
part of the analytic continuation of S(jh) o ¢ and 74(z) and 7(2)
are the imaginary parts of the analytic continuation of 1/(1 + p(2))
and p(z)/(1 + p(2)) respectively. See [S1, §3.4] for details.
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eimle(z)—jhl/h _

7il?) = %{ 9”““7h]/h1 Re(2) |
- F ™ ] {1+p<z>}‘ izg{Hp(z)}’

Sip(2) p(z) } Rop(2) { p(2) }
= [1-— — &

() 2| {1+p<z> S\ T+ )
é; = —M < j <N,

N 1
O_M = Tq— Z —0j,

j:_M+11+eJh

N-—1 jh

€

5N = Tp — Z 1—|—e]h ]

j=——

(1.5.107)
The proof of the following theorem is a matter of inspection, based,
in part, on [S1, Eq. (3.4.1)], and also, on the following explicit ex-
pression for the Cauchy transform of a linear function: If ¢ is defined
as in (1.5.1) and Lg is given in (1.5.6), then for z = z + iy, with
y >0,

L 29O g~ gty — gta) ~ 22 1) (1.5.108)

This is a complex valued function whose real and imaginary parts
are harmonic in the upper half of the complex plane, {z = = + iy :
Sz > 0}.

Theorem 1.5.25 Let the Sinc basis {w;} be defined as in Definition
1.5.12, and let the functions 0; be defined as in (1.5.107). Given any
m complex numbers c_yy,...,cnN, the expression

N

U = Y ¢;6; (1.5.109)
j=—M

is harmonic on DV. Moreover, if ( € T,
N

li n(z) = wi(0), 1.5.110
Ll ) = 3 60 (15.110)

where the basis functions w; are defined as in (1.5.24).
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These results are used in §2.5.4 and §4.1.1 below to solve Dirichlet’s
problem over a region bounded by a finite number of arcs I';, (j =
1,2, ..., n).

1.5.14 INITIAL VALUE PROBLEMS

We consider here, the solution of the model differential equation IVP
(initial value problem)

dy
g — Fly), zel (1.5.111)
y(a) = Ya

At the outset, we transform the problem (1.5.111) into the Volterra
integral equation problem

y(@) = (Ty)(@) = /;F(t,y(t))dt fye, zeT.  (15112)

Assumption 1.5.26 Corresponding to a some positive number r
and a fized function g € Mg 5.4(¢) , let B(g;r) denote the family of
all functions y € Mgy ga(p) such that ||y — g|| < r. We make the
following assumptions on Ty :

(a) Ty € B(g;r) N My g.a(p) for all y € B(g;r). (We remark that
this condition may be easily checked, i.e., if F(-,y(-))/d'(-) €
La,ﬁ,d(gp) );

(b) There exists a positive number vy € (0,1) such that for all u and
v in B(g;r) we have |Tu — Tv| < v|u—v||; and

() [Tg—gll <(@—=7)r.

Let a sequence of functions {y("™} be defined for z € T’ by

yO(e) = g(x),
y(kJrl)(w) = Ty(k)(l‘)7 k= Oa 1a Tt

Theorem 1.5.27 Let Assumptions 1.5.27 be satisfied, and let the
sequence of functions {y®)} be defined for x € T by Eq. (1.5.113).
Then y®) — y* | as k — oo, where y* is the unique solution in the
ball B(g;r) of the initial value problem (1.5.111). Moreover, for any
fized positive integer k, we have ||y® — y*|| < yFr.

(1.5.113)
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Proof. The proof of this theorem is a straightforward application
of Picard’s proof of the existence of a solution of (1.5.111), based on
successive approximation. We omit the details. m

Let us now illustrate getting an approximate solution to (1.5.111)
for the case when I' is a finite interval (a,b). To this end, we first
replace (1.5.111) by an equivalent integral equation, i.e., if Jg(x) =
[:5g(t)dt over (a,a+T) for some T € (0, (b—a)]; and if the operator
Jm is defined as in (1.5.49) (i.e., for the interval (a,a + T')), then

Y(@) =ya+ T (F(y,))(@) ®ya+ TInFly,)(x).  (1.5.114)

By applying the operator V' (see (1.5.23) on the extreme left and right
hand sides of (1.5.114), and using the notation of (1.3.20), (1.3.41)
as well as

y = (y—M7”'7yN)T
F(y) = (F(z—m,y-m1),--- F (2nyyn))" (1.5.115)
Cc = (ya’ R 7ya)T

we get the system of nonlinear equations

y=c+ AF(y). (1.5.116)
with

A = RICYDA/¢)=XAX!
(1.5.117)
A = diag(/\_M,...,)\N).

We should perhaps mention that an algorithm for solving (1.3.67)
based on Newton’s method was published in [SGKOrPal. This algo-
rithm may be downloaded from Netlib.

Now recall that A = h I(-Y D(1/¢'), with ¢(z) = log((z —a)/(a+

: N2
T — 2)), so that 1/¢/(z;) = T e/ (1 —i—eJh) . That is, if A; is de-
fined as in (1.5.117), then A\; = T'A}, where A} is independent of
T. Similarly, the matrix X in (1.5. 117) is also mdependent of T. It

thus follows, by taking |y| = \/|y m)? 4. +|yn|? that the cor-
responding matrix norm of A is proportlonal to T', and thus, under
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our above assumptions on f we have a contraction for all sufficiently
small T, ie., |[AF(y) — AF(z)| < dly —z|, with 0 < § < 1. We
can thus solve (1.5.116) by successive approximation, by generating
a sequence of vectors {y},-, via the scheme

Yo = ¢
(1.5.118)
Vi1 = c+AF (yi).

Moreover, this sequence of vectors will thus converge to a vector y*.
Letting w denote the vector of basis functions defined for the interval
(a,a+T) as in (1.5.24), we will then get an approximate solution
y=wy" to (1.5.111) on the interval (a,a + T).

The same procedure can then be repeated to produce a solution
on the interval (a + T,a + 27T), starting with an initial value y,
where y is the last component of the vector gotten from the scheme
(1.5.118) , and so on.

1.5.15 WIENER-HOPF EQUATIONS

The classical Wiener—Hopf integral equation takes the form

f(z) — /OOO Ko —t) f(t) dt = g(x), z€(0,00).  (L5119)

We are asked to solve for f, given k and g. The classical method
of Wiener and Hopf is mathematically very pretty, particularly in
the case when both k and g are (Lebesgue integrable) L' functions.
Suppose, for example, that this is the case, and that (1.5.119) has
a unique solution f. In this case, one first extends the definition of
both f and g to all of R by defining these functions to be zero on
the negative real axes, to get an equation of the form

f+(x)—Ak(x—t)f+(t)dt=g+(x)+s_(x), reR, (15.120)

where s_ is an L'(IR) function which vanishes on the positive real
axis. One then takes a Fourier transform of (1.5.120), to get the
equation
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with Fy denoting the Fourier transform of f,, and similarly for S_.
Using the theorem of Wiener & Levy (S1, Theorem 1.4.10]) one can
prove that there exist Fourier transforms K, and K_ of functions
in L(IR) such that (1 — K) = (1 + K4)/(1 + K_). Further details
are provided in [S1, §6.8]. This yields the relation

1+K)F -Gy —{K_-Gy}+ ={K_G4+}_+(1+K_)S_.
(1.5.122)
It is then a straight forward argument to deduce that both sides of
(1.5.122) must vanish identically, which enables us to write

Fy ={(1+K_)Gy}, , (1.5.123)

and which enables us to get fi = f by taking the inverse Fourier
transform of the right hand side of (1.5.123).

The above procedure has two flaws from the point of view of com-
puting an approximate solution f:

1. The explicit form of the factorization (1—K) = (1+K;)/(1+
K_) used above is not easy to obtain in practice. And while
such an approximate factorization was obtained, in §6.8 of [S1],
its accurate computation requires a lot of work.

2. The resulting function F decays to zero slowly on the real
line, due to the fact that f; has a discontinuity at the ori-
gin. Many evaluation points are therefore required to get an
accurate approximation of F; ; and hence also of f.

An explicit algorithm based on this method is nevertheless derived
in [S12].

Fortunately, both of these difficulties are easily amended via Sinc
convolution. This involves writing Eq. (1.5.119) in the form

X 0. ]
f(z) —/ K — 1) f (1) dt—/ o —t) f(t)dt = g(z), > 0.
0
’ (1.5.124)
Now discretizing this equation at the Sinc points by application of
Sinc convolution, we are able to replace Eq. (1.5.124) by the system
of linear algebraic equations
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f-F, (Af-F (B)f=g, (1.5.125)

where, F+ denote the Laplace transforms

Fo(s) = /Oo et/5 k(1) dt,
" (1.5.126)

Fo(s) = /Oo et/ h(—t) dt |

0

where g is a vector of function values of g evaluated at a finite number
of Sinc points on (0, 00) , and where A and B are integration matrices
defined in §1.5.8.

After getting the factorizations 4 = X SX ! and B = Y SY !,
where S is a diagonal matrix, we can get F(A) = X F,(S) X1,
and similarly for F_(B), provided that the functions Fi are ex-
plicitly known. In the cases when these functions are not explicitly
known, then we can approximate F(s) for every value s of S using
Sinc quadrature.

We mention that the method described above can be just as easily
applied to linear convolution integral equations over finite intervals
or over the real line IR.

PROBLEMS FOR SECTION 1.5
1.5.1 (a) Show that (1.5.4) is equivalent to the equation

Foptw)=0 (6_0““4) , w— Foo on R.

(b) Prove that z/sinh(rz) = O (e*dm) as © — oo for any
de (0,m).
(c) Let F be defined by
F( ) / e(a—i—ix)t ”
x)= [ ————=dt.
R (1+ et)*?

Prove by setting ¢t = u/(1 — ) in the integral defining F', that
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Na+ix)I'(B—iz)
I'(a+5)

F(z) =
[Hint: Use the special functions identity

T'(a)T(b)

I'(a+b) :

1
/ u (1 —u) " du =
0

(d) Use Stirling’s formula (see Eq. (1.5.2)) to deduce that

Fx) = O(exp(=mlz])) ,  [z] — oo

1.5.2 (a) Let the finite interval I' = (a,b) be given, and let w =

p(z) =log((z —a)/(b—1)) (& z=¢ (w)=(a+be”)/(1+
€")) be the transformation that transforms I' to R. Prove that
if f satisfies the inequalities (1.3.3), then

fo 80_1(10) = O (exp(—7|w])), w— +oo on R.
(b) Prove that F € L, 4(p) & Fo g™t € L, 4(id).

(c) Use the result of Part (b) of this problem to show that
{F' € Loa(p) = F € M, 4(p)} yields the statement of Part
iii. of Theorem 1.5.3 .

1.5.3 Prove that the sum of the terms in (1.5.34) is, in fact, equal
to the sum of the terms in (1.5.35)—(1.5.40).

1.5.4 Let {F o p~1}(z) = O(exp(—d|z|) * — £oco on R, and for
some positive numbers o and (3 on (0, 1], let

O(p(2)*) z—a, and
F(z) = { O (p(z)_5> z —b.

Prove that if corresponding to an arbitrary integer N we:

(i) Select h = (7 d/(BN))"/?,

(ii) Select an integer M = [(8/a)N], where || denotes the
greatest integer function, and

(iii) Set ey = N2 exp (—(TFd,BN)l/2) ,

Then with z defined by (1.5.8),
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N
F— Z F(z;) S(k,h)op|| =0 (eny), N — 0.
k=—M

1.5.5 Let Sf be defined as in (1.5.15). Prove that if I' is a finite
interval or arc, and if f € Ly 4(¢) then Sf € Mg a(¢p).

1.5.6 Consider the following interpolation scheme, defined on I' =
(0,1), in which () = log(z/(1 — x), and 2z = ¢ 1 (kh):

wd \ /2
= \aw
vi(@) = ¢'(2)/¢'(x) S, h) o p(x), il <N
wj(z) = |j|<J]¥,
won(z) = L{x)— Y, L(z(j) (=)
j=—N+1

N-1
wn(z) = R(z)— Y R(z)7x),
=N

en = NI/Ze—(nadN)1/27

where L(z) = (1 — 2)%(1 + 22) and R(z) = 322 — 223.
(a) Prove that if F' € M, 4(¢) , then
N

F— > fla)wk

k=—

=0(en), N — 0.

(b) Prove that if F’ € L, 4(¢) , then

N
F — Z fzr) wh :(’)(Nl/zsN), N — .
k=—N

1.5.7 Let R > 1, and let o € (1/R, R).
(a) Set |z| = g(y) = (1 — y?)¥/2. The function g € L ()
with ¢ defined in Example 1.5.5, with (a,b) = (—1,1). Prove,
in the notation of Definition 1.5.12, that by taking u(zx) =
(1-2%)"sgn(z), v(z) = log{[1+u(x)]/[1-u(x)]}, and wy(x) =
S(k,h)ov(x) + S(—k,h) ov(x), that as N — oo,
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N Qekh)

’x‘a - _wo Z 1 n ekh (x)
k:l

sup
—1l<z<1

ZO(EN).

(b) Let G be defined by G(u) = g(tanh(u)) = [cosh(u)]~¢, and
note that G(y) = O (e_”|y|/2> as y — 400 on R, with G the
Fourier transform of G, and also, that

G(sinh(kh)) = O (exp {—(a/2) e_‘k|h}) ,

as k — t+oo. Conclude, by taking h = log(/N)/N, and then by
proceeding as in the proof of the (a)—Part of this problem, that
as N — oo, and with v = u + V1 + u?,

N
sup |G (u) — Z G(sinh(kh))S(k, h) o log(v)
u€R k=—N

S Cexp{—%}

(c) Use the result of the (b) — part of this problem to construct
an N+1 — basis approximation to |z|* on [—1, 1], which is accu-
rate to within an error bounded by C exp{—%}. (Keinert,
[Kn], Sugihara [Su3]).

1.5.8 Prove that if F/¢’ € L, 4(¢), then there exists a constant ¢
which is independent of h and k, such that

S(k, h) o p(t)g (t)dt — hF(z)| < che ™",

1.5.9 Derive explicit expressions of Equation (1.5.10) for each of
Examples 1.5.4 to 1.5.10.

1.5.10 Give an explicit approximation of

h™ d\"
— | —) F
o lar) 7@
for the case when x = zx, k = —M,---, N, both in general,
and for each of Examples 1.5.4 to 1.5.10. Use the notation
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o, = h" (di)nS(k,h)(m)

X

z=jh
1.5.11 Prove that if x € R, and if J7 is defined as in §1.5.8 , then
(T S(k,h))(z)] <1.1h.

1.5.12 Let u be defined and integrable over (a,b), let 7' be defined
as in §1.5.8, and set

Prove that

2

= > 0.

b
R(TTu,u) = 5 /a u(z) dx

1.5.13 Let f be analytic on the right half plane, and assume that
f(t) is given for all ¢ > 0 by the formula

O B (0L

Prove that f(s) = [5° e~ f(t) dt.

1.5.14 Let J* be defined as in §1.5.8. Let f(s) = Jooe st f(t)dt
denote the (ordinary) Laplace transform of f. As in §1.5.10,

set G(s) = (1/s) f(1/s).
(a) Prove that along with the formula f = G(J")g (where
g(x) =1 for all z), we also have f = —G(J ) g.

Write a MATLAB® program for approximating f on
(a,00), with a an arbitrary positive number, given f(s) =

Jao f) et f(t) dt.

1.5.15 Use the method of §1.5.14 to construct an approximate so-
lution to the problem

1
y = — 0<z<l;

Vi—a2?

y(0) = 1.
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1.5.16 (a) Prove in the notation of Definition 1.5.12 that V w is the
identity matrix.

(b) Given that A can be diagonalized as X A X!, use this,
and Part (a) to show that (7 7)¥ = w X AF X~1V.

(c) Use the Part (b) to prove that if F(s) = f(1/s), with f as
in Problem 1.5.13, then F(J}) =w X F(A) X' V.

T
1.5.17 Set AT =10V D, A~ = (I(’l)) D, where

D = diag (h/¢' (z—m) , ..., b/ (2n)) ,

and set C = DY2[DDY2 = ZAZ~1, with A a diagonal
matrix. Prove that if AT = XA X', then A~ = YAY
and that for X and Y we can take X = D™Y/2Z and Y =
D2 (z71H)T,

1.5.18 Give a detailed proof for the derivation of the expression for
C f(¢(tj + ty)) given at the end of §1.5.12.

1.5.19 Let ¢ and g9 denote transformations that satisfy the condi-
tions of Definition 1.5.2. Let f € M, 5 q(¢1) where 0 < v < 1,
0<pf<1l,and 0 < d < . Provethatg:fogol_logpg €
M, 8 ,d(@?)'

1.6 Rational Approximation at Sinc Points

In this section we construct a family of rational functions for approx-
imating in the space M, 3,4(¢). These rationals behave like Sinc ap-
proximations in that they converge at (roughly) the same rate as Sinc
methods. Thus they do not have any advantages over Sinc methods
for purposes of approximating the operations of calculus which were
presented in §1.5. However, they do have an advantages for purposes
of extrapolation to the limit. It is a fact that extrapolation to the
limit based on polynomial interpolation (e.g. Aitken’s by method, see
[S1, §2.3]) fails when it is used to approximate f at a point £ where
f is not analytic. In this section we discuss methods of extrapolation
to the limit via Thiele’s method that uses rational functions. Thiele’s
method employs rational functions to get accurate approximations
of f on the closure I' of T' by using values of f on a subinterval
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I'y. Moreover, we are able to give an a priori condition for these
methods to work, namely, that f should belong to M, g 4(¢), where
p:I' = R.

1.6.1 RATIONAL APPROXIMATION IN M, 34(¢)

Let zj, ¢, p, and I' be defined as in Definition 1.5.2, and for some
positive integers M and N, set

x N x) — el
o= IS un
and
oy ne f() e (z) B()
nv(z) = f(z) j_ZM ) B ) (1.6.2)

Notice from (1.6.1) that B(x) vanishes at the Sinc points z; =
@ Y(jh), so that (1.6.2) is a rational function with fixed poles for
interpolation of f at these Sinc points.

We omit the proof of the following theorem, which can be found in
[S1, §5.5].

Theorem 1.6.1 Let 0 < d < 7/2, let a and [ belong to the interval
(0,1), and let f € Lo ga(p). Let h be selected by the formula
T
h=—— . 1.6.3

ON)7? (163
Let M and N be related by N = [a/B M], where [-] denotes the
greatest integer function. Let ny(x) be defined by (1.6.2). Then there
exists a constant C, independent of N, such that for v € T,

Inn (z)| < CNY2 exp{—d(26N)"/?}. (1.6.4)

Remark. Suppose we want to obtain an accurate approximation of
a function f at a point £ € I' using values of f on a sub—arc I'y of
I" that does not contain £. In words, the above theorem tell us that
if f € Mgyga(p), and £ is an end-point of I' where f is singular,
then &, then polynomials converge to f too slowly to the value f(§),
and we cannot expect polynomial extrapolation to give an accurate
estimate of f(§). However, Theorem 1.6.1 guarantees that rational
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approximation converges rapidly to f at all points of I', including &.
This value f(&) is given to us by Thiele’s algorithm.

1.6.2 THIELE-LIKE ALGORITHMS

In this section we first consider the case of I' = (0,00), and we
describe the usual Thiele algorithm for approximating f(oco) using
values of f on some closed subinterval. We then also describe a vari-
ant of this algorithm to approximate a function f at the end—point
b of I', with input the values of f on a closed sub—arc of I'.

Thiele’s algorithm on (0,00). Let us assume that we are given data
{(x5,9;)}]Lo , with y; = f(z;). Using this data, we form a table of

numbers Rg , which are defined by the following equations:

RO = Yy, jzovla"'vm;
. Tirl — Ts ]
R‘?L M j:ol .. m_l-
1 ) s Ly ) )
R R
YR j—&-l Ljti — Ty j = Ovla"'vm_i;
Ri - Rz—2+jo_11_Rg_17 {’L — 2’37...’777“

(1.6.5)
Using these numbers, we can define the partial fraction decomposi-
tion rational function

Tr — X0 Tr — I T — Tm—1

R)+ RY— R)+ RO — RO -

It can then be shown that r(z;) = y;, and if m = 2n, then the
function r(z) has the form

_ palz)
r(z) = (@) (1.6.7)

with both p, and ¢, polynomials of degree at most n in x; while if
m=2n+1,

*
T
() = Pt (1.6.8)
()
with p};, . a polynomial of degree at most n + 1 in z and ¢;, a poly-
nomial of degree at most n in z.
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The case of m = 2n is useful for approximating the limit f(oc0),
since in this case the ratio of the two polynomials given in (1.5.7)
reduces to the expression

R 2™ +ciz™ -ty
r(x) = :
"+ dpant 4+ d,
with RY, the single entry in the last row of the Thiele table (1.6.5),
and c¢;, d; constants. We note, in this case, that

(1.6.9)

RY, = lim r(z). (1.6.10)

- r—00
Suppose that f also has a finite limit at co. Then, by our assumptions
already discussed above, we may expect the approximation

n

RY ~ f(c0) (1.6.11)

to be accurate.

A simple variant of the above Thiele algorithm can be used to ap-
proximate a function f at a finite point. Suppose that f € M, g 4(¢),
with ¢(z) = log (z/(1 — z)), and that we wish to approximate f(1)
using values {(&;, f(§;)) (2)" of & on (1/4,3/4). To this end, we set
(xj,y5) = (1/(1 =¢&;), f(&)), proceed to set up the above Thiele
table as defined in (1.6.5) to get the approximation f(1) ~ R2".

A Sinc Transformed Thiele Algorithm. Thiele’s method readily ex-
tends from using a variable x to using a variable p(x) = e#(®). Sup-
pose that f € M, 4(p), for general ¢ : I' — IR, and that we wish
to use values {(;, f(&;)) 3” with the distinct points {&;}2" located
on a closed sub—arc of I' to get an accurate approximation to f at
the end—point b of I'. Then we can again use the above Thiele table,
by first setting (xj,y;) = (p(&5), f(&;)), 7 =0,1,...,2n, and then
proceeding as above. We are thus assured of obtaining a rapidly con-
vergent approximation.

PROBLEMS FOR SECTION 1.6

1.6.1 Prove that if the numbers R{ are determined as in (1.6.5), and
if 7(x) is defined by (1.6.7), then r(x;) = y;.

1.6.2 (a) Prove that if m = 2n in (1.6.5), then r(z) as given in
(1.6.6) has the form (1.6.7).
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(b) Prove that under the conditions of the (a)—part of this
problem, the rational r(x) defined in (1.5.7) has the form
(1.6.9).

1.6.3 Let f # 0 on T, let f € Loa(y), let 2; = ¢ 1(jh), and let
4N + 1 points (z;, R)) be defined by the formulas

(w2, RYY) =

p(z—N+;) )

L+ p(z-n4j)? f(2=n+j) )
7=0,1,--- 2N

(w251, R ™) = (1/2-N14-1,0), j=1,---,N,

(z25-1, RZ ™) = (1/2-n+4,0), j=N+1,--- 2N,

p(z*NJrj)’ (

(a) Use these 4N + 1 values to determine a rational function
r(x), via the Thiele algorithm.

(b) Show that if 7(z) is determined as in (a), then

p(@) _ 5 S BE)
R(z) 1+ p@)2r(z) 2 (x — zj) B'(%j)’

j=—N

with B(x) is defined as in (1.6.1).

1.7 Polynomial Methods at Sinc Points

It was discussed in §1.5.5 that the derivative of the Sinc interpolant
function (1.5.27) as an approximation for f’(x) is inaccurate since
bases functions wy(z) have infinite derivatives at finite end—points
of T'. Approximating f’(z) however, is necessary for many problems.
Here we derive a novel polynomial-like interpolation function which
interpolates a function f at the Sinc points and whose derivative
approximates the derivative of f at these Sinc points.

It is well known that polynomials as well as their derivatives converge
rapidly for functions that are analytic in a region containing the
closed interval of approximation. Hence we shall consider this case
first.



1. One Dimensional Sinc Theory 130

1.7.1 SINC POLYNOMIAL APPROXIMATION ON (0,1)

We initially form the Lagrange polynomial which interpolates the
given data {(z, f(7x))}Y,, on (0,1), where the the x;, denote Sinc
points of (0, 1), where for some positive number h, 3 = o5 (kh),
and where vo(z) log(z/(1 — x))

The Lagrange Polynomial. Setting

N
glz) = ] (@—m)
= (1.7.1)
_ g(z)
N L)
we immediately get the Lagrange polynomial
N
p(x) = > bi(x) f(n). (1.7.2)
k=—M

This polynomial p is of degree at most m—1 in z, and it interpolates
the function f at the m Sinc points {zx}2__ ;.

The Derivative of p(x). Let us differentiate the formula (1.7.2) with
respect to =, and let us then form an mxm matrix A = [a; ], j,k =
—M ..., N with the property that

[l(xy) = p'(z;) = i ajr fag). (1.7.3)
k=1

Then (1.7.1) immediately yields for k # j, that a;, = b(z;)

g (x)/((xj —xk) g'(zx)), whereas for k = 7, a;; = 32,2; 1/(x; — x).
That is,

g (z)) ok
(z; — zx) g’ (z) 7

aj L = 1 (1.7.4)
> if k=j.

te[-MN] 05 T T T

In the theorem which follows, we obtain bounds on the errors of
these approximations.
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Errors of the Approximations. We shall obtain bounds on the errors
of approximation of f(z) by p(z) on [0,1], and of f’(z;) by the
sum on the right hand side of (1.7.3). We take M = N for sake of
simplicity in our proofs.

Theorem 1.7.1 Let r > 0, let D = ;' (Dy), let B(tr) CT denote
the disc with center t and radius r , and take C = Uyc—1 11 B(tr). Set

=DUC, and assume that f is analytic and uniformly bounded by
M(f) in Dy. Let M = N, take h = ¢/v/N with c a positive constant
independent of N , and let {J;j}NN denote the Sinc points, as above.
Then there exist constants C' and C', independent of N, such that:

(i) An estimate of a bound on the error, f(z)—p(x), for x € [0,1]
s given by

O N1/2 2 Ny1/2
F@) = p@)| < Grawer o (—” oo ) SR &)

and
(i1) A bound on the difference |f'(x;) — p'(x;)| is given by

, , BN 72 N1/2
max |f'(z;) — p'(z;)] < 2~ exp (— 50 ) . (L.7.6)

j=—N,....N

Proof of (1.7.5). The error of f via p on [—1, 1] can be expressed
as a contour integral,

_9@) ()
En(f,z)= 27”,/%2 (5—m)g(§)d§7 (1.7.7)

with ¢ given in (1.7.1). Now, by our definition of Do, we have |{—z| >
r and also, |§ xj| > r for  and x; belonging to [0,1], and £ € 9D>,
j=—-N, , N. Hence the denominator of the integrand in (1.7.7)
is at least as large as 7™, By assumption, f is uniformly bounded
by M(f) in D,. Hence

M L(0D
|Ep(f, )] < Tm—(fl) e l9()| (271'2) ,

where L(0D3) = 2+ 2mr is the length of the boundary of Ds.

Setting x = z/(1+ z) , which transforms z € (0,00) to z € (0,1), we
get

(1.7.8)
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z eih

z4+1 1+eih

’g(zjd)‘ - ﬁ

j=—N

j:
V2
< 2N+l ﬁ 1—zedh

2
N+1 N —jh
z 1—ze™

= (14 )2 (Hl T ) w(N, h)

(1.7.9)
where w(N,h) =1 — z exp(—(N + 1) h).

It can be deduced at this point that the maximum value of |g(z)]
occurs between the two zeros, x = x_1 and x = g = 0, and also
between £ = xg = 0 and z = z1. We thus pick the approximate
mid—point between zy and x; with the choice x = z/(z 4+ 1), where
z = €"/2. The exact maximum of g(z) for z € [0, 1] does not occur
exactly at x = z/(1+z), but it is close to this point, and this is why
(1.7.5) is only an estimate of this maximum. (Although complicated
to prove, it could, however, be shown that the estimate in the (ii)—
Part of Theorem 1.7.1 is, in fact, a bound. One can use the proof of
Lemma 5.5.1 of [S1] to establish this).

h/2

)

Now, for z =€

2z
1+ 2z

< 1,
(1.7.10)

l—zexp(—(N+1)h) < 1,
which gives (1.7.5) upon applying the results of Problem 1.7.1.

Proof of (1.7.6). Similarly, we have
1 f(2)
/ / /
A N o= | , IR g
1f'(z) = p'(2))] oni? (25) /6D2 z 2l

/ M(f)L(OD
< () MLEOR),

It is easy to deduce that the maximum of |¢'(z;)| occurs when z; =
zog = 0. We thus get
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= —jh
j=—N,...,N j:11+6

NESEEAY

max 19'(z)) < 19'(1/2)] = 555 (H ) . (1.7.12)
By again using the results of Problem 1.7.1, we get (1.7.6). m
Remarks 1. We may note that convergence in the bounds of (1.7.5)
and (1.7.6) does not occur as N — oo unless r > 1/2. If however, we
replace x by Ty and then perform Sinc approximation of the same
function f but now on the interval y € [0, 1] rather than as before,
on the interval z € [0,1] (in effect, doing Sinc approximation on
[0,T]), we get an additional factor T4+ in the errors of the above
approximations. Thus, convergence of the above approximations as
N — oo occurs whenever 2r/T? > 1. On the other hand, shorten-
ing the length of the interval from (0,1) to (0,7") does not enable
accurate uniform approximation of the derivative when we use the
derivative of a Sinc approximation (1.5.27), or the inverse of the Sinc
indefinite integration matrix of §1.5.8 for the interval (0,7"). This is
due to the fact that the derivative of the map ¢o(x) = log(z/(T —x))
is unbounded at the end-points of (0,7).

2. The bound of order 1/r™*! in (1.7.9) yields a gross overestimate
of the error. We proceed with it here, though we are confident better
bounds are attainable.

1.7.2 POLYNOMIAL APPROXIMATION ON I'

Examination of the transformation #2 in §1.5.3 shows that x =
p2/(p2+1) , where pa(x) = exp(p2(x)), and where @3 (x) = log(z/(1—
x)). It follows by Problem 1.5.19, that if f € M, g 4(p2), and if ¢ is
any other transformation that satisfies the conditions of Definition
1.5.2, then F' = fo 802—1 o € My 3.4(p). Let g be defined as in the
above subsection, and define G by G(t) = g(p(t)/(1 + p(t))) , where
p = e¥. Letting t; = ¢~ !(k h) denote the Sinc points of this map on
the arc I' = ¢! (R), we form the the composite polynomial

_\ G(t)
P(t) = gmﬂm. (1.7.13)

It then follows that we can achieve the exact same accuracy in ap-
proximating F' via this polynomial P(t) as we did above, in approx-
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imating f via use of the above polynomial p. The above formula for
p(x) is thus readily extended to any arc I'.

Note: Note: if we set z = p(t)/(1 + p(t)) in (1.7.1), then

P(t) = ple) = 3 belr) Flt) (1.7.14)

where the by () are exactly those basis functions defined as in (1.7.2).
These functions can be evaluated using programs of this handbook.

1.7.3 APPROXIMATION OF THE DERIVATIVE ON [

Upon differentiating the formula (1.7.14) with respect to t, we can
determine a matrix B = [b; ;] such that

"(t;) = j;é bjk F(tr). (1.7.15)

Let us now derive the expressions for b; . To this end, we readily
arrive at the formula

Gyl
T 6] . (1.7.16)
2G()
Since
G'(t) = d@ﬁ%
2 9 (1.7.17)
we find that
de __ p®)
dt— (L+p(t)?
Cr o pt) (1) ( iy PO~ 1 ,(t)2> (1.7.18)
dt® (1+p(t))? pt)+17 )

and these expressions readily enable us to compute values for by, ;.
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This handbook contains programs for evaluating derivative formulas.

Near Uniform Approximation

It is more convenient to discuss uniform approximation over (—1,1)
in place of approximation over (0,1). If we wish to approximate a
function f and if we are free to choose M , N and h , we could proceed
as described at the end of §3.2. Let us assume, on the other hand, that
we given the data {(zy , fx}",, , With Sinc—points xy, of I' = (—1,1),
and that we have constructed a polynomial p(x) for interpolating
this data. We discuss here the replacement of p(z) with p(w(x)),
where p(w(zx)) interpolates the same data as p(z), but where p(w(z))
provides a uniformly better approximation than p(x) on [—1,1]. To
this end, we consider, in turn, each of the following situations:

(i) The errors of interpolation near the ends of I' = [—1,1] are ap-
preciably different; or else,

(ii) The error of interpolation at the two ends of I' = [-1,1] are
nearly the same, but the errors near the ends of I' are appreciably
different from the error near the center of I'.

It is convenient to first make an adjustment to correct (i), if neces-
sary. We then proceed to make an adjustment to correct (ii).

The adjustments derived here are based on our knowledge of the error
of Sinc approximation, and are therefore for Sinc approximation.
However, the analysis of §1.7.1 shows that these adjustments also
apply to the above derived polynomial methods, since errors of these
polynomial methods increase and decrease with Sinc errors.

(i) We test this case first, setting u_1 = (x_p41 +x_p7) /2, ug =
(xn—1+ zn) /2, and then evaluating the “Lipschitz differences”

A, - f(fC—M+1)2+f(9C—M)_p(u_1)

‘f(xN—l) + f(zn)

9

(1.7.19)

A = — p(u1)

)

2

Suppose that these two numbers A4 are appreciably different.

Let ¢ € (—1,1), and consider making the substitution

_ E+tec T —c
x_l—i-c{ ¢

= 1.7.2
T ex (1.7.20)
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which is a one-to—one transformation of [—1,1] to [—1,1] (indeed,

also a conformal transformation of the unit disc in the complex plane
C to itself).

Suppose now, that A; is greater than A_;. Under the transformation
(1.7.20), f(x) — F(£), and the Lipschitz conditions at +1

[f(z) = f(=1)] < Ca[l+z*
(1.7.21)
C’l\l—xlﬁ

=
8]
~—
|
~
—~
—_
=~
A

become

[F(&) - F(=1)] < O [1+c*1+¢
(1.7.22)
[F(&) - F)| < Cilt—¢ff[1—¢f.

where C”; (resp., C1) differs only slightly from C_; (resp., C}).
On the other hand, by taking ¢ in (0,1) we can get a considerable
reduction in the resulting Lipschitz constant of F' from that of f in
the neighborhood of 1.

Hence, if A1 > A_y (resp., if Ay < A_1) we can take c¢ to be the
Sinc point @3, with k& > 0 (resp., k < 0) selected such that 1 — ¢|? ~
|1 — T |® = Ay /A,

However, rather than change f to F', we opt to replace p(z) with
p(w(€)) with

T — Tg

w(§) =

T (1.7.23)
Note: By taking ¢ < 0, we increase the number of Sinc points to
the right of the origin and decrease the number to the left of the
origin, and vice-versa, for ¢ > 0. That is, taking ¢ < 0 causes the
error near the right hand end—point of [—1,1] to decrease, and at
the same time, it causes the error near the left hand end—point to
increase.

(ii) We assume in this case that we already have a polynomial p(z)
for which the above defined numbers A4 are roughly equal. We also
test the mid-range error e.g., by assuming that zg =0,
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vy = (71 +20)/2,
N (1.7.24)
Ay = M —p(vi/2)|-

Suppose then, that Ay differs appreciably from, e.g., A1, with A;
defined as above, and with A; &~ A_;. Let us now replace the original
definition of x = (p — 1)/(p+ 1), with £ = (p* — 1)/(p® 4+ 1), where
p(x) = exp(p2(x)) = (1 + x)/(1 — x) as before, and where a is
a positive number to be determined. Since p(z;) = e/ we have
p(x;) = eI ie., the transformation 2’ = (p* — 1)/(p® + 1) which
is also a one-to—one transformation of the interval (—1,1) onto itself
has the effect of replacing h by a h.

Now, for the case of Sinc interpolation, the error in the mid-range
of the interval is proportional to Ay & exp(—m d/h), while the error
at the ends is proportional to Ay ~ exp(— 3 N h). Upon replacing h
with a h, we get new errors, A, and A]. By equating these errors we
arrive at the result that

[ [log(Ag)[\ "/
*= (Teec11) (1.7.25)

We can therefore conclude that by increasing a we increase the error
in the mid-range of the interval, and decrease it at the ends. Indeed,
choosing a in this manner yields the right improvement for both Sinc
and polynomial approximation.

PROBLEMS FOR SECTION 1.7
1.7.1 Let h = ¢/v/ N, with ¢ a positive constant and with N a
positive integer and prove the following results:
(a) If z = eM/2, then

N
y4
< 272N

(1+2)2N = ’

(b) If z = M2 then there exists a constant A;, that is inde-
pendent of NV, such that
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ilog (1 — exp (—z eijh)) < _7r2é\;1/2 + log <N1/4) + A
j=1

(c) There exists a positive constant A, that is independent of
N, such that

ilog (1 - e‘jh) < —WQé\:/? +log (N1/2) + Ay
j=1

(d) There exists a positive constant Ag that is independent of
N, such that

N 2 a71/2
Z _:h ™ N
j:110g <1+e ’ )Z 12¢ —As.

1.7.2 Let I', p, t; and bj be as above. Obtain an accurate bound
on the error of the approximation

N
F'(ty) = Y bk F(t))
k=—N

for each of the transformations #1, #3, ... ,, #7 discussed in
§1.5.3.
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Sinc Convolution—BIE Methods
for PDE & 1E

ABSTRACT This chapter applies a separation of variables method to
finding approximate solutions to virtually any linear PDE in two or more
dimensions, with given boundary and/or initial conditions. The method
also applies to a wide array of (possibly non-linear) differential and in-
tegral equations whose solutions are known to exist through theoretical
considerations. Far from being complete in itself, this chapter will serve as
a springboard for numerically conquering unsolved problems of importance.
The heart of the method is the evaluation of multidimensional Green’s func-
tion integrals into one—dimensional integrals by iterated application of the
one-dimensional convolution procedure of §1.5.9, but now using the known
multidimensional Laplace transform of the Green’s function.

We contrast this with Morse and Feshbach [MrFe| who proved in 1953 that
when solving Laplace or Helmholtz problems in 3 dimensions it is possible
to achieve a separation of variables solution for only 13 coordinate systems.

2.1 Introduction and Summary

This chapter contains both known and new results for obtaining
solution of partial differential equations (PDE) via combination of
boundary integral equation (BIE) and Sinc methods. The results
derived here are theoretical. Explicit programs illustrating solutions
of PDE using the results of this chapter are presented in Chapter 4.
Features of this chapter with reference to solving elliptic, parabolic,
and hyperbolic PDE are:

e Using one dimensional Sinc methods of Chapter 1 for solving
linear PDE;

e Elimination the use of large matrices required by other methods
for solving linear PDE;

e Achieving “separation of variables” in solving elliptic, parabolic
and hyperbolic PDE, even over curvilinear regions.

139
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e Identifying the properties possessed by solutions of linear PDE
which enable us to achieve each of the above, and in addition, to
achieving the exponential convergence to a uniformly accurate
solution.

In §2.2, we present well known properties of Green’s functions, such
as their defining differential equations, and how to represent solutions
of PDE using these Green’s functions.

In §2.3 we list standard free space Green’s functions in two and three
space dimensions for linear elliptic problems, for linear parabolic and
hyperbolic equations in up to three dimensions, for Helmholtz equa-
tions, for biharmonic equations, and Green’s functions for Navier—
Stokes problems. Finally, we illustrate in this section classical Green’s
function methods for representing solutions of PDE!.

In this section we derive multidimensional Laplace transforms of
all of the Green’s functions discussed in §2.3. These multidimen-
sional Laplace transforms allow accurate evaluation of the multidi-
mensional convolution integrals in the IE formulation of the PDE
by moving the singularity of the Green’s function to end—points of a
finite sequence of one-dimensional indefinite convolution integrals.

Nearly all of the results of this section are new, and are required in
the Sinc convolution procedures for solving PDE which follow.

In §2.5 we study the procedures for solving linear PDE whose solu-
tions can be expressed by means of Green’s functions. These methods
are based on Sinc evaluation of one-dimensional convolution inte-
grals. It has been known since 1993 ([S7, S1, §4.6]) that the one—
dimensional Sinc convolution procedure of §1.5.9 can be used to re-
duce multidimensional convolution integrals over rectangular regions
to one one dimensional convolutions. Separation can also occur over
curvilinear regions, made possible by the formulas of §1.5.11. Clas-
sical methods for solving PDE are based on approximation of the
highest derivative, and lead to inverting very large matrices. Con-
trast this to the approach of this chapter which provides algorithms

!Omitted are Sinc methods applied to Green’s functions for three-dimensional
stress—strain problems and for Christoffel’s equation. Publication of this work will
appear in a future monograph.
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that require but a relatively small number of one-dimensional matrix
multiplications for the solution.

§2.6 studies PDE of interest to scientists or engineers. We assume
that the PDE has piecewise smooth components. This is nearly al-
ways the case, based on our experience. Therefore the coefficients
of the PDE, as well as the boundary of region on which they are
defined, and the initial and/or boundary conditions satisfy certain
smoothness assumptions. Based on known theorems and some of
our own results, we prove that the solutions to the PDE have similar
smoothness properties. We are then able to achieve exponential con-
vergence of solution of the PDE, the same as for the one-dimensional
Sinc methods of §1.5. Furthermore our solutions remain uniformly
accurate over the entire domain of the PDE.

2.2 Some Properties of Green’s Functions

In this chapter we discuss Green’s functions, and we illustrate the
use of these functions for converting partial differential equations into
integral equations. To this end, we illustrate in detail the procedure
of dealing with the singularities of potentials, which give the basic
idea of how Green’s functions work. At the outset we review some
known concepts of calculus operations which are required for the
derivation of the Green’s functions.

We first define directional derivatives, for integrals over arcs and
surface patches.

2.2.1 DIRECTIONAL DERIVATIVES

Let us take 7 = (z,y,2) € R3, and let n = (ny,n2,n3) denote a unit
vector in IR3. Given a differentiable function u(7), we denote the
gradient of w at 7 by Vu(F) = (uz(7), uy(7),us(7)). The directional
derivative in the direction of the unit vector n is given by

ou

— (7)) =n- Vu(r). 2.2.1

oL (7) = - V() (22.)

More generally, if v = (v;,v2,v3) is an arbitrary vector that is in-
dependent of s, then
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v —vevin e
S s=0

2.2.2 INTEGRALS ALONG ARCS

We define an arc P in the plane by

P={p=(z,y) = (&(),n(t), 0<t<1}, (2.2.3)
where ¢ and 7 belong to C'[0,1], and where (£(t))? + (5(t))? > 0 for
all t € (0,1) (with the “dot” denoting differentiation).

Let ds = +/(dz)? + (dy)? denote the element of arc length on P.
Given a function f defined on P, we define the integral of f along P
by

1 s
[rais= [ fewamGa @24
where
@ \en . (2:2:5)
dt

2.2.3 SURFACE INTEGRALS

Setting p = (£,7n), we may define a patch S of surface by an expres-
sion of the form

§={r =@ v@.2), peO17}. (2:2.6)

An element of surface area is then given in this notation by means
of the vector product expression

dA = |re(p) x Ty(p)| dE dn. (2.2.7)
Here 7¢ x 7, is defined by the (usual) determinant
i gk
Te X Ty = | Te Ye Z |, (2.2.8)
Iy Yn Zn

with i = (1,0,0), j = (0,1,0), and with k = (0,0, 1).
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2.2.4 SOME GREEN’S IDENTITIES

Green’s theorem can be found in standard advanced calculus text-
books.

— In Two Dimensions.

Theorem 2.2.1 (Green’s Theorem) Let B C R? be simply
connected region with piecewise smooth boundary 0B, and let
p and q belong to C?(B), where B denotes the closure of B. If
n’ = n(p') denotes the unit outward normal to OB at p’' € B,
where p = (z,y), p = (2',y), dpf = da’ dy’, and ds(p') is the
element of arc length at p' € OB, then

| [ (600?40 - alp) V(o)) dp
(2.2.9)

_ _ 8Q(ﬁ/) _, Op(p') _/
- [, (o SR —ad) an(ﬁ,)) ds(7).

This theorem enables us to derive a Green’s function integral
expression which is useful for our purposes. We first set R =
|p — 7|, and then define the Green’s function

1

1

If in Theorem 2.2.1 we replace p = p(p’) by G(p—p’) and ignore
the fact that this function does not belong to C2(B) (it is not
differentiable at p’ = p), we formally get the result

[ [(692a-av20) ai = [ (5% -a57) asie
(2.2.11)

We shall deduce that this result is still correct, by assigning a
proper “meaning” to the integral

/ /3 q(p)VyG(p—p)dp.
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To this end, let 5 € IR?, let us define the disk with center 5
and radius ¢ by

D(p,e) = {ﬁ’ eR*: |p —p| <a}.

The length of 9D(p, ¢) , i.e., the length of the boundary of this
disk is, of course 27me. Let I'(p, €) denote the part of 9D(p,¢)
lying in B, let 3(p,e) denote the length of I'(p,e) divided by
(2me) and assume that the limit

5(p) = lim 3(p.¢) (2.2.12)

exists. The value of §(p) is clearly 1 if p € B, 0if p € R?\ B,
and 1/2 if p is a point of smoothness of OB. It may have values
other than these at corner points and at cusps.

Theorem 2.2.2 In the notation of Theorem 2.2.1, let p € R?,

let us set R =|p—p|. If g € C(B), then

[ [a@)V396-)dd = 8@ o). (2213)

Proof. Let us use the notation of Theorem 2.2.1 above, but
let us replace B by B., with B. = B\ D(p,¢). It is known there
exists ¢ € C%(B) such that V2 ¢ = g, and let us define p by

/ — —/ 1 ].
Pp) =G(p=p) =5 los m— (2.2.14)

We may then readily verify, that V%, p=20 in B, since p' # p
in this region.

All assumptions of Theorem 2.2.1 with B replaced by B. are
then satisfied, so that the result of this theorem with B replaced
by B. are then valid.

Note now, that 0B. includes the arc I'(p, ), and that the out-
ward normal n’ at the point p' points into the disk D(p,¢)
directly toward p, i.e. that
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Note also, that R = |p’ — p| = €. Hence

o ., _ o
%Q(P—Pl) = VyG(p—7p) n
—17—p p=7
21 g2 5

2me

Thus, taking C' = I'(p, ), and noting that along C, ds(p') =
€ df for integration along C, we have

. (Q(p —7) agf/') 4@ 560~ p’)) ds(7)
log(1/e) 9q(p') 1
+/c( 27 on’ _Q(p)Z—m) e df

://  Gp—=p)Vaqlp)dp.
B\D(p,e)

Also,
Jq
/C g o edfd — 0
(2.2.15)
0g N
L agged0— =590,
as e — 0.

Recalling that V2 ¢ = g, letting ¢ — 0, we arrive at the equa-
tion

| [oe-sra)as+paw) = [ (5%~ a5.9) dsis).
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Upon comparing this equation with (2.2.11) above, we conclude
that:

Equation (2.2.9) holds for ¢ € C*(B) and p(p') = G(p — p),
provided that by V%/ G(p—p') we mean

V2G(p - p) = ~8(p— #). (2.2.17)

where 6%(p— p') denotes the two dimensional delta function. m

— Three Dimensional Version.

The proof of the following three dimensional Green’s theorem
can also be found in most advanced calculus texts.

Theorem 2.2.3 Let B € R? be a simply connected region
with piecewise smooth boundary, OB, and let p and q belong to
C?(B), where B denotes the closure of B, and let dA = dA(F)

denote the element of surface area at ¥ of OB. Then

I Lvamavayar=[ | (o5 -057) o4

(2.2.18)

Just as for the two dimensional case, we can also deduce a
useful result for the three dimensional case. This will be done
via the Green’s function

1
4|7 — 7|

G(r—7') = (2.2.19)

It is easily deduced that VZG(7—7') = 0 if ¥’ # 7. Analogously
to the two dimensional case, we define the ball with center 7
and radius € by

D(F,e) = {F' eER’: |7 — 7| <s}.

The surface area of 0D(p,¢), i.e., the area of the boundary
of this ball is, of course 47 ¢2. Let I'(7,¢) denote the part of
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ID(7, €) lying in B, let 5(7, ) denote the area of I'(7, ) divided
by (47 e?) and assume that the limit

B(r) = lim B(7, ) (2.2.20)

e—0

exists. The value of 3(7) is clearly 1 if 7 € B, 0 if 7 € R?®\ B,
and 1/2 if 7 is a point of smoothness of 9B. It may have values
other than these at corner points or at edges.

Set B. = B\ D(7,¢). The result of Theorem 2.2.3 with B re-
placed by B. and p(7') by G(7 — #) is then valid, under the
additional assumption that the derivatives and integrals in this
expression are taken with respect to 7.

Setting C = 0B., and noting that on C, dA(¥') = £2dQ,

where d€)’ denotes an element of solid angle, it is readily shown
by proceeding as in the two dimensional case above, that

//Q—ede’HO
[ [a5% a0 — —sar).

(2.2.21)

as e — 0.
Formally writing the result of Green’s identity (2.2.18), i.e

ignoring the fact that p(p’) = G(p — p') ¢ C?*(B), we thus
arrive at the equation

[ [ [ po2adr+ s
_//86( 87:/ q%) dA(T).

Comparing this equation with (2.2.18) above, we conclude:

(2.2.22)

Theorem 2.2.4 If g € C(B), then

/// (r=7)dr' = =B(r) (7). (2.2.23)
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That is, we have shown that

V2 G(F—7)=-03(F —7), (2.2.24)
where §%(7 — 7') denotes the three dimensional delta function.

Example 2.2.5 Let B satisfy the conditions of Theorem 2.2.5. We
illustrate the conversion of the following PDE problem to an IE (in-
tegral equation) problem:

V2u(r) + f(7,u(F), Vu(r) =0, 7¢€DB,
o (2.2.25)
u(r) = g(r),  Z-(F) = h(F), 7 e0B.

Solution: Let G be defined as in (2.2.19). Then, using Theorem 2.2.4,
we have

/// (6V2u-uv2G) dr // ( Ou ag) dA(P).
oB on'  on/
(2.2.26)
Now using (2.2.24) and (2.2.25), we immediately arrive at the inte-

gral equation

_ _///Bgf(F’,u(f/)’vu(f,)) !
_// <gh 98 )dAm_

Example 2.2.6 Solving Laplace’s equation with Neumann Bound-
ary Conditions, via [E. Let B be a simply connected bounded region
in IR3, with B smooth, and consider the solution to the Neumann
problem:

(2.2.27)

Viu=0, 7€B,
5 (2.2.28)
—u(r) = 4(r), 7€ 0B,

Solution. We assume a solution of the for

r) = LT_‘/) —/ _
)_//3347T|17’_77| dA(r'), T€B, (2.2.29)
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where dA is the element of surface area of 0B, and where o is a
potential of a single layer, to be determined. By letting 7 approach
0B, noting that when 7 € OB then?

//86 {87?(?) 47T|7:/1_ 7 } o(r) dA(r") = J(QF) : (2.2.30)

and then applying the boundary condition of (2.2.28), we get an
integral equation for o, namely,

7 A 7 = 2 r v .
+//68{(9n 27r|r—r’\}a(r)d () g(r), re€oB
(2.2.31)
It may be shown that this equation has a solution if and only if

//88 g(7)dA() =0, (2.2.32)

and moreover, this solution, when it exists, is not unique.

After solving (2.2.31) for o (see [S1, §2.6] , and §2.6 of this handbook)
we can use (2.2.29) to obtain a solution u at any point in B.

Example 2.2.7 Solving Laplace’s Equation with Dirichlet Bound-
ary Conditions via IE. Let B be a simply connected region in R3,
with 0B smooth, and we consider the the Dirichlet problem:

V2u=0, 7€B,
(2.2.33)
u(r) =g(r), 7€ IB.

Solution. We assume a solution of the form

//83 {an P |T1/ — T|} o(F)dA(7), Te€B, (2.2.34)

where the double layer potential ¢ is to be determined. By letting #
approach 0B, noting that when 7 € 9B then

a(7)

//66 {571 47r\7" — 7| } o(F') dA(T) = Ty (2.2.35)

2The proof of (2.2.30) is similar to the proof of Theorem 2.2.2.
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and then applying the boundary condition of (2.2.33), we get an
integral equation for o, namely,

0 1 ,
" AP = =2 a(F). 7 .
[ [} o01840) = 2001, 78
(2.2.36)
This equation always has a unique solution.

After solving this equation for o (as in Example 2.2.6) we can use
(2.2.34) to obtain the solution u at any point in B.

PROBLEMS FOR SECTION 2.2
2.2.1 Establish the identities (2.2.15).

2.2.2* Fredholm Alternative .
(a) Prove, in the notation of (2.2.30), that

//83{8n 47r\q~_r|} dA(F) = -1,

i.e., that o(7) = const. is a solution of the integral equation

//azs {8n 47ryr ] } o (1) dA(r) =

(b) Why can we conclude from (a) that if g(r) satisfies (2.2.32),
then (2.2.31) has a non—unique solution.

2.3  Free—Space Green’s Functions for PDE

In this section we illustrate Green’s functions for the heat equa-
tion, the wave equation and related equations. The derivation of
these is based, essentially, on the above obtained results (for ellip-
tic equations) of §2.2. Throughout this section we use the notation

T= (@, @y, mg), and ro= P = ot dad o g, for
d=1,2,3,R=(-00,00), and Ry = (0, 00).
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2.3.1 HEAT PROBLEMS

The Green’s function G = G@ (7, t) of the heat equation is the
bounded solution which solves on R? x (0, 00) the differential equa-
tion problem

G —eAGW = §(t) 64 (F — ), e>0,
(2.3.1)
g(f? 0+) =0,
with d denoting the space dimension, with ¢?(7) denoting the d —
dimensional delta function, with A = V - V = V2 denoting the
Laplacian on IR?. The solution to this equation is given by

(d) (= 1 T2

If B is an open region in R?, solution to the problem

ug — eViu = f(r,t), u=u(rt), (7,t)€Bx(0,T),
(2.3.3)
u(r,07) = ug()
can be readily expressed in integral form via the above Green’s func-
tion, i.e.,

u(r,t) = /Ot/Bg(d)(F— 7ot —t) f(7, ) di dt’
(2.3.4)

+/ G (7 — 7, t) up (7') dF
B

Clearly, f could also depend (linearly, or nonlinearly) on u and Vu,
in which case we would get an integral equation for u.

2.3.2 WAVE PROBLEMS

Consider the wave equation problem

2u(r
é%_vzu(ﬂt)_f(ﬂt)v (7,t) € Bx(0,T),
(2.3.5)
_ _ ou, ~
u(r, 0+) = g(r), E(T’ 0+) = h(?“) ’
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with B an open region in RY. The Green’s function G(®) (7, ¢) which
we require for the solution to this problem satisfies the equations

1969 (r, 1)

gz~ VD) =0()6Yr), (7.1) € R x (0,00)

oG
ot

G (7 0t) =0, (7,07) =0,

(2.3.6)
where 6(-) and 6%(-) represent the usual one and d-dimensional delta
functions respectively. For example, with » = |7|, and H the Heavi-
side function, we have

gH(ct—r) if d=1,

C

G0 =1 yrvEr =

¢ 2,2 2 . _
ﬁé(ct —T)H(Ct—?") if d=3.

H(et —r) if d=2, (2.3.7)

If B=1R%, then the solution on RY x (0,00) to the problem (2.3.5)
is given in terms of G(9 by

t
urt) = /0 GO =) ) dr

0
(d) (% _ = =Y g7 2.3.8
+ py Rdg (F—=7,t)g()dr ( )

+ G D — 7 t) h(F)dF .
]R,d

2.3.3 HELMHOLTZ EQUATIONS

Let us allow ¢ = ¢(7) in (2.3.5), and let us assume that the solution
to the resulting equation is of the form

u(7,t) = e y(F). (2.3.9)
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Then, upon setting

2
w C
k=— F) = 5o —1 2.3.10
we get the Helmholtz equation,
Av+Ev=—k fuo (2.3.11)

We shall here discuss only the equation Av + kv = —k? fv; be-
low, in §2.4.2, we shall discuss the same equation, but where k? v is
replaced with — k2 v. It is convenient to take as Green’s function the
function G(Y = G (7 — #) which may be shown by proceeding as
for the case of the Laplace operator above, to satisfy the equation

VD (7 — ) + kK2 GD (7 — ) = =57 — ) (2.3.12)
Suppose for example, that ¢ = ¢(7) in some open, bounded region
B, but that ¢ = ¢y on R? \ B. An integral equation whose solution
satisfies equation (2.3.11) is then given by

o(F) — k? /Rd GD(F —7) f(F) () dF = v'(F), (2.3.13)

where v* is the “source”, i.e., any function v* which in B satisfies the
equation

Vi 4+ k20t =0, (2.3.14)
The integral in (2.3.13) taken over R? may, in fact be replaced by
an integral over B, since f = 0 on R%\ B. Equation (2.3.13) is called
the Lippmann—Schwinger equation, and (2.2.11) is called the reduced
wave equation.

Now, by Green’s theorem, and (2.3.12), we have
[ (696 =) V2 o)~ o) VE G - 1) ar
B
— o) — k? / G (7 — ) f(7) o(F) dF
B

= @D — ) 2oy — o)L gD (5 — 7
= [ (896 ~7) 5 0(6") = o) 5, 6O~ 7)) dAW).
(2.3.15)
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where n’ = n(7) denotes the outward normal at r’ € 9B. Comparing
equation (2.3.15) with (2.3.13), we conclude that

V() = /8 . (g<d> (7 — ) % o) — v(r’)% Gl (7 — r’)) dA(7).
(2.3.16)

In practice, v* is often known, and in this case, there is no need to
be concerned with the boundary values of v and dv/dn’.

It may be shown that the Green’s functions of the Helmholtz equa-
tion in 2 and 3 dimensions are given by

OG-, d=.

G —7) = (2.3.17)
exp {i k| — 7|} de3

4rlr — 7|

where H(()l) denotes the Hankel function [Na].

2.3.4 BIHARMONIC GREEN’S FUNCTIONS

The steady—state biharmonic PDE involve problems of the form

ViW(p) = f(p), p=(x,y)€B

W) =op), ma Oy e os,

(2.3.18)

with B a region in IR?. The Green’s function for biharmonic equations
is given by

G(p) = o (#*) Tos(). (2.3.19)

This function G satisfies on R? the equation

V4G(p) = 6*(p). (2.3.20)

A particular solution to the equation V*V (x,y) = f(x,y) is given in
terms of this function G by
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V)= [ [ 96011 dp (23.21)

The time dependent biharmonic PDE involves problems that satisfy
the PDE

10°U(p,t)
2 ot?
as well as some initial and boundary conditions, the latter of the
form in (2.3.18).

+ViU (B, t) = f(p,t), (p,t) € Bx(0,T), (2.3.22)

For this case, the Green’s function G(x,,t) satisfies on R? x (0, 00)
the equation

19*G(p,t)
c2  Ot?

and is given by [BK]

G5 1) = —— si (,)2 ) (2.3.24)

+ViG(p,t) = 6%(p) 6(t), (2.3.23)

:47rctsn dct

A particular solution to (2.3.22) is given by

W(p,t) :/Ot//Bg(p—p’,t—t')f(p',t’)dpdt’. (2.3.25)

2.4 Laplace Transforms of Green’s Functions

Our favorite Sinc method for solving the linear convolution—type IE
(integral equations) based on the BIE (boundary integral equation)
procedure uses Sinc convolution. Effective implementation of this
procedure results when the multidimensional Laplace transforms of
requisite free space Green’s functions are explicitly known. To this
end, luck was with us, in that we were able to obtain in this section
explicit expressions for the Laplace transforms of all of the free space
Green’s functions known to us. They enable highly efficient proce-
dures for the simultaneous evaluation at all of the Sinc points of
Green’s function convolution integrals over rectangular regions (see
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§2.5). And although the transformation (2.5.17) which is a transfor-
mation of the square (0,1)x (0, 1) to the region in defined in (2.5.14)
destroys a convolution, (and similarly for the case of the transforma-
tion (2.5.37), which transforms the cube (0,1) x (0,1) x (0,1) to the
region defined in (2.5.35)) we were again lucky, in that we were able
to use the methods of §1.5.11 for approximating the more general
one dimensional convolutions in order to be able to approximate the
transformed multidimensional integral over the rectangular region.
That is, we were able to approximate this new integral by using the
Laplace transform of the original free space Green’s function.

We carry out in this section the derivation of the Laplace trans-
forms of standard free—space Green’s functions for Laplace, heat,
wave, Helmholtz, Navier—Stokes, and biharmonic equations. More
specifically, we derive here the multidimensional Laplace transforms
of Green’s functions for solving Poisson problems in two and three
spacial dimensions, biharmonic problems in two spacial dimensions,
and also possibly one time dimension, wave equation problems in
one, two and possibly also three spacial and one time dimension,
Helmholtz equation problems in two and three spacial dimensions,
heat equation problems in one, two and three spacial and one time
dimension, and Navier—Stokes equations in three spacial and one
time dimension.

The procedure used to carry out these derivations is essentially that
developed first in [SBaVa, NJ], and is illustrated below in this sec-
tion. These transforms enable essentially the same explicit algorith-
mic “separation of variables” solution of all three types of equations:
elliptic, parabolic, and hyperbolic, indeed, even of some nonlinear
PDE. The explicit dependence of these algorithms on the eigenval-
ues of one dimensional indefinite integration matrices suggests the
possibility of further work along the lines of [Val], using the methods
of [Vadl].

We start by proving a general result which is applicable for evaluation
of the Laplace transforms of the Green’s functions for all three types
of PDEs, elliptic, hyperbolic, and parabolic. The theorem involves
evaluation of the integral

Z—a

Qa) = /C dz (2.4.1)
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over the circular arc

C:{z:ei9€®:0<9<g} (2.4.2)

for any given a in the complex plane €. The purpose of this theorem
is for supplementing results of standard texts that tabulate integrals.
These texts largely concentrate on real values and consequently, they
do not always give us the results we need for expressing Laplace
transforms at arbitrary complex values.

As a convention, we let log(a) denote the principal value of the
logarithm, i.e., if a = {+in €C, then log(a) = log |a| +1i arg(a), with
arg(a) taking its principal value in the range —7 < arg(a) < m.

Theorem 2.4.1 Let{ € R, ne R, leta=E+ineC, set L(a) =
E4+n—1 and let A denote the region

A={a=¢+ine C:|a| <1, L(a) > 0}. (2.4.3)

Ifa €T\ A, then

1—a

Q(a) = log <Z — a) ; (2.4.4)

If a =1 or a =1, then Q(a) is infinite;

If a € A, then

P —a

Qa) = log’1 ” +1 (27r — arg (i:Z)) ; (2.4.5)

If L(a) = 0 with |a| < 1, then

Q(a) = log %‘ +¢m;  and (2.4.6)
If L(a) > 0, and |a| =1, then
Qa) =log |— 2| +i L. (2.4.7)
1—-a 2
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Proof. The proof is straightforward, the main difficulty stemming
:)
does not yield the correct value of Q(a) as defined by the integral
definition of Q(a), since in that case the imaginary part of Q(a) is
larger than 7. Perhaps the most difficult part of the proof is the ver-
ification of (2.4.7), which results from the fact that if the conditions
on a are satisfied, then the integral (2.4.1) defining Q(a) is a princi-
pal value integral along the arc C, and this value of Q(a) is thus the
average of the two limiting values of Q(() as ¢ approaches the point
a on the circular arc from interior and from the exterior of A. This
value is easily seen to be

from the fact that if a € A, then the principal value of log (i:

log — +z7r/2 (2.4.8)

1—
by use of the Plemelj formulas (1.5.21). ]

2.4.1 TRANSFORMS FOR POISSON PROBLEMS

We found in the previous section the Green’s functions of the Lapla-
cian in R? for n = 2 and n = 3 satisfy the equation

AGW(F) = — 54(r), (2.4.9)

where, with §(z) denoting the usual one dimensional delta function,
then 6%(F) = 6(x1) ..., 8(xq) is the d-dimensional delta function.
Also from the previous section, if B denotes an open subset of R?,
d = 2,3, then a particular solution of the equation

Au(r)=—f(F), T€DB, (2.4.10)
is given by the integral

/QO F—7) f(7)dr. (2.4.11)

These Green’s functions QO are given explicitly by
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Go (1) = —35 lal,
1

a7 () = —ﬁlog(p), p=1/z3+ 13 (2.4.12)
1

%$W)==4wr %:¢ﬁ+ﬂ€+x+32

In order to obtain explicit Laplace transforms of these Green’s
function, we use the notation A = (1/A1, ..., 1/\g), and A =
\/1/)\% + ... +1/X2, where the ); are complex numbers, with pos-
itive real parts. Taking R, = (0, 00) , we define the modified Laplace

transform of géd) (as for the d = 1 case in Equation (1.5.54)) by the
integral

G(d / QO ) exp(— A - 7)dr. (2.4.13)
Theorem 2.4.2 For the case of d =1, we have
GP(A) = A (2.4.14)
0 — A1 4.

We omit the proof which involves the evaluation of a simple integral.

Theorem 2.4.3 For the case of d =2, we have

G (A)

SENEL
YR

1 1 /A A1
(= (21 Aoy -1
(2.4.15)
where v = —I"(1) = 0.577... is Euler’s constant [Na/.

Proof. Consider the equation (2.4.9) for the case of d = 2. Perform-
ing integration by parts, and in this proof, simply denoting géQ) by
g, we get
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/ €xXp (_ﬂ) gzl x1 (xl 71'2) dml
0 A

[e.e]

1 o0
—|——/ exp (—ﬂ> Gy (21, 2) dq (2.4.16)
A1 Jo A1

1 o0 X1
+)\—%/0 exp (—/\—1> G(z1,x2)dry,

since G, (07 ,29) = 0 if x5 > 0. Next, multiplying both sides of this
equation by exp(—z2/A2), and integrating with respect to zg over
R, we get

1
A1 JRy

. 1 T2
= o /R+ log(x2) exp< )\2) dxs

2\

G(0,x2)exp (—f\—i) dxo

(2.4.17)

(T'(1) 4 log(A2))

2\

(—y +1log(N2)) .

Repeating the above steps, starting with G, ., instead of G,, ,,, and
noting that the Laplace transform of §(z1) §(z2) taken over R? is 1/4
(recall the possible fractional value of G(p) in the above derivation
of (2.2.13)), we arrive at the statement of the theorem. m

Theorem 2.4.4 Ifd =3, then

G§ (1) =

1
- <§ — Ho(A1,A2,A3) — Ho(A2, A3, A1) — Ho(A3, A1 ,Az)) ,

(2.4.18)
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T
H1 = )\% )\:237
G = A3+ 1A
PV =iy

and where, with Q(a) defined as in Theorem 2.4.1,

where, with

(2.4.19)

1

Ho(A1,22,3) = TS

{Q(i¢1) — Q(—iC1)}- (2.4.20)

Proof. For simplicity of notation in this proof, we shall write G in
place of gé3).

We start with the one dimensional integral
J(A\1,x9,x3) = /]R Gy 2, (T) exp(—z1/A\1) dz (2.4.21)
+

in which we carry out integration by parts; since G, (0,2, x3) =0
for all (z2,23) € R3 , we get

J(A1, w2, 3)
_c (n A
= G (1) exp( )\1> 21=0
—|—i/ Gz, (7) ex (—ﬂ> dz
MR, T PN !
21\ [0 (2.4.22)

N )\_1 g(r) P (_)\_1> x1=0

1 _ I
—l——/ g(r) ex (——) dx
1 1

_ +—2 Q(F) exp (—%) dx.
47 Ay /23 + 23 AT JRy 1
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Upon multiplying the last line of this equation by exp(—z2/A2 —
x3/\3) integrating over R2 | we get

1 _
G,y (7) exp(= A - P)dr = 35 Gy (B) + Ho(Ar, de . a).
1

(2.4.23)

1
47’[’)\1

Ho(A1, Az, A3) = K (2.4.24)

and where, upon setting

o (1 1) _ i
no= )\27)\3 y M= )\% A§7

¢ = A3+ 1A (2.4.25)
oV A3 =iy

To+ixs = pZ, p:\/x%—ka:%, and Z = e'?,

9

(_%_@) dxodxs
A2 A \/x%—kac%

2 dz
i

with C is defined as in (2.4.2) above. Using partial fraction decom-
position of the integrand in the last line of (2.4.26) and recalling the
definition of Q(a) in (2.4.1), we get

K = _71 (QUiC) — Q(—i0)} . (2.4.27)

The result of Theorem 2.4.4 now follows upon inserting this value of
Kin (2.4.24). m

The above proof also establishes the following



2. Sinc Convolution—BIE Methods for PDE & IE 163

Corollary 2.4.5 Let Q(gg) be defined as in (2.4.12). Then, in the
notation of Theorem 2.4.4, °

© Cw_wm\
]Ri g(] (071:2 ,I‘g) €Xp ( )\2 >\3> T2 a4 T3
ep( =2 x?’) d22d2s 9.4.28
= xp [ ——= — 2 ) —————= N
R3 Az A3 47‘(‘1/1‘%—}—56% ( )
- L Quc)-Qiq)
_47]_”1 161 161 )

where (1 and py are defined as in (2.4.19) above.

2.4.2 TRANSFORMS FOR HELMHOLTZ EQUATIONS

We determine here, for k a constant, with ®k > 0, the Laplace
transforms of the three Green’s functions,

1
G (z1,k) = % exp(—k|z1]), =1 € R,
_ 1 _ _
g(2)(p7k) = ﬁKO(klo)v p:($1,$2)€R2, p:‘p|7
—k
g(g)(fak) = eXP( T) ) 77:(:617:7327@'3) G]Rgv 7‘:|F|‘
4rr
(2.4.29)
Here Ky denotes the modified Bessel function [Nal.
Writing 7 = (z1,... ,24), these Green’s functions satisfy the differ-
ential equation
AGD(F k) — K2 G\ (r, k) = —5%(F), 7eR™ (2.4.30)

Assuming that A, Ao, and A3 are constants with positive real parts,
we again take A = (1/\1,...,1/\,). We then determine explicitly
the integrals

GO (R, k) = / exp (— A - 7) GO, k) dr, (2.4.31)

ford=1, 2, 3.
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Theorem 2.4.6 Let GU) be defined as in (2.4.31) with d = 1. Then

RRRY
2k 1+ kA

GW(A k) = (2.4.32)

Proof. We substitute The first equation in (2.4.29) into (2.4.31).
The evaluation of the resulting integral is straight forward, and we
omit the details. m

Theorem 2.4.7 Let G be defined as in (2.4.31), withn = 2. Then

GP (A, k)
, 1 1\7'/1
— (& VR 7~ HOw e k) = HOw, M K) )
(2.4.33)
where
! , 1 —1/2
H(\i X2, k) = 2 (k - )T%) : (2.4.34)

Proof. It follows, upon examination of the series expansion of Ky(z)
in a neighborhood of z = 0, that gﬁ) (0,29 ,k) =0 if 9 # 0. Hence,
taking p = (z1,x2), and performing integration by parts, we get

/ exp (— %) G (p, k) d
R 1

1 1 T
:_)\—lg@)(o,@,k)+)\—% /]R exp (— )\—1) GO (w1, 22,k)d 1,
+
1 1 z
= —mKo(k |:::2)+)\—%/R+ exp <— >\_1> G (21,22, k) dar.

(2.4.35)
Now, multiply the last equation in (2.5.35) by exp(—z2/A2), inte-
grate over R} with respect to x5, and then recall (2.4.31), to get
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I xT9 _ _
[, e (—A—l— A2) 6@, (p.k)dp
.

_ )\2 G( )()\1 ,)\Q,k‘) — 27_‘_1)\1 /]R+ Ko(]{l'g) exp < )\z) dxo.
(2.4.36)
At this point we replace K in (2.4.36) by the following expression
taken from [Na, Eq. 4.6.23]:

Ko(klyl) = [~ exp(-klsl©) (€ -1) " de. (2437

Interchanging the order of integration in the resulting integral in
(2.4.36), then evaluating the inner integral, we are able to get

T T2\ 60) o opyas
/R?ep< Al )\2> Gaia P k) dp

1 oo “1pdg
=—G®@ — 2 1 —_—
AzG (A1 Az k) = o /1 (f ) ESYN

1 1\~

= S GO\, Ny k) — <k2 — —)

A2 A3

(2.4.38)

Now, starting with [p exp(—z2/A2) G?(p,k)dp, proceeding simi-
larly as above, and noting that

_ 12 _ S ) _
/Ri (Ag(p,k) k Q(p,k)) exp( N Az) dp

- —/2 5(21) 6(w2) dp = —
R

+

we get (2.4.33)-(2.4.34). m
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Theorem 2.4.8 Let GO (A k) be defined as in (2.4.31). Then
0GR = (K gy L)
AN A
{% _H()\la)‘Qa)‘?nk) _H()\Qa)\?n)\lak) _H(A3a)‘17)‘21k‘)} )

(2.4.40)
where, with Q as in Theorem 2.4.1 and with z4 defined by

1 1 1
prinaibve \ A3 A3

and H defined by

O A, X, k) = (@G- Q).

; 2 _ L =

(2.4.42)

Proof. We proceed similarly as we did above, for the case of G& | to
now evaluate the Laplace transform of gg(g?i)xl with respect to x1. Since
g:(g) (0,z9,x3,k) = 0 for (z9,23) € Ri, we have, upon integrating
by parts,

| enr g, o o
L) | R S
=——¢ (O,xz,:cs,k)+p/0 e=1/N GO (71 dary.
1

A
(2.4.43)
Hence, setting

H(A A2, Az, k)

1
/2 exp( 2 _ ﬁ) g(g)(O,xQ,a:g,k:)d:cgdxg,
R3

DY DY
(2.4.44)
we find, after converting to complex coordinates, (xo+ix3) = p et =
pZ, with Z = €% and
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1 1 1/2
o= ()

¢ = (A3+M2)1/2
s =i

that xo/Ao + 23/X3 = (1/2)pp(Z/C + (/Z). Then, integrating first
with respect to p, we get

(2.4.45)

¢ / dz
H\ A2, A3, k) = —— . 2.4.46
(1 2,13 ) 27r’L)\1M CZQ—F%‘{‘CQ ( )

where once again,

C={zeC:z=¢" 0<0<n/2}. (2.4.47)

Upon denoting the roots of the quadratic in the denominator of the
integrand by z4 and z_, we find that

=S (—k + \/m> , (2.4.48)

7
which is the same as (2.4.41). Using this notation to factor the
denominator of the integrand in (2.4.46), performing partial frac-
tion decomposition, and using Theorem 2.4.1, we arrive at (2.4.40)—
(2.4.42). m

The above proof also establishes the following result, which will be
useful later in this section.

Corollary 2.4.9 In the notation of Theorem 2.4.8,

_P2 T3 403
/R2exp< N Ag)g (0,29 ,23,k)dxydxs

/ vy xy) P (—k\/m% —i—a:%)
[ e (-2 -5
R} A2 A 4my/zd + 23

dl‘Q d:Eg (2.4.49)

- = Q1) ~ Q=)

PV Y]
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2.4.3 TRANSFORMS FOR HYPERBOLIC PROBLEMS

We consider here the transforms of Green’s functions for problems in
d spacial and one time dimension, for d = 1,2, 3. These Green’s func-
tions enable us to obtain a particular convolution integral solution
to the wave equation

1 0%u

o2
The Laplace transforms of each of these Green’s function is read-
ily available from our Helmholtz equation results of the previous
section. As previously defined, let A = (1/A1, 1/Aa, ..., 1/)\g),
A = /1/)?, and we denote the Green’s function by G (7 t), and
its Laplace transform, by

—Au=f. (2.4.50)

GDA,7) :/ / exp (—A - 3) G (F ¢)drdt. (2.4.51)
]R+ ]Rd T

Let us recall from the previous section, that the Green’s function
G (7 1) satisfies

(2.4.52)
Hence, by taking the Laplace transform of this equation with respect
to ¢, and denoting the resulting Laplace transform of G(d (7,7) by
GO (7, 7), we get

1

c2 72

AGD (7 1) — GD(F, 1) = —6D(7). (2.4.53)

Comparing this equation with (2.4.30), we immediately arrive at

Theorem 2.4.10 Let G\D(A,7) be defined as in (2.4.51) above.
Then:

(a) GO, 1) = GO(A,1/(c7)), where GV (A k) is defined as in
Theorem 2.4.2;
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(b) GAA,7) = GO (A,1/(cT)), where GO (A k) is defined as in
Theorem 2.4.3; and

(¢c) G, 7) =GO, 1/(cT)), where G (A k) is defined as in
Theorem 2.4.4.

2.4.4 WaVE EquatioN IN R? x (0,7)

In this section we derive some integral equation formulations of the
wave equation (2.3.5), where ¢ = ¢(7) can now depend on 7. We
first take the Laplace transform of this equation, which reduces it
to a Helmholtz equation that depends on the Laplace transform pa-
rameter s. This Helmholtz equation leads readily to its Lippmann—
Schwinger Fredholm integral equation formulation over a region in
R?. We next reduce the 3-d Lippmann-Schwinger Fredholm inte-
gral equation to 1-d Fredholm integral equation by taking a two—
d Fourier transform. Finally we reduce this 1-d Fredholm integral
equation to a Volterra integral equation, which lends itself to solution
via Sinc methods.

(i.) Laplace Transform of Equation (2.3.5). Taking the Laplace
transform of Equation (2.3.5) with respect to ¢, we get the
Helmholtz equation,

1

2 _

- ——U=- 2.4.54

VAU = gy U =—ar9), (2.4.54)
where the Laplace transform U (7, s) = [5° u(7,t) e7/*dt , and
where ¢(7,s) = F(7,s) + (g(F)/s + h(F))/c*(F). Here F(r,s)
denotes the Laplace transform of f(r,t) with respect to ¢t with
f(r,t), g(f) and h(7) are as in Equation (2.3.5).

(ii.) Fredholm Integral Equation Formulation. Instead of (2.4.54), we
now consider the similar, but more popularly studied equation
of ultrasonic tomography,

V2f—r2(1+9)f=0, k=(cos) !,

P (2.y.2) EV (2.4.55)

with V a region in R®, Rk > 0, and where we assume that
v =0on R? \ V', and that T is bounded on V. A source f™ is
any function that satisfies in V' the equation
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V2 — g2 fm =0, (2.4.56)

In (2.4.55), f is the total field. One can set

f=Fm+ e (2.4.57)
where f*¢ is the scattered field.

We shall solve the problem (1.1) subject to a plane-wave like
source ™ of the form

(7)) = e 2. (2.4.58)

This source f* does in fact satisfy (2.4.56) in V as well as in
R®.

Under the influence of the source (2.4.58), the solution to
(2.4.55) takes the form

1+t [ [ [ et =)@ i@ = 1), 2459

where

e—K/’/‘

G(F) = (2.4.60)

Adar’

Substituting f = £+ f™ into (2.4.5.9), one gets an equivalent
equation for the scattered field,

pem -+t [ | e =) (146 + 1) ar' o
(2.4.61)

(iii.) 2 — d Fourier Transform of (2.4.61). We will now take the
2 — d Fourier transform with respect to the variables (y, z) in
the (2.4.61). We first set
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p=(y,2), A= (A2, 23)
p=1pl=VyZ+2z2, A==+, (2462
=A%+ K2

Then, denoting the 2 — d Fourier transform of a function u €
L?(IR?), by 1, using the result

6_/’1‘ |(E|

ip-A N g
//]RQe G(x,p)dp T (2.4.63)

and using the notations

Ux) = f*(x,A)

B (2.4.64)
W(l’) = fsc,y(x ) A) + fm($)’~)/(x ) A) )
we find that
U'(x) — p*U(x)=—wW(z),
S (2.4.65)
Ux) = —r? /0 ;u W (€) dE.

(iv.) Volterra Integral Equation Formulations. Next, by setting x =
0 and = = a in the second of (2.4.65), and then differentiating
(2.4.65), and again setting = 0 and x = a in the result, we
can deduce that

U'(a) = —pU(a) and U'(0) = pU(0). (2.4.66)

On the other hand, the solution to the ODE in (2.4.65) can also
be expressed in terms of either of the two Volterra equations,
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Ut = [P e g
+A cosh(puz) + B w ,

Uw) = - [PIREE T ) g
’ . sinh(u(a — 7))

(2.4.67)

We can then deduce, using the results of (2.4.66), that A =
U),B=U'(0),C =0U(a), and D = —U’(a). These results
enable us to simplify the equations in (2.4.67) to the following:

+C cosh(pu(a —z)) + D

Ux) = —r’ / —Smh(“f =~ () de + U(0) en*
0
a ginh —
I T (Mf D v (€) de + Ua) e,
: (2.4.68)
The solution to the second equation in (2.4.64) is discussed in
§4.3.1.

2.4.5 TRANSFORMS FOR PARABOLIC PROBLEMS

We obtain here, the n + 1-dimensional Laplace transforms of the
free space Green’s functions on IR? x [0,00). As above, we use the

notations 7 = (z1, za2, ..., xy), r = |F| = \/x%—i—m%—l—...—i—x%,

A= (/A 1, o 1), and A= \/1/03, 1/A3, .., 1/52.
The Green’s function for parabolic problems is the function which
with € a positive constant solves the equation

— e AGD (7 1) = 5(t) 64(7
ot 2 (7,1) = o(t) 6°(7) (2469

G (r,0) = 0.

and which remains bounded as r — oo. This function is explicitly
expressed by
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1 2
G(F, 1) = (dmet)?2 exp (_éf_at> : (2.4.70)

Furthermore, taking the Laplace transform of (2.4.70) with respect
tot,

G, ) :/ exp (— E) G (7,t)dt (2.4.71)
R T
we arrive at the Helmholtz differential equation
A GO 7) — —GO(F ) = — 15°(F). (2.4.72)
ET €

Then, setting

GO, r) = / Cexp(—A - 7) GO, dr, (2.4.73)
R

and comparing (2.4.72) and (2.4.30), we arrive at

Theorem 2.4.11 Let G (A, 1) be deﬁned as in (2.4.73). Then:
(a) GO(A,7) = (1/e) GV (A, \/T/(e7)), where GV (A k) is de-
fined as in Theorem 2.4.6;

(b) GO, 1) = (1/e) GA(A,\/T/(eT)), where GA(A k) is de-
fined as in Theorem 2.4.7; and

(¢c) G, 1) = (1/e) GO (A,\/T/(eT)), where GO (A k) is de-
fined as in Theorem 2.4.8.

2.4.6 NAVIER—STOKES EQUATIONS

We discuss here, Navier-Stokes equations on {(7,t) € R? x R, },
where R = (—00,00) and Ry = (0,00). As above, we set 7 =
(x1,29,23), 7 = (2} ,24,2%), and r = |F|. We shall write g,, in
place of aa—i_ , and we shall denote by G = G(7,t), the Green’s func-
tion of the heat equation discussed above on R® x R, i.e.,

_ 1 r?

Our discussion involves the following PDE as presented in [Ff], i.e.,
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(9ui i 3 . 8ul 8}9 i 3
5 —eAu :—;uﬂa%_axi—i—f(r,t), (x,t) e R® x Ry,
(2.4.75)
which is to be solved subject to the condition
divu—iOUi—O (7,t) e R* xR (2.4.76)
- P 8332 — Y, ) + S
and subject to initial conditions
u(7,0) =u’(7) recR3 (2.4.77)

Here, u = (ul ,u? ,u3) denotes a velocity vector of flow, p denotes

the pressure, u® = (uo’l ,ul? ,u0’3) is a given divergence—free velocity
field on R?, f ‘(7 ,t) are the components of a given, externally applied
force, such as gravity, ¢ is a positive coefficient (the viscosity) and

3 2
0
A= Z —— is the Laplacian in the space variables.
i=1 Oz}

Mathematicians are interested in proving the existence of solutions
u(7,t) and p(7,t) to (2.4.75) — (2.4.77), (see [Ff]) under the condi-
tions, e.g., that u, p, and u’(7) satisfy for all real K, @ > 0, and
some constants Cy g and C,,, g the inequalities

02u°(F)] < Coax (1+]|F))7K, on R?,
(2.4.78)
0207 p(F,t)| < Camix (L+7+1)" K on R* x Ry,

and such that
p, ue C™ (]R3 X ]R+) . (2.4.79)

A detailed analysis of a Sinc method of solving (2.4.75)—(2.4.77) is
given in [ST]. We shall here neither go into the lengthy mathematical
details covered in [ST], nor shall we present the Sinc method of
solution covered there. Instead, we mention a sufficient number of
results obtained in [ST] to enable us to describe another method of
solution, also based on Sinc.
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Proceeding in the spirit of this manual, we use the Green’s function
G of (2.4.74) to transform the system (2.4.75) of three PDE, with
f = 0, into the following system of three integral equations, for
i=1,2,3,

/ G(7F — 7 ,t) u(F) di’

t 7 o
. — =, j ou P _y
/0 o GOt (Z o, +a’>d .
(2.4.80)

Let us observe that if ¢ is any function that satisfies the inequalities
of (2.4.78) , and if  is defined by either of the integrals

W) = [ 6T g
) (2.4.81)

t
VF ) = / GF— 7t —t') (7 ') dF' dt’,
0 JR3

then 7 also satisfies (2.4.78), and we can readily verify the following
identities applied to v as defined in the first of (2.4.81) :

Ve, (F ) t) / gxl — ) (r t) di’
- /]Ra Gy (T =7 ,1) (7' ) A (2.4.82)
= / G(r — 1" ,t) g (7', ) dr”.
R3 i

These identities enable us to replace (2.4.80) by the easier to solve
equivalent system of equations

u(r,t) = /ng(f—f’,t) u’ (7) di’

¢ Q) . w(@ ) ul .t (2.4.83)
[ A9 ) w4

+p(7,t") (V' G) } di dt'.
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In the second integral in (2.4.83) we have written G for G(7F—7, t—t').

Eliminating the Pressure

By differentiating (2.4.80) with respect to x;, summing over i, and
in that way, “forcing” (2.4.76), we get

Sul =0= 23: (4'-B' -7, (2.4.84)

i=1 =1

where

Al = Gy, (7 — 7, ) u* (7) dF’
R3

. t 3 y 3
B — /0 [ G 11 Zluf(f’ ), (7 ¢) i dt!
j:

t
ct = / Go,(F =7t — ") pyrdi dt’.
0 JR? !
(2.4.85)
By combining (2.4.84) and (2.4.82) we arrive at the equation

t
0= / g(77 — 'F/’t — t,) {g(f/’t/) + A(F)/p(,’;/’t/)} dfl dtl
0o JR?
(2.4.86)

in which

3 3
g(r ) = > uy (F,t)ul, (F,1). (2.4.87)

i=1 j=1

That is, the solution u of (2.4.80) will also satisfy (2.4.76), if we
determine p(7,t) such that

Arp(F,t) = —g(7,t), (F,t) €R®x Ry, (2.4.88)

with g as in (2.4.87). There is only one solution to this PDE problem
which satisfies the second inequality in (2.4.78) and (2.4.79) (See
[ST]); this solution is given by the integral

p(F 1) = /R Go(r — ) g(F 1) dT, (2.4.89)

where (see §2.4.1))
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Go(r) = —_— ; (2.4.90)

4dr

and where g is given in (2.4.87).

We may note, that upon substituting the expression (2.4.87) into
(2.4.83), we are faced with the evaluation of a very high dimensional
integral involving the product of Gy and G. However, the following
identity enables us to circumvent this:

K@, t) = /]ng(f—f’,t)go(f’)df’,

(2.4.91)
_ v / o (-2 4
S Am2(et)/2r Jo AT 1et )
Indeed, we now have the integral equation
u(r,t)= [ GF—7,t)u(#)dr
RS
t
+ / / C((V'9) -l 1) u( ) dr dt (2.4.92)
0 JR
t
+/ / (V' K(F =7 ,t—1t)) g ,t")dr" at'.
0 JR3
Let us now discuss the solution to (2.4.81).
We write
u=Tu, (2.4.93)
where
Tu=Qu’+Rw+ Sy, (2.4.94)

and where,
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QuY) (7,t) = Q(r—r t —t"Yu®(7) d’ dt’
R0 = [ [ (96) a0 ut o) ar

t
(Sg)(F.t) = / [ (VKRG =7t =) g ¥)dr"at

" (2.4.95)
with g again defined as in (2.4.83). We intend to solve (2.4.93) by
successive approximation. In this regard, we have left out some of
the mathematics (which will appear in [ST]). Briefly, a Sinc function
space of the type used in §2.6 is defined; this is shown to be dense in
the C&° family of functions of (2.4.78). It is then shown that if each
of the components of u’ and u belongs to this space, and if u® is
also divergence—free, then the operator T maps this space back into
itself, and moreover, it is a contraction whenever the time interval
(0,T) is sufficiently small. We have not included any details or proofs
some of which are lengthy. Also, the Sinc method of solution used in
[ST] is more efficient, in part, because it uses the DFT procedure of
§1.4.9 (see Problem 2.4.6).

Let us now comment on each of the operators Q, R, and S.

Q: The three dimensional Laplace transform of G(7,t) taken with
respect to the spacial variables cannot be explicitly expressed, while
the four dimensional one, G(A,7) = e ' G®A,1/\/e7) as defined in
Eq. (2.4.73) with n = 3, is given in Theorem 2 4 11 part (c). We thus
start with this four dimensional Laplace transform G®) (A ,1/,/cT).
Examination of the Laplace transform inversion procedure of §1.5.10,
shows that we can use the Laplace transform (e 7)™ G®)(A | 1//cT)
to evaluate (Q uo) (7,t) using a four dimensional convolution, by
treating the components of u® as functions defined on R3 x (0,7,
even though these components take the same value for all t € (0, 7).

R: Here we use the Laplace Transform — G, J(AT) of =G, (7, 1)
over R%. To get the Laplace transform of ng (r,t), we first take
a Laplace transform with respect to ¢, thus replacing G(7,t) with
G(7,7). Here we consider only the case of j = 1. Performing inte-
gration by parts, we get
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_ /0 Gy (7, 7) exp(—z1/\) da

- _ C_J(* 7) exp(—a1 /M) [21 257
/ G (7,7) exp(—x1/A1) day, (2.4.96)

= G(r, )‘ﬁ 0 )\1/ G(7,7) exp(—x1/M\)dz1.

We now multiply each equation by exp(—z2/A\s — x3/\3), and inte-
grate over R with respect to p, where p = (2,23) to deduce, via
Corollary 2.4.5, that

Q)
—~
<
\]
S~—
I
]
=
-
S~—
="
3

~Go = [
+

- A_G3>( A/VET) + A /e H(AL, Az, Mg, 1//ET)

(2.4.97)
where G(A,7) and H(\1, )2, )\3,k) are defined in Theorem 2.4.11
and Theorem 2.4.8 respectively.

S: The Laplace transform of K is already given above, in the para-
graph following (2.4.81). The Laplace transform of —IC; (A, 7) is
obtainable by proceeding similarly as for the case of R above, and
we get

_ / exp(— A - 7 — t/7) Ko, (7, 1) dF dt
R

- _ (G((]3) ([\) . G(3) ([\ 7 1/\/5_7_)) (2.4.98)

+7 A1 (Ho(M A2, A3) — H(A1, A2, A3,1/VET))

where G(()g) and Hy(A1, A2, \3) are defined as in Theorem 2.4.4, G is
defined as in (2.4.70), and where G® (A, k) and H(\, Ay, \3) are
defined as in Theorem 2.4.6.
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Remarks. (1) Assuming that u® is appropriately selected so that the
conditions (2.4.82), (2.4.84) and (2.4.85) are satisfied with respect to
the spacial variables, it follows, that a solution u and p obtained via
the above scheme can be expressed in terms of integrals involving
G, and Gy. By (2.4.87) and (2.4.88), these functions then also satisfy
(2.4.72) , (2.4.84), and (2.4.85).

0 is selected, and we determine the Sinc pa-

(2) If an initial value u
rameters in each dimension (there is only one parameter, N, in the
program given in §4.3.2) to achieve a uniformly accurate approxima-
tion of Tu® on R? x (0,T), for arbitrary T > 0, then it is easy to
see, since the norm of the indefinite integration matrix with respect
to the map ¢(z) = log(z/(T — z)), which transforms (0,7) to R,
is proportional to T, that the operator T is a contraction for all T'

sufficiently small.

(3) The vector u® = (uo’1 ,ul? ,u073) may be selected in several ways.
One way is to select two arbitrary functions v and w belonging to
Cg°, and which also satisfy the first of (2.4.78), and then take u*! =
Vag , u¥? = w,, , and u®3 = — (v,, + w,,). It follows divu® = 0.

2.4.7 TRANSFORMS FOR BIHARMONIC GREEN’S
FuUNCTIONS

Here we derive transforms for obtaining particular solutions to the
time independent problem

ViUp)=fp), p=(zy)€B, (2.4.99)

as well as to the wave problem

10°U(p,t)

2 Ot?
The Time Independent Problem. A particular solution to the problem
(2.4.87) is given by

+V4iU(p,t) = f(p,t), (p,t) € Bx(0,T). (2.4.100)

vip)= [ [[95—7—m @) a5 (2.4.101)

where the Green’s function, G, is given by [Hc]

G(p) = o 7 loglp). (2.4.102)
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Setting R = 22 + ¢, it follows directly by differentiating G, that

Gu(p) = 8%(10g7€+1)

Gux(p) = 8% (logR_{-l_}_%xQ
gmmm=:§<%_%® (2.4.103)
i) = i (125

and similarly for differentiation with respect to y. Starting with the
identity
ViG(p) = 8(p), (2.4.104)

and proceeding as in the proof of Theorem 2.4.2, we can use the
identities (2.4.91) to arrive at

Theorem 2.4.12 The Laplace transform of the function G defined
in (2.4.90) above is

G(s,0) = /OOO /OOO G(z,y) exp(—z/s —y/o)dx dy

(2.4.105)
(545 [ ket RE)
C\s2 o2 4 87 57 75 ’
where
3s $3 s s3
R(s,0) =2log(s) | — + — | +(7T—67) =+(3-27) —. (2.4.106)
o o o o
Moreover,
Gulsi0) = LG(s.0)— T (2 loglo) +3 - 27)
2.4.1
Gur(s,0) = =Gy(s,o0) ( 07)
s
1 3

= 5 Gls,0) — 5— (2 log(0) +3 - 27).
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Note here that G, is an odd function of z, (and similarly, Gy is an
odd function of y) and this requires special care in the programming
for the evaluation of the convolution of G, (and similarly, G,) with
another function. See the “biharm” programs listed in Chapter 5.

The Time Dependent Problem. A particular solution to the problem
(2.4.88) is given by (see [Bk, p.152])

t
U(p, t) :/B/O S(p—p, t—7) [, T)drdi,  (2.4.108)

where

1 . 0?
S(x,y,t) — i
(@,9,1) Arct M <4ct>

(2.4.109)
— SE(Y),
and where
_ 1 . p2
)= —— — . 2.4.11
£, 1) dmct P (Z4ct> ( 0)

The following Theorem states conditions which yield the correct
Laplace transform of S under the assumption that the principal value
of the square root is used.

Theorem 2.4.13 Let G(x,y,t) be defined as in Eq. (2.4.198), let
R >0, Rs >0, Ro >0, and let |1/(cT)| > /|1/s]?> +|1/c]?. Then

(2.4.111)
where, with a = +i,
E(S7 g, T, a’)
1 1 1 1
c \¢cT s o 4
(2.4.112)

and where
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H(s,0,7,04) = —————=. (2.4.113)

Proof. The result of this lemma is based, in essence on two integral
formulas: the well known formula for the modified Bessel function,
(see Problem 2.4.3)

/OOO P (_Zt - %) % =2Ko (2 (2 C)1/2> : (2.4.114)

which is valid for Rz > 0, and R¢ > 0 (or Rz > 0, and R > 0), as
well as the result of Theorem 2.4.7. We omit the details. m

Corollary 2.4.14 Let G(x,y,t) be defined as in 2.4.105, and let G
denote the Laplace transform of G, i.e.,

S(u,v,T) :/ exp (—g—g—i) S(p,t)dpdt, (2.4.115)
R:

let E be defined as in Theorem 2.4.13, and let S be defined as in
(2.4.99)—(2.4.100). Then the Laplace transform of S is

S(s,0,7)
(2.4.116)

E(87U7 Tvi) - E(S7U7 7, _Z)
21 ’

Remark By comparing Equations (2.4.98) and the equation

V(p,t)://B/Otg(p—p/,t—T)f(p/,T)dp/dT, (2.4.117)

we can deduce that if f in these expressions is a real valued function,
then this function U defined in (2.4.98) is also given by U = V.
Furthermore, this function V satisfies the equation

oV (p,t)

o —icV2V(p,t) = f(p,t), (p,t) €Bx(0,T). (2.4.118)
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A word of warning: If B is a bounded domain and if f is a real valued
function, then the function U defined by (2.4.98) is continuous on
the closure of B even if

fp.t) =0 (lp—a*)
as ¥ — c, for any > 0, at a boundary point ¢ of B. On the
other hand, this continuity property holds only for the case of the
imaginary part of V; the resulting real part is continuous on the
closure of B only if

ft) =0 (fr —e?)
as p — ¢, for any a > 0, at a boundary point ¢ of B. On the
other hand, this continuity property holds only for the case of the
imaginary part of V; the resulting real part is continuous on the
closure of B only if

fo.)=0(lp—e*?), ccop
as |barp — ¢, for any o > 0.

That is, the procedure of using (2.4.118) in order to compute U
by first computing V' via (2.4.108) and then getting U using the
expression U = $V might yield inaccurate results if the real-valued
function f is highly singular.

PROBLEMS FOR SECTION 2.4

2.4.1 Laplace Transformed Heat Equation Let ¢ = £(7) in (2.3.3),
€ = g0 in (2.3.1), and assume that £(7) = g9 on R%\ B, where B
is a subregion of RY. Take the Laplace transform with respect
to t of equations (2.3.1) and (2.3.3), find an explicit expres-
sion for the Laplace transform G of G, and obtain an integral
equation over B for the Laplace transform @ of u.

2.4.2 (a) Devise a procedure for approximating the nine integrals
in (2.4.86) via use of Midordinate integration (see (1.4.31)).

(b) Given a vector function b(x), devise an algorithm for ap-
proximating an integral over B of the form

/ G(x —y)b(y)dy
B
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via use of Sinc convolution, using your result for the (a)-Part
of this problem, using the Laplace transform of 1/|x|, and com-
bined with the methods of §1.5.12.

2.4.3 Let Ra >0, Rb >0, let Rc > 0, and set

0 b
I(a,b,c) = / t7¢ exp (—at — Z) dt.
0

Prove that

I(a,b,1/2) = \/% exp (_2\/%) ;

I(a,b,3/2) = I(b,a,1/2)
I(a,b,1) = 2K(2vab),

where K( denotes the modified Bessel function or order 0 [Na].

2.4.4 Let & = |Z| Z and § = || § denote vectors in R, with Z and §
denoting unit vectors, and let S denote the surface of the unit
ball in R%. Prove that

2 do(lallgl) i n =2,
Joewts DA =1 )

47—
|| |y

if n=23.

where Jy denotes the Bessel function or order 0 [Na).

2.4.5 (a) Let G be defined as in (2.4.59), and prove that, with y =
(y1,Y2,ys3), the three dimensional Fourier transform of G is
given by the identity

exp (—<t [yl :/ exp(i§ - 7)G(7 , 1) dr.
RS
(b) Determine the Fourier transform K(7,t) of K(7,t) with
respect to 7. [Ans.: |y 72 exp (—et|y]?).]

(c) Use the answer in the (b)-Part of this problem to determine
an explicit expression for the Green’s function K (7 ,t).
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2.4.6 Let a and d denote positive constants, let L, 4(id) be defined
as in Definition 1.3.3, and assume that f = f(z,y,z) is a
function defined on IR?, such that:

~ f(-,y,2) € Ly q4(id) uniformly, for (y,2) € R?;
~ f(x,-,2) € Lyg(id) uniformly, for (z,2) € R?; and
— f(x,y,") € Ly q4(id) uniformly, for (z,y) € R?.

Let f denote the three dimensional Fourier transform of f.
Define U by

UW):nﬁgﬁ—fﬁﬂfﬁw.

Set k = (k1,ko,k3), and prove that if h is selected corre-
sponding to any positive integer N, by h = (wd/(a N))Y/2,
then there exists a positive constant C' that is independent of
N, such that

h3
- 8ns

> exp(—ethlk[) exp(—i7 - k) f(hk)
|ki| <N

u(r)

< C exp (— (ﬂdaN)l/Q) ,

uniformly, for 7 € R,

2.4.7 (i) Let a, b, and ¢ be arbitrary complex constants. Prove that
the solution to the ODE initial value problem

dy | dy
(dl‘)2+2ﬂ+cy:07

is given by

y(r) =e " (a cosh (a: \/1——c> +(b—a) nb (CB - C)> .
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(ii) Discuss what happens as ¢ changes continually along a
straight line in € through the point ¢ = 1.

2.4.8 (i) In the notation of Definition 1.5.2, let let us write z < < ¢
whenever z and ¢ are points on I' which one meets in the order
a, z, ¢, basone traverses I' from a to b. Let G be defined by

1
—(C—2) if z,
G(2,¢) = %(C ) bess

5(2—0 if z<<(.

Prove that the function

u(z) = [ 6.0 £(O)de
satisfies on I' the equation

d?u
a2

2.4.9 Let Q(()?’)(/_X) and G®) (A, k) be defined as in Theorems 2.4.4
and 2.4.8 respectively. Prove that limj,_G® (A, k) = g§3) (A).

2.5  Multi-Dimensional Convolution Based on Sinc

In this section we extend the one dimensional convolution method to
the approximation of convolution integrals in more than one dimen-
sion. To this end, one dimensional convolution extends directly to
more than one dimension for the case of rectangular regions. How-
ever, we shall also derive such extensions for approximating multidi-
mensional convolution integrals over curvilinear regions.

2.5.1 RECTANGULAR REGION IN 2 — d

Let us illustrate the approximation of a two dimensional convolution
integral of the form

s = [ [ " Fa—€n—y) glé,m) dedn, (25.1)
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where we seek an approximation over the region B = (a;,b;) X
(az,bs), and with (as, b)) C R, ¢ =1,2. We assume that the map-
pings g : I'y = (ag,by) — IR have been determined. We furthermore
assume that positive integers M,, N, as well as positive numbers hy
have been selected, and we set my = My + Ny + 1. We then define

-1
the Sinc points by zj(»e) = (gp(g)) (j he), for j = =My, ..., Ny. Next,

we determine matrices Ay, Xy, Sy and Xe_l, such that
_ 0\ N — -1
A= b (I ? D(1/¢}) = Xi$1X7%, 25.2)
Ay = mIGIUDA/) = XaSX;

In (2.5.2), the matrix D is defined as in §1.5.4, while the matrices
Ip,,, A; are defined as in §1.5.8, and the matrices Sy are diagonal
matrices,

S¢ = diag {3(2\4@’ . ,35\2] . (2.5.3)

We require the two dimensional Laplace transform

F(s™,s@) = / Flay)e o qpay . (25.4)
E, JE>

which we assume to exist for all s¢ € Q,, with Q, denoting the
open right half plane, and with Ey any subset of R such that (0, b, —
ap) € E; € Ry = (0,00). We remark here that it is frequently
possible to just take Ey; = IRy, in which case we might be able to
look up the requisite Laplace transform in a table, and then get the
Laplace transform by simply replacing s in the tabulated Laplace
transform by 1/s. At times this will not be possible, when one or
both of the intervals (ag, b) is necessarily finite, e.g., when f(z,y) =
exp (22 + 2y3).

It is then possible to show (see [S1, Sec. 4.6]) that the values p; ;
which approximate p(zl-(l), z](-Q)) can be computed via the following
succinct algorithm. In this algorithm the we use the notation, e.g.,
hi. = (hi—my,--- ,hi,Nz)T, and similarly for h. ;. We may note in
passing, the obvious ease of adaptation of this algorithm to parallel
computation.
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Algorithm 2.5.1 Convolution over 2 — d Rectangle

1. Form the arrays zj(»f), and %go(e) (z) at x = zj(-e) for ¥ =1,2, and

j=—Mpy,..., Ny, and then form the rectangular matrix block
(1) (2))]

of numbers [g; ;] = [9(%; ) %5

2. Determine Ay, Sy, X, and X[l for £ = 1,2, as defined in
(2.5.2).

3. Form h.; = X;'g.j, j = —Ma,..., No;
4. Form k;. = X5 h;., i = —Mj,..., Ny;
5. Form Tij = F(S(l) (2)) k‘z

i »5j
Z:—Ml,...,Nl, ]:—MQ,...,NQ;

6. Form qi,. = XQT‘Z"., 1= —Ml,... ,Nl;

7. Form p.; = Xy q.j, j = —Ms,...,No.

Remark 2.5.1 1. The integral expression (2.5.1) for p(z,y) is
a repeated integral, where we first integrate with respect to
& and then with respect to 1. Algorithm 2.5.1 is obtained by
applying the one dimensional convolution procedure to the in-
ner integral, with y and 7 fixed, and then again applying the
one dimensional procedure to the remaining integral. A dif-
ferent algorithm results by reversing the order of integration,
although numerically the results are virtually the same (see
Problem 2.5.2).

2. This algorithm follows directly from the one—dimensional pro-
cedure of §1.5.9 (see [S1, §4.6] or [S7]).

3. If we conveniently set [p; ;] = P, X1 = X, X '=Xi, Xy =
Y,Y!=Yi, [g;] =G, and [F (s§” ,s§2>)] — F then the
steps 4. to 8. in this algorithm can be written as a one-line

MATLAB® statement, as follows:

P=Xx*(Fx(XixG*Yi)xY/ (2.5.5)
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4. Once the entries p; ; of P = [p;;] have been computed, we can
use these numbers to approximate p on the region B via Sinc
basis approximation. To this end, we set p(e) = e‘i’(l), which
enables us to define the functions (see Definitions 1.5.2 and
1.5.12)

YO = sine{[¢® —ih]/h}, €=1,2; i=—Ny,...,Ny,

wl(f) — ,yi(@), ¢=1,2; i=—-Ny+1,...,N,—1,
(0) 1 S Lo
w([) _ p(f) B Nz—l ejhf' ’y(z)
Ny 1 +p(€) =i, 1 +€]h[ J
(2.5.6)
Then
S W @)
p(z,y) ~ Z Z pigw;  (z)w;” (y). (2.5.7)

i=—M; j=—M>

This last equation can also be written in a symbolic notation
via use of our previous definitions of §1.5.4. Upon setting wl) =
(w(j])\/[j, ey w%?), for j = 1,2, and letting P defined as
above, we can write

p(z,y) = w(l)(aj) P (w(2) (y))T (2.5.8)

Let us briefly discuss the complexity of the above procedure. We
can easily deduce that if the above two dimensional Laplace trans-
form F' is either known explicitly, or if the evaluation of this trans-
form can be reduced to the evaluation of a one-dimensional integral,
and if:

p(-,y) is analytic and of class Lip, on (a,by) for all fixed y €
(ag ,bz) y and

p(z,-) is analytic and of class Lip, on (ag,b2) for all fixed =z €
(al 7b1) )
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then the complexity, i.e., the total amount of work required to achieve
an error € when carrying out the computations of the above algo-
rithm (to approximate p(z,y) at (2N + 1)? points) on a sequential
machine, is O([log(¢)]%).

It is easily seen that the above algorithm extends readily to d dimen-
sions, in which case, under similar conditions on the functions, the
complexity for evaluating a d—dimensional convolution integral over
a rectangular region (at (2N 4 1)? points) to within an error of ¢ is
of the order of [log(g)]?¢+2.

2.5.2 RECTANGULAR REGION IN 3 —d

We illustrate here an explicit procedure for approximating a three
dimensional convolution integral of the form

p(z1, 22, 23) =

T3 by rxq
///f(a:l—51752—xz,xg—§3>g(§1,§2,§3>d§1d§2d§3,

(2.5.9)
where the approximation is sought over the region B = H?zl X
(ag,by), and with (ag, b)) € R. We select My, Ny, and hy, £ =1,2,3,

_ . . . 0 ) -1
set my = My+ Ny+1, specify the Sinc points by z; = (qﬁ ) (7he),

for j = =My, -+, Ny. Next, we determine matrices Ay, X, and Sy,

A = hISVDA/e) = XeSeX;', £=1,3

TNT 3 (2.5.10)
Ay = o (I,7) D(1/gh) = X28:X;".

Here, Iy({gl) is defined as in the previous subsection, and the S, are

diagonal matrices,

Sy = diag[s(_ézw, e ,35\2]. (2.5.11)

Arbitrarily taking ¢y € [(by—ay), 00|, we define the Laplace transform,
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H(sM, 5@ s®)

c1 c2 c3
= / / / f(z,y, 2) exp(—z/sM) —y/sP — 2/53)) dz dy da.
o Jo Jo
(2.5.12)
Algorithm 2.5.2 Convolution over 3 — d Rectangle

1. Form the array zi(é), and %Qﬁ(ﬁ)(x) at z = 29 for £ = 1,2,3,

i

and i = —Mpy,---, Ny, and then form the array

[9i.5.k] = [g(zgl)azj(z),zz(f))]-

2. Determine Ay, Sy, and Xy, for £ = 1,2,3, as defined in (2.5.10).
3. Form h. j; = Xflg,j,k:;
4. Form k; ., = Xg_lhz‘,,k?
5. Form m; ;. = X3 'k; ;. ;

6. Form ti,j,k = H(Sz('l)a S(‘z)a 81(43)) Mijk s

7. Form rig. = X3ti7j7' N
8. Form q; . = Xor; . 1;

9. Form P.jk = qu-,j,k~

2.5.3 CURVILINEAR REGION IN 2 —d

A Dbig asset of finite element methods is that they readily enable the
solution of PDE over curvilinear regions. Here we derive a procedure
for approximating a convolution integral over a curvilinear region
which will enable us to solve PDE over curvilinear regions via Sinc
methods. Following this derivation, we also give an explicit version
of an analogous three dimensional algorithm.

As witnessed in §2.5.1 and §2.5.2, multidimensional Laplace trans-
forms of Green’s functions enable very efficient procedures for eval-
uating convolutions of Green’s function integrals over rectangular
regions. And although the transformation (2.5.17) below (which is a
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transform the square (0,1)?) to the region defined in (2.5.14)) de-
stroys a convolution, we were fortunate that the more general one
dimensional convolutions of §1.5.11 can be applied. That is, we can
approximate the transformed integral by using the Laplace transform
of the original free space Green’s function.

a. The General Case. We discuss here approximation of the inte-
gral

p(a,y) = / / fa—d y—y,oy)de dy. (2.5.13)
B

Here B is the region

B={(x,y): a1 <z <by, a(x) <y < ba(z)} (2.5.14)

where for purposes of this illustration a; and by are finite constants
and ag and by are analytic arcs defined on (aj,b;) (See §2.6 below.).

One procedure for solving a PDE over B is to first transform and
then solve, the PDE into another one over (0, 1) x (0,1).This indeed
has been done in [Pal, via Sinc collocation of the derivatives of the
PDE. While such a procedure is accurate, it nevertheless leads to
large matrices. However, Sinc convolution enables us to avoid large
matrices. We mention, when the PDE over B is solved on B via a
convolution integral expression involving Green’s functions, we must
exercise skill in order to be able to use the same Laplace transforms of
the Green’s functions after making the transformation of the region
(2.4.14) into a rectangular one.

We first split the integral representing p into four integrals:

p=rit+ra+r3+rs (2.5.15)
with
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Ty
o= / / fla—2a', o' y—y', o) dy da’,
a1 Jaz(z')

b1 ry
ryg = / /(/)f('r—x/7x/7y_y/7y/)dyldx/7
T az(x
» (2.5.16)
T 2 (x
r3s = / / f(:U—:U',x/,y—y/,y/)dy/daﬁ/,
a1 Jy

bl bQ(:B/) / / / / / /
ry = / / f(l‘_l‘ax,y—y,y)dydf
z Jy

Each of these can be treated in exactly the same manner, and we
shall therefore consider only the first of these, namely, ri(x,y).

The integral representing r; over B can be readily be transformed
into an integral over the unit square by means of the transformation

r = ai + (bl — a1)£/
2.5.17
Vo= a@) + () - axla). (2:5.17)
In view of this transformation, we now set
g o= bi—a, (2.5.18)

T = () = bala) — arla).

This transformation enables us to replace the above integral 1 by
P& n) =

13
/0/O"fw(»s—&’),al+ﬁ£’,v<n—n’>,a2<x’>+7n’>mdn’d§’.
(2.5.19)

It is convenient, for purposes of explaining the details of the proce-
dure, to use the notations

c2
flz,2,0,y) = / fla, 'y, ') e V7 dy

0
(2.5.20)

A~

c1
foaoy) = [ Fwa oy e da,
0
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v(8)I-

We now approximate the repeated integral P by first performing the
integration with respect to 7 (for which we show only the dependence
on 7, the remaining variables being fixed). Thus, we set

where ¢; >

= [(16E-€). 8¢ v @), v By (2521)

This integral can be approximated in exactly the same manner as
the integral p of (1.5.61). To this end, we first require the following
Laplace transform,

/ FBE a1+ BE vy, azx(a) +~n) Bye 7 dy
—/ FBEBE, y,as@) +yn)ve V0V dy  (2.5.22)

Ef(/6€7 a1+/8§/7 Yo, QQ(‘I/)—F’YT/)ﬁ‘

where in the above, c5 > ca/ maxec(o 17 [7(§)]-

Then, denoting B = As (as in (2.5.10) above) to be the Sinc indef-
inite integration matrix over (0,1) with respect to 7, diagonalizing
B = X559 X2_1 =Y TY !, where T = S, is the diagonal matrix,

T:diag[a_MQ, O'NQ] N

and then with Y = [y;;], Y ! = [y¥/], and using the last equation in
(1.5.64), we get

No

p(nn): Z Yn,k *

k=—DM>

No _
ST FBE-€), ar+BE . ax@) +yon, v B
=— M,

(2.5.23)
Next, integrating p with respect to & from 0 to &, letting A =
A; denote the Sinc indefinite integration matrix of order m; =
M; + Ny + 1 over (0,1) with respect to ¢, and diagonalizing
A=X1 85X = XSX, with X = [z], X~! = [#7], and
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S = diag(s—a, ---, Sny), and again applying the last equation in
(1.5.64), we get

(fmyﬂn%mEZl’mzZ Zynkzy
— My Jj=M; k=—

f(Bsi, BE . &) or, v(E)m) BAE).
(2.5.24)

Algorithm 2.5.3 Nonlinear 2 — d — P Convolution

1. Determine parameters My, Ny, hy, set my = My + Ny + 1,

set Jg ={-M, ..., Ny}, £ = 1,2, determine Sinc points
{53} g, - and {7]] N _ 1, » and function values 3; = B(&5),
Wlth]_—Ml, ceey Nl.

2. Form the integration matrices

A = hlf(_l)D(ew/(1+ew)2); w=khy,keJp,
= XSXi; X=lz5], Xi=X!=[2"]

diag (s—ay s --- 5 SN1)

B = hQI(l)D<(1jj)2); w="kho ke,
= YTYi, Y:[yij]v Yi:Y_lz[yij]y

T = diag(o_p, - 5 ON,)-

N
I

(2.5.25)

3. Assuming an explicit expression for f defined in (2.5.20) above,
form the array {K(j,i,k,¢)} , with

K(j,i k. 0)

F(Bsiyar+BE, (&) or,az(ar + BE, (&) ne) BA(E)).

where (i,7) € J1 x J1 and (k) € Jo x Jo.

Remark. Setting v = max(my,mz) this step requires O(v*)
operations.
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4. Set P(j,i,k) = K(j,i,k.:) (Yi(k,:))";
5. Set L(i, k) = X (i,:) P(:,i, k);
6. Set Q = [gm.n) =XLYT.

Remark. At this point the entries q(m,n) approximate the values
P(&m, mn), ie.,

P (é-ma nn) ~ Q(mvn)- (2.5.26)

Note, also, that under assumptions of analyticity of function f in
each variable, with the remaining variables held fixed and real, the
complexity of evaluating the above “general” two dimensional convo-
lution integral (2.5.13) for p over the curvilinear region B of (2.5.14)
at (2N +1)?2 points to within an error of ¢ is of the order of (log(e))®.

b. A Specific Case. Let us now also consider the special, practical,
more important case of

raw) = [ [[Gla—o y=i)o )y ar, (2527

where B is again defined as in (2.5.14). The Sinc approximation of
this practically important case requires less work than that of p(z,y)
above.

In this case, again splitting the integral as in (2.5.15)—(2.5.16), we
consider only the transformations (2.5.17)—(2.5.18) applied to the
integral 1 from (2.5.16), and arrive at the integral

R(&,m) =
¢ (2.5.28)
| [ eBE—e)yam—uaa v)prands
0o Jo
where, by (2.5.18), 2/ = a1 + ¢ and y' = az(2’) + v7'. Instead of

considering each of the equations (2.5.20) separately, we can consol-
idate into a single step, and write

G(s,0) :/0 /0 G(x,y) e 579/ dy dz, (2.5.29)
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where for convenience of notation, we have chosen the upper limits
in the Laplace transform to be infinite, although finite limits are

required for some functions G.

The notation of (2.5.29) then yields

/Ooo /Ooog(/@f, Y1) Qg_f/s—n/tfﬂ»yclfCl??:C;Y(ﬁs7 yo).  (2.5.30)

Proceeding like in (2.5.13) above, we get

R(&m 1)
Ny N, B No Ny
N Tmn = Z Tmi Z x¥ Z Yn,k Z ykﬁ (2531)
i=—M, j=M; =—Ms> =—M>

G(Bsi, v(E&) o) 9(BE, v(E) i)

Algorithm 2.5.4 Nonlinear 2 — d — R Convolution

1. Determine parameters My, Ny, hy, set my = My + Ny + 1,
¢ = 1,2, determine Sinc points {fj}j.v:l_Ml, and {nlyg}i\z_M27
and values v; = v(§;), j =My, ..., Ni.

2. Form the integration matrices

h w
A = I(_l)D<L>;w:kh1,ke [—My, Ny,

(1+ew)? -
= XSXi; X=[xj], Xi=X1=[2V]
S = diag(s—aq, -5 SNy)

_ hg €
B = I( 1)D<(1—i7)2>7w—k‘h2,k6[—M2,N2],

= YTY ', Y= ijl, Yi= y-1 = [yij],
T = diag(a,Mz, ey O'NQ).
(2.5.32)
3. Assuming thatG in (2.5.29) is explicitly defined, form the ar-
rays {G[Q] (i, 7, k)} , and gl4(j4,0) , where
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G[2}(Z7]ak) = G(ﬁSi, 7]0-/6)
923G, 0) = glai+ B¢, aslar + BE) +vjm0) -

Note: Setting up the array G2 (i, 7, k) is an O(v®) operation,
for the case of v = max(my, ma, ms).

4. Eliminate the index “¢”, via the tensor product taken with
respect to £,

WG, k) = g2 (5,0) (Yilk, 0)) ;

5. Set HP(j,i,k) = G[2](i, 4, k) R (j, k) for all (i,4,k). (This is
a “Hadamard product” calculation which requires O(3) oper-
ations.)

6. Eliminate the index “j”7 by performing the following tensor

product with respect to j, ie., setting
K (i, k) = Xi(i, j) H? (j,i, k).

7. Setr= X KYT | with r = [r,,,].

Remark. The entries r,,,, computed via this algorithm approximate
the values R(&,, ,m,) with R(£,n) defined as in (2.5.28).

2.5.4 CURVILINEAR REGION IN 3 —d

We now describe an analogous procedure for approximating three
dimensional indefinite convolution integrals of the form

p(z,y, 2z ///fa:—a: Z,y—y .y, z2—2, 2)dd dy d.
(2.5.33)
and also, the more special but practically more important integral,

xy7 ///fl“—:c7y y Z_Z)g(Ilvy/wZ,)dCC/dy/dZ/.
(2.5.34)
We shall assume that the region B takes the form
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B = {(z,y,2) :

a; <z < by, ax(x) <y <baz), ag(z,y) < z < bs(z,y)}.
(2.5.35)

a. Approzimation of p(z,y,z).

The definite convolution integral p(z,y,z) can be split up into 8
indefinite convolution integrals, the approximation of each of which
is, carried out in the same procedure, except for use of different
indefinite integration matrices. We now give an explicit algorithm
for approximating one of these, namely, that of the integral

pl(l',y,Z) =

T ry z
/ / / fle—2' 2 y—y v, 2—2,2)d dy da’.
a1 Jag(z’) Jaz(z',y')
(2.5.36)
The region B can be readily be transformed to the unit cube by

means of the transformation

I a + [bl — al]f’
Y= ax(@’)+ [baa’) — as(a)] 1, (2.5.37)
2 = as(a’,y) + [bs(2"y) —as(<, y)] .
Once again, we use the more compact notation
B = b—a
v = (&) = ba(z") — az(a’) (2.5.38)

b = 6(5/ ) 77’) = bg(fL’/, y/) - a3($/7 y/)
by which the integral (2.5.36) becomes

pl(xvyv Z) = P(ﬁﬂla C)

€nC
—///f €—€), ar+ B A0—r), - 5

cag+yn, 6(C =), a3+¢)ByodC dn dE'.
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Let us now set?

f(r7 $,7 87 y’? t? Z,)

:/ / / f('wilvyvylazaz/) eXp (_E_y_z> dzdyda:
0 0 0 r S t

Then

/OOO /OOO /000 exp(—¢/r —n/s = (/1)

S(BE a1+ BE yn, a2+, 6, a3+ (") Bydd¢dndg

= f(Br,a1+ B2, 7s, ag+~y,0t, az+07).
(2.5.41)
Let us now determine parameters M,,; , N,,s, m,y = M+ N,,+1 and
h,, n' = 1,2,3, let us determine Sinc points {fi/}iv}wl , {nj/}ivj/[? ,
and {Ck/}fﬁwg, and coordinate values =z, = ai + B&, yg,d-, =
az (i) + i nyr s and 2y = az(@i, yir o) + O jr G-

Let us also form the matrices

ew

A = h I<—1>D(7)- =jhi, je[-M;,N
1 dten)2)’ w=]jhi, ]6..[ 1, V1]
= XRX ', X=[x], X '=Xi=][z2¥]

R = diag[r_u;, ...,wer].
B = h I<1>D(€7)- = khy, ke|-My,N
2 A+ew))’ w 2, k€[—Mz, Ny

YSYy=t, Y=lyyl, Y I=Yi=[y7],
diag [s_nzy 5 - -- 7w3N1] ;
_ hfu)D(@i ; w=~Chy, (€ [-M;,N:
¢ ’ dtew)2) 700 ..E[ s
= ZTZ7Y, Z=|u), Z7'=Zi=[]
T == diag[thga "'7tN3]'

0
I

(2.5.42)

3For convenience, we take the upper limits in the Laplace transform of f to
be infinite, although this may not always be possible.



2. Sinc Convolution—BIE Methods for PDE & IE 202

In these definitions, the dimensions of the matrices I M are My, X My,
withn=1, 2, 3 for A, B, and C respectively.

Then, setting

GBI, i, 5,5 k, k')
(2.5.43)
= f(Bri,B& , virsj,Yirnjrs 0w jr i, 0ir jr Cur).

we get the approximation P(&,Mm ,C(n) & Pemn , Where

Peommn =
Z Zei Z i Z Ym,j Z Y Z Zn,k Z 2P (2.5.44)
i i J 3’ k k!

G[Q] (Zv il?jajlv k? k/)
Algorithm 2.5.5 Nonlinear 3 —d — P Convolution

. Determine parameters M,:, Ny, my, = My + N, +1 and
Iy, set my = M, + Ny + 1, determine Sinc points &, 1/,
and (js as well as the numbers v;» and dy j» as above.

. Form the matrices A, B, C, and determine their eigenvalue
decompositions as in (2.5.42) above.

In these definitions, the dimensions of the matrices I} are
My X Mgy withn’ =1, 2, 3 for A, B, and C respectively.

. Form the array {Gm(i,i’, 7. i, k:,k’)} , with
GPI(i, @', j, j' k. k)

= f(ﬁ T 7ﬁ€i’ s Vil S5, YTy 5@",]" tka(si/,j’ Ck/)

where i and ¢ are integers in [—Mj, Ny|, j and j' are integers
in [-Ms, Ns|, and k and k" are integers in [— M3, N3].

. Eliminate k', by forming the following tensor product with
respect to k':

HAG Ji,5,5 k) = GBG, 4, ik k) Z(k, E).
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5. Eliminate i’ by performing the tensor following product with
respect to '

KPi, 5.k, 5 = X(,)HA Ji,5,5 k).

6. Eliminate j' by forming the followings tensor product with
respect to 7’ :

LG, 5. k) = K&, 5k, 7)Y (5,5

7. Eliminate k by taking the following tensor product with respect
to k:

M n,5) = LB, j k) Z(n, k);

8. Eliminate j by taking the following tensor product with respect
to j:

NE(i,m,n) = MB(i,n,5) Y (m,j));

9. Eliminate ¢ by taking the following tensor product with respect
toi:

Peom n :X(KZ)N[Z](l,m,n)

Remark. Having computed the array {py , »}, we can now approx-
imate p(z,y, z) at any point of B by means of the formula

N1 No

12,2 Z > Zpemnwg ©)w@ ) wd(C),

— N1 m=—N2 n=—N3
(2.5.45)
where the w(@ = (w (d])\/[ ,...,w](\c,lz), are defined as in Definition
1.5.12, but with (£,7n,¢) defined as in (2.5.37). Of course, to get
p(z,y,2), weneed to traverse the above algorithm seven more times,
in order to similarly compute seven additional integrals, ps, ..., ps
of the same type, and then add these to p;.
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The formation of G2 in Step 3. of the above algorithm requires
O(v5) operations, and consequently, the complexity of approxima-
tion of the function p of (2.5.33) via use of the Algorithm 2.5.5 to
within an error of € is O(|log(e)|*?).

We next consider the special but more important case of ¢ needed
for applications, which can be accomplished with less work.

b.  Approximation of q(x,y,z).

We again split the integral ¢ as a sum of eight integrals, and first
consider

q(z,y,2) =

Ty z
/ / / f(:L‘—:L",y—y',z—z')g(x’,y',z’)dz’dy'dx'.
a1 Jaz(z') Jaz('y')
(2.5.46)
Under the transformation (2.5.37), g1 becomes @), where

Q(&néé) .
n / ! /
:/0/0/Of(ﬁ(&—&)m(n—m,a(c—c»- (2.5.47)

-g(a1 +ﬁ£,7 (12+’Y77/, a3+5cl)575dcld7)/d§/,

where 3 = by —ay, y(2') = ba(2')—az(2’), and (2" ,y') = bs(2',y')—

asz(z',y).
Let us set
o0 o0 oo
F(r,s,t):/ / / flz,y,2) exp(—g—y—i) dz dy dzx.
0 o Jo r S t
(2.5.48)
Then, we get

0o oo Oof(ﬂf,’ynyfsoﬂ’yée)(p &om ¢ d¢ dn d¢
I (-3

=F(Br, vs, dt).
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Let us now form the arrays

®(i,i', 5,7 k) =F(Bri, vy sj, 0 tr)

V(i 5 K) = glan + BE&r s aa(@l + v myr s as(ls Yy 1) + 0 g G-
(2.5.50)

By proceeding as for p1(z,y, z) defined in (2.5.39) above, we now get
the approximation Q(&¢, nNm, ¢u) =~ q(¢, m, n) where

¢, m,n =
PIED IS DD DENS DS ¥
i il J 3’ k k!

'(I)(Z.ai,uj7j,7k)¢(i,>j,7k,)'

We can evaluate g ,, , via the following algorithm.

Algorithm 2.5.6 Nonlinear 3 — d — (Q Convolution

1. Determine parameters M, , Ny, my = M, + N,y +1 and
hy, Sinc points &, 1, and (p as well as vy and dy ;o as
above.

2. Form the matrices A, B, C, and determine their eigenvalue
decompositions as in (2.4.42) above.

In these definitions, the dimensions of the matrices I(!) are
my, X my withn=1, 2, 3for A, B, and C respectively.

3. Form the arrays
{FRIG,, 5.5 0}, {d¥6.5 0},
with

F[Q](i’i,aj’j,ak) = F(ﬁrl Yir S5 5i’,j/ tk)

and with



2. Sinc Convolution—BIE Methods for PDE & IE 206

= glar + B&r, aa(wi + vy, az(@y, i o) + Oir jr tir)

Here i and ¢ are integers in [—Mj, N7], j and j' are integers
in [-Ms, Ns|, and k and &’ are integers in [—M3 , N3].

Note: The formation of the array {FI?(i,#, 7,4, k)} requires
O(v®) operations.

. Eliminate k', using tensor product multiplication with respect
to k',

R G k) = g5 KD Zi(k, K.

. With Hadamard product operations, form the set

G i, g5 k) = FPIG, 0, g, ' k) PG 5 ).

. Eliminate 7', by taking the tensor product with respect to 7',
HP (G, k, j') = Xi(i, i) GP( iy, 5 k).

. Eliminate j" using the tensor product with respect to 5,
KB, j, k) = HPG j k) (Yi(G . 5)"

. Evaluate L2 (¢,7,k) using the tensor product with respect to
i,

L, 4, k) = X (0,49) K2 (i, j, k).

. Recall that m,, = M,, + N,, + 1. For each ¢ = —M;, ..., Ny,
form the mg x mg matrix U = [u; 1] with u; j = L€, 4, k),
and then form a matrix V' = [v,, k] by taking the product

V=YUZT.
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Then form the array

q¢mn = Um n-

Note: At this point we have formed the array gy ,, , Under suitable
assumptions of analyticity with respect to each variable on the func-
tions f and ¢ in (2.5.34), the complexity of approximation of ¢ to
within an error of ¢ with this algorithm is O(|log(¢)['?). Once this
array, as well as seven similar ones, corresponding to the approxi-
mation of the other seven indefinite convolutions have been formed,
we would sum, to get an array gy ,, ,,- We can then approximate the
function ¢(z,y, z) to within ¢ for any (z,y, z) in B via the expression

g(z,y, 2 Z Z S Gt (€ w () w® (0).

—N1 m=—N2 n=—Nj3

2.5.5 BOUNDARY INTEGRAL CONVOLUTIONS

Our approximations of convolution integrals are based on Laplace
transforms, for which we have assumed that the original integral is
along a straight line segment. We have already illustrated an ex-
tension of Sinc convolutions from a line segment to an arc in our
approximation of the Hilbert and Cauchy transforms at the end of
§1.5.12. We shall here similarly illustrate the procedure for convolu-
tions over surfaces that are smooth boundaries of three dimensional
regions.

Specifically, we assume that B is a simply connected region in IR3
with boundary 0B, such that the number ((7) defined as in (2.2.20)
exists and is positive for all ¥ € 9B. We will furthermore assume that
0B consists of the union of p patches,

p
oB= ] 5. (2.5.53)
J=1

with each patch S; having the representation

Sy = {F = (4 (7),v (), v (7)) : & € (0,1)%} (2.5.54)
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with @ = (£,7). Each of the functions v/, v/ and w’ belonging to
the space X ((0,1)?) of all functions g() such that both functions
g(-,n) for each fixed n € [0,1], and g(¢,-) for each fixed { € [0,1]
belong to M'. These spaces are discussed below in §2.6.

Let us first consider the approximation of the convolution integral

N g(r) N o=
f(r)—/[g|F_f,|dA(r), Fes, (2.5.55)

where dA(7") denotes the element of surface area (see §2.1.3).

Transformation of S of Eq. (2.5.54) to (0,1)? enables us to replace
the integral (2.5.55) with a system of p integrals over (0,1)? of the
form

N\ P GK(5/) 5 ds’
FJ(a)—KX_;//(OJ)Z —W&)_F(ENJK( )da’ (2.5.56)

for J =1, ..., p, with Fj the transformed restriction f; of f to
Sy, with Gx the transformed restriction gx of g to Sk, and with
Jx the Jacobian of the transformation.

It is recommended to use repeated Sinc quadrature to approximate
the integrals on the right hand side of (2.4.56) for the case when
K #J.

We can use Sinc convolution for the case when K = J. To this end,
set

fj(a)://o 1 9,(0,7) 45 (2.5.57)

with
Gs(7,5")=Gy(5,5) T3 il (2.5.58)
P i (e) — (@) -
Now with note that Gs(¢,¢,n,n) = Gy(6,5") belongs to

X ((0,1)?) as a function of (£,¢), and similarly, with (¢, ¢’) fixed,
it belongs to X(*)((0,1)?) as a function of (n,7'). Furthermore, the
integral (2.5.57) taken over (0,1)? can be split into four indefinite
convolution integrals, of the form,
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13 1
/ /n R(E— €€ n—n'n)dy d. (2.5.59)

Fach of the one dimensional integrals in this repeated integral can
now be approximated in a manner similar to the way the integral p
in (1.5.61) was approximated. The algorithmic details are the same
as those of Algorithm 2.5.3.

PROBLEMS FOR SECTION 2.5
2.5.1 Justify the details of Steps #3 to #9 of Algorithm 2.5.1.

2.5.2 (a) Derive an explicit algorithm similar to Algorithm 2.5.1, but
based on changing the order of integration in the definition of
p(z,y) in (2.5.1).

(b) Prove that the algorithm obtained in (a) yields the same
solution [p; ;] as that of Algorithm 2.5.1.

2.5.3 Expand Algorithm 2.5.4 in full detail.

2.5.4 Prove that the function G;(5,5’) defined as in the last para-
graph of §2.5 does, in fact, belong to the space X ((0,1)?).

2.6 Theory of Separation of Variables

In this section we discuss the mathematics of solutions of partial
differential equations (PDE) via boundary integral equation (BIE)
methods. We shall make assumptions on analyticity that enable us to
construct exponentially convergent and uniformly accurate solutions
using a small number of one dimensional Sinc matrix operations.
This is our separation of variables method. We achieve this by first
transforming the PDE problem set on a curvilinear region into a
problem over rectangular region. We then obtain an approximate
solution via one dimensional Sinc methods. For purposes of peda-
gogy, our discussion is limited mainly to standard linear elliptic, as
well as to linear and nonlinear parabolic, and hyperbolic PDE.

Partial differential equations are nearly always modeled using or-
dinary functions and methods of calculus, and we are thus nearly
always granted the presence of analyticity properties that fit natu-
rally with the methods of solution enabled by Sinc methods. When
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solving PDE using Sinc methods, we would, on the one hand, like
to achieve the high exponential accuracy of one dimensional Sinc
methods of §1.5, and on the other hand, we would like to have a fast
method of execution. We shall spell out in this section how we can,
in fact achieve both of these goals. In order to simplify our proofs,
we shall assume in this section that the region over which the PDE
problem is given is both simply connected and bounded. We will
then be able to transform all n—dimensional PDE problems to the
multidimensional cube (0,1)%.

§2.6.1 below contains a discussion of the type of piecewise analyticity
possessed by coefficients and solutions of a PDE when an engineer
or scientist models the PDE. We also briefly mention the function
spaces associated with solving PDE via the popular finite difference,
finite element and spectral methods. All-in—all, the number of re-
gions can expand out of hand, and the process can become complex
and costly.

By contrast, with Sinc methods, a relatively few number of regions
will suffice. We introduce simple arcs, curves, contours, surfaces and
quasi—convex regions that can be conveniently transformed to the
unit cube without destroying the requisite analyticity of the associ-
ated function spaces, where separation of variables and exponentially
convergent Sinc approximation is possible.

§2.6.2 carries out two fundamental steps:

1. A given PDE with boundary of domain, with coefficients, and
with initial and/or boundary data belonging to appropriate
spaces X of the type discussed in §2.6.1, has solutions that
also belong to X, and

2. Solution of the PDE by one dimensional Sinc methods, our

separation of variables method.

Our discussions of this type in §2.6.2 thus cover two and three di-
mensional elliptic PDE,; as well as that of parabolic and hyperbolic
PDE.

2.6.1 REGIONS AND FUNCTION SPACES

Function spaces for studying PDE have been created largely by
mathematicians (e.g., Friedman, Hormander, Sobolev, Yosida), who
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use them to to prove existence of solutions. Most practical solvers
of PDE bypass creating proper function spaces necessary for effi-
cient and accurate approximation of solution of their own problems.
They instead settle for established spaces, such as those of Sobolev,
who developed an elaborate notation involving functions and their
derivatives and expended considerable effort in the approximation
of solutions over Cartesian products of one dimensional Newton—
Cotes polynomials that interpolate at equi—spaced points. It is per-
haps unfortunate that Sobolev spaces have become popular both for
constructing solutions using finite difference methods, and for con-
structing finite element type solutions. This widespread application
of Sobolev’s theory generates in general poorly accurate and ineffi-
cient methods of solution. Whereas most PDE problems in applica-
tions have solutions that are analytic, Sobolev spaces hold a much
larger class of functions than is necessary for applied problems. In
short, methods based on this approach converge considerably more
slowly than Sinc methods.

In short, spaces born from pure mathematics (e.g., Sobolev spaces)
do not take advantage of PDE’s that arise in the real world, this
is because calculus is nearly always at the heart of the modeling
process. Therefore, the PDE which emerge will exist in a union of a
small number of regions on each of which the functional components
of the PDE as well as the boundary of the region, and the initial
and/or boundary data, show up as being analytic on arcs which
themselves are analytic. Consequently, the solutions to the PDE also
have this analyticity property. An engineer, scientist, and even an
applied mathematician would be hard put to find an instance for
which the functional form of the PDE, the boundary of the region,
or the given data is everywhere of class C* and not analytic, or
for which the solution may have only one smooth first derivative,
but with second derivative at most measurable, and not piecewise
analytic on arcs in open domains.

While it is true should a finite difference or a finite element solu-
tion exactly meet the requirement of, for example, a certain Sobolev
space, it will converge at an optimal rate, as argued above. It is
highly unlikely such solutions will ever appear in practice. The Sinc
approach assumes from the outset analyticity as described above and
designs algorithms for solutions accordingly.
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The payoff with Sinc is huge. In d dimensions, assuming a solu-
tion is of class Lip! on a region, with finite difference or finite
element method using m equal to n® points, the convergence of
approximation is O (m_l/ d), whereas Sinc is able to achieve an

exXp (—C ml/(2 d)) rate of convergence.

Should a particular Sobolev space be chosen for the purpose of anal-
ysis of a finite difference or a finite element algorithm, then one
achieves optimal convergence to solutions that exactly meet the re-
quirements of the space. However because finite difference or finite
element methods do not take advantage of any existing analytic-
ity, this optimal convergence is nonetheless considerably slower than
what can be achieved with Sinc.

For example, consider the space of twice differentiable functions on
the interval (0, 1) with second derivative non-smooth on all subinter-
vals. Let suppose that an engineer actually encounters such a func-
tion f (an unlikely occurrence). Approximating f via the (n + 1)
Chapeau spline

n

(8™ f)(x Z £Gi/n) S8 (), (2.6.1)
with hat-like triangular basis functlon S yields a O (n~?) rate of
convergence. Using an basis Sinc approximation instead, in (2.6.1),
results in the same O (n™2) rate of convergence. However altering
f to be analytic on (O 1) and with second derivative continuous on
[0,1], keeps || f —S™ f|| at O (n~2), while using a Sinc approxima-
tion drives this error down to O (exp(—c nt/ 2)) Furthermore, this
convergence is preserved when singularities exist at the end—points of
(0,1), even when these singularities are not explicitly known, as long
as f is analytic on (0, 1) and of class Lip,[0, 1], with « a constant,
O<a<l.

In general spectral methods can outperform Sinc and achieve an
O (exp(—cn)) of convergence when functions are analytic in an
open domain containing [0,1]. Yet, for a function such as z¢, with

€ (0,1) (arising frequently in solutions of PDE), which does not
have a first derivative bounded on [0, 1], convergence of Sinc meth-
ods is still O (exp (— ent/ 2)) , whereas that of spectral methods as

well as that of the above spline approximation drops to O (n™).
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We should mention if the nature of a singularity in the solution of
the PDE is known (e.g., with reference to the above, the exact value
of a) in two dimensions it is possible to choose basis functions such
that no loss of convergence results with the use of finite element or
spectral methods. In three or higher dimensions the nature of the sin-
gularity cannot be known explicitly and convergence degenerates as
above. In fact Fichera’s theorem [Fr] tells us that an elliptic PDE in
3 dimensions has Lip,—type singularities at corners and edges, even
though the data is smooth, and the exact nature of these singulari-
ties while computable, are not explicitly known for three dimensional
problems.

One of the successes of Sinc approximations is the rapid conver-
gence these approximations provide when used properly and under
the right conditions. We have already identified in §1.5.2 the one
dimensional spaces of analytic functions Lg g q(¢) and M, gq(¢),
in which Sinc methods converge exponentially for approximation
over I', with I" denoting a finite, a semi-infinite, an infinite inter-
val, indeed, even an analytic arc even in the presence of relatively
unknown—type end—point singularities on I'. (See Definition 1.5.2.)
In this section we extend the definition of these spaces in a coher-
ent manner, for approximation over more than one such arc in one
dimension, and to regions in more than one dimension. Our main ob-
jective is to be able to solve PDE via one dimensional Sinc methods,
and thus gain drastic reduction in computation time for solutions
to many types of applied problems, especially for solutions of PDE
and IE. The success of applying separation of variables for evalua-
tion of multidimensional convolution—type integrals in §2.5 carries
over with equal success by reducing the solutions of PDE and IE
to a finite sequence of one dimensional Sinc matrix additions and
multiplications.

As already stated, problems will be set in bounded regions B. We
are thus able to reduce approximation over B in d dimensions to ap-
proximation over the d-cube (0,1)%. This is no restriction for Sinc
methods. For, if 1 maps bounded arc I'y to R, and ¢y maps un-
bounded arc T's to R, and if f € My, 5.4(2), then g = fop,top; €
M, s.4(¢1), then Sinc approximation over unbounded arc I'y is ac-
complished by Sinc approximation over I'y (Theorem 1.5.3).

We shall restrict our analysis to bounded regions, reducing all ap-
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proximations to approximations over (0, 1) in one dimension, and to
the n—cube, (0,1)% in n dimensions. This is no restriction for Sinc
methods however, since if, e.g., 1 is a map defined as in Defini-
tion 1.5.12 of a bounded arc I'1 to R, if 9 is a map defined as in
Definition 1.5.2 of an unbounded I'; to R, and if f € M, g 4(¢2),
then g = fo <p2_1 o1 € My gd(p1), ie., the requisite properties for
accurate Sinc approximation on I'y are, in effect, the same as those
required for accurate Sinc approximation on I'; (see Theorem 1.5.3).

Definition 2.6.1 Let ¢ denote the mapping ¢(z) = log(z/(1 — 2)),
defined in Ezample 1.5.5, and for some constants o € (0,1] and
0 € (0,m), let M =Mg,as(¢) be defined as in Definition 1.5.2. Let
M’ denote the family of all functions in M, which are analytic and
uniformly bounded in the region

arg (1%2)’ < 5} . (2.6.2)

Note here, our letting ¢, with ¢(z) = log(z/(1 — z)) denote the
conformal map of &; onto the strip Dy = {z € C : |Jz| < 0}. We
wish to distinguish this function ¢ from the more general function ¢
which maps an arbitrary region D onto Dj.

552{?:6@:

Analytic Arcs, Curves, Contours and Regions.

Let us begin with definitions of analytic arcs, curves, and contours.

Definition 2.6.2 An analytic arc T in R? is defined by

pila,,b] =T ={x(t)=(z*(t), ..., 2%(t)):a<t<b} (26.3)

with [a,b] a closed and bounded interval, such that for some pos-
itive constants o € (0,1] and § € (0,m), 27 € M = Mg, for
j=1,2, .....d, such that 0 < Z?Zl (a':j(t))Q, for all t € (a,b),
and such that the length of the arc is finite. Here the dot indicates
differentiation with respect to t.

We shall simply write T' € M, in place of p € M.

It is easy to show (see Problem 2.6.1) that if g € M, 55(D), for some
€ (0,1], B € (0,1] and 6 € (0,7), and with D = ¢~ (Ds) (see Eq.
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(1.4.36) and Definition 1.5.2), and if p € M denotes an analytic arc,
p:(0,1) =T =¢ (R), then f =gope M.

One must take care for computational purposes, to ensure that the
resulting numbers § and a are not unduly small. Consider, for ex-
ample, the case of I' = [~1,1], and f(x) = (1076 +x2)_1/2. After
transforming the interval [—1, 1] to the interval (0, 1), we would find
that f is analytic on (0,1) and of class Lip; on [0, 1], and also, that
f € My, with 6 = 1073, Such a small § results in poor Sinc ap-
proximation. However, if we were now to split the arc [—1,1] into
the union of the two arcs, [—1,0] and [0, 1], then f would again be
analytic and of class Lip; and moreover, f € M, s with 6 = 7/2 on
each of the arcs. We can similarly ensure that « is not unduly small
in the definition of the arcs. That is, if « is very small, we can nearly
always increase « by splitting the arc into a relatively small union
of smaller arcs.

Definition 2.6.3 A curve, BY) | is a union of v1 analytic arcs Ty,
with the property that if p* : [0,1] — T, then p'(1) = p'T1(0), for
(=1,2, ..., 01 —1.

We note that the curve defined in this manner is both oriented and
connected. It readily follows that a problem on a curve can be trans-
formed into a system of v; problems on (0, 1).

Definition 2.6.4 A contour, BWY is just a curve, for which p*' (1) =
1
p=(0).

Contours B can be boundaries of two dimensional bounded re-
gions, or boundaries of three dimensional surfaces, B(?). In such cases
we shall require that the interior angles at the junctions of two arcs
of I' are defined and positive. We do not otherwise restrict the size
of the interior angles. For example, when the arcs are in a plane,
we would have a Riemann surface emanating from a junction of two
arcs with interior angle greater than 27. Indeed, we have already
successfully obtained Sinc constructions of conformal maps in such
circumstances [SSc].

1. The Space X (B(l)> in One Dimension.
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Let us next define a class of functions on B® | which is suitable
for Sinc approximation.

Definition 2.6.5 Let BY) be defined as above, in terms of v1 an-
alytic arcs pg, £ = 1,, 2, ..., v1. The space x® (B(l)) de-

notes the family of all functions F defined on BY, such that if
pe:(0,1) = I'y, and if Fy denotes the restriction of F' to 'y, then
FroppeM ,0=1,2, ..., 1.

Remark. While the spaces M’ and X1 (B(l)) suffice for proofs in
this section, we may wish to describe more specific spaces for solv-
ing particular problems, although we shall always require piecewise
analyticity. For example:

— For purposes of quadrature or indefinite integration of g over B
we could require v, /¢" € Ly, 5(¢) , where v, = ggop, , and where
o(t) = log(t/(1 —t)), so that g can be discontinuous or even
unbounded at the junctions of the I';;

— For solving a Dirichlet problem in a region with boundary that is
a contour, we could require only that v; € M’ in order to get
a uniformly accurate approximation over the region so that g
can be discontinuous at the junctions of two arcs, I'; and I'; 1 ;
and

— When approximating the Hilbert transform of a function g, and
requiring that this Hilbert transform taken over a contour B()

should map a space X (B(l)) back into X (B(l)) , we would let

X (B(l)) denote the family of all functions ¢ defined on B |
such that g;, the restriction of g to I'; belongs to M.

Our definitions enable our using proofs only in spaces M’. These
spaces M’ are dense in all of the “larger” spaces of this paragraph.

2. The Space X2 (3(2)> i Two Dimensions.

Let us briefly motivate the type of analyticity we shall require in more
than one dimension. For the two dimensional case, let F' = F(z,y)
be a given function defined on the rectangular region (0,1)%, let
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T* and TY be one-dimensional operations of calculus in the vari-
ables x € (0,1) and y € (0,1) respectively, and let 7% and 7Y
be their corresponding Sinc approximations. These operators typi-
cally commute with one another, and we can thus bound the error,
T*TYEF —T*7TYF in the following usual “telescoping” and “trian-
gular inequality” manner:

|T* TV F — T*TY F)|
<|Tv (@ F - T F)| + |T° (IVF - TVF)||,  (26.4)
< |T¥| |T= F — T* F|| + | =] ||TY F — T¥ F| .

The last line of this inequality shows that we can still get the expo-
nential convergence of one dimensional Sinc approximation, provided
that there exist positive constants ¢; and co, such that:

1. For each fixed y € [0, 1], the function F(-,y) of one variable
belongs to the appropriate space M’ , and

2. the norm ||7Y]| is bounded;
and likewise, provided that

1. For each fixed x € [0,1], the function F(z,-) of one variable
belongs to the appropriate space M’ , and

2. the norm ||7%| is bounded.

According to §1.5, we would then be able to bound the terms on the
extreme right hand sides of (2.6.4) by

O (exp(—cl ni/Q)) +0 (eXP(—Cz n%/2)> ;

where n1 and ng are the orders of the Sinc approximation operators
7% and TY respectively.

Although the norm bounds of these operators 7, and 7Y do not al-
ways remain bounded as a function of their order ny , they increase at
a rather slow, polynomial function rate, as compared with a rate such
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as O (exp(—c n;/ 2)) Thus they do not appreciably change the expo-

nential rate of convergence®. ( See, e.g., Theorem 6.5.2 and Problem
3.1.5 of [S1]).

Let us now consider the case when the region B® ¢ R? is not nec-
essarily rectangular, although we shall assume for sake of simplicity
of proofs in this section, that B?) is simply connected and bounded.
Furthermore, we shall assume that the boundary of the region B®
is a curve BY) of the type described above, and moreover, that the
region B® can be represented as the union of rotations of a finite
number o of regions of the form

B = {(2,y)) s al <’ < by, d2(2)) <y <bA(2')}.  (2.6.5)
for J =1, 2, ..., vo. That is, the original region 832) can be
expressed in terms of (z,y) based on the rotation (z,y) = R%(z',v'),
where R?, is defined by the matrix transformation

RY (z,y) = («,1) ( —C(;Sr(l?;;) S:)I;((Zj)) ) , (2.6.6)

and where 6 is the angle of rotation. We then have

v2

B = | BY. (2.6.7)
J=1

We assume furthermore that any two regions BL(,Q) and Bg) with K #
J share at most a common analytic arc. In the above definition of
BSQ’*), al and b} are constants, while with 3 = b% —a? | a%(a} + 81) :
(0,1) — R? and b%(al +3¢) : (0,1) — R? represent analytic arcs of
the type defined above. Such regions BSQ’*) can easily be represented
as transformations of a square (0,1)? via the transformation

(@.y) = T m)

2.6.
2 = alyj+ by —ab)¢ (268)

Y a3 (2') + (b5 (') — a3(a")) n.

4We must, of course take special care for operations such as taking Hilbert
transforms; these cases can be readily dealt with.
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It thus follows in terms of the above transformations R?] and ’TJ(Q’*)

that any function F' defined on 322) can be represented as a function
G on (0,1)? via the representation G = F o R? o ,].‘](2,*).

Note that a problem over B can be transformed into a system of
vo problems over (0,1)2. Note also, that we have not excluded the
possibilities that a%(a!) = b%(a') or that a%(b') = b5 (b).

Definition 2.6.6 (a) A function G defined on (0,1)% will be said
to belong to X2 ((0,1)?) if G(x,-) € M/ for all x € [0,1], and if
G(,y) e M’ for ally € [0,1].

(b) Let B® RZ, 832’*) and ’TJZ* be defined as above, with J =
1,2, ...,vs. Let a function F be defined on B?, and let F; denote
the restriction of F' to BSZ). This function F will be said to belong to
X@ (8(2)) if and only if Gy € X@ ((0,1)?) for J=1,2, ..., va,
where Gy = Fjy oT\’,? o’TJz’*.

Suppose, now that F € X3 (8(2)> , with B®) represented as a union

2)

of the vy regions BS as above, and that F’; is the function F' re-

stricted to 852). Let v € 15’52) be an analytic arc of finite length, such
that p: (0,1) — =, with p € M'. Tt then follows that F;op € M’
(see Problem 2.6.1).

We can then solve the problem over (0,1)2, via a Sinc approximation
to get a “mapped” approximate solution which for each J can be
represented on (0,1)% by

Z Z 7w (). (2.6.9)

—M j=—

and where the functions w](k) are defined as in §1.5.4. We will fur-
thermore retain the desired exponential convergence of Sinc approx-
imation, provided that each of the functions U”(-,n) for all fixed
n € [0,1] and U’ (&, ) for all fixed £ € [0, 1] belong to M.

2)

To get back to approximation on B’ we simply solve for £ and 7 in
(2.6.8), i.e.,
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/ 1
T 1
by —ay

(2.6.10)
Y —ad(@)
T RE) - @)

to get the results in terms of (2,

) =
y'), from which we can then get
the solutions in terms of (x,y) via (

2.6.6).

3. The Space X((jz;(S) on a Surface S.

We also need to be concerned with analyticity on surface patches.

Definition 2.6.7 Let 5® : (0,1)2 — S denote a transformation
defined by p?(3) = (£(5), (), C(7)), whered = (t,7) , and where
each of the functions £(-,7), n(-,7), and {(-,7), belong to M for all
T € [0,1], and also, such that each of the functions &(t,-) , n(t,-), and
C(t,-), belong to M for all t € [0,1]. Let X)(S) denote the family
of all functions F = F(x,y,z) such that F o 5® € X®)((0,1)?).

4. The Space X3 (8(3)> in Three Dimensions.

Similarly, as for the two dimensional case, we shall assume that re-
gions in three dimensions, can be represented as a finite union of
rotations of quasi-convex regions of the form

333’*) ={(2,y,?) 1a} <2’ <b,

(2.6.11)
a?](a:’) <y < b%(az'), a?}](a:’,y’) <z < b?,(:c’,y')} )
That is,
v3
B = | BY, (2.6.12)
J=1

where 853) and 853’*) are related by a three dimensional rotational
transformation Ry

BY =R, B (2.6.13)
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where, with ¢ = cos(0y), s = sin(d;), C = cos(¢s), and S =
Sin(¢]) ’

(35/79,72,) = RJ(0J7¢J) —

z’ —-s —Cc¢ Sc x (2.6.14)
y | = c —Cs Ss Yy
z' 0 S C z

The region 353’*) can be represented as a one-to-one transformation
of the cube (0,1)? via the transformation

('Ila yla Z,) = %,J(& 51y C)

o = ay+ (b —a})¢ (2.6.15)
y = ay(a)+ b5(a) —a5(x ))
2= aj(@y) + (b5, y) — a2 y)) ¢

In the transformation (2.6.15) we have not excluded the possibility

that a?(a') = b%(a') or that a%(b') = b%(b'). Also, we have tacitly

assumed here that the functions a% and b?, are analytic arcs, and

that the functions a3 and b3 are “surface patch” functions belonging
to the space X3 ((0,1)?).

Definition 2.6.8 Let B®) 633), Ry, and ’TJ(?”*) be defined as
above, for j =1, ..., vs. Let Fj denote the function F restricted
to BSS), and set Gy = FjyoTj;0Ry. The function F will be said
to belong to X3 (B(S)> if the following three conditions are met for
J=1,2, ..., v3:

Gy(-,n,¢) € M for all (n,¢) € (0,1)%;
Gy(&,-,0) € M for all (£,¢) € (0,1)%; and
Gj(&,n,) €M for all (£,n) € (0,1)2.

We can then solve the problem over (0,1)3, via a Sinc approximation
to get a “mapped” solution which can be represented on (0,1)3 via
the Sinc interpolant
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T(&,n,¢) = Z Z Z U7 k0 (€ 0P () w? (0),

i=—Lj=—M k=—N
(2.6.16)

are defined as in

(k)

foreach J =1, ..., v3, where the functions w;

§1.5.4. Then we can get back to the region 833’*) by setting

7 —al

5 = bl _ CL{
J J

g = L@ (2.6.17)
b?f(:z’/ )_—agﬁ(g’) )

C — J ay

v (' y) — a3 (2, y)

Finally, we can then get back to the regions BL(,S) via use of (2.6.13),
and hence also to the region B®).

By proceeding in the way we did from two to three dimensions, we

can similarly define spaces X (%) (B(d)

) in d dimensions, with d >
3. Chapter 4 of this handbook does, in fact, contain examples of

solutions to problems in more than 3 dimensions.

2.6.2 ANALYTICITY AND SEPARATION OF VARIABLES

We show here, for linear elliptic, linear and nonlinear parabolic and
hyperbolic PDE in two and three dimensions, that if the coefficients
of a PDE, along with the boundary of a region on which a PDE
is defined, and the given initial and boundary data are functions
that are analytic and of class Lip, in each variable, assuming that
these functions belong to spaces of the type defined in the previous
subsection, then the solution of the PDE also has these properties.

Let us begin with the classic Cauchy-Kowalevsky theorem:

Theorem 2.6.9 Let the differential equation

> a’Dfu=f (2.6.18)

of order m be given, with the coefficients a® and f analytic in a
neighborhood of the origin, and with the coefficient of Dy} is not
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= 0 when z(z1,22,... ,2q) = 0. Then, for every function w that
is analytic in each variable in a neighborhood of the origin, there
exists a unique solution u of (2.6.18) analytic in each variable in a
neighborhood of the origin and satisfying the boundary conditions

Di(u—w)=0 when x; =0 and j < m. (2.6.19)

A nonlinear version involving time is the following:

Theorem 2.6.10 (Cauchy-Kowalevsky II) If the functions F', fy,
fi, -, fr_1 are analytic near the origin, then there is a neighbor-
hood of the origin where the following Cauchy problem (initial value
problem) has a unique analytic solution u = u(z,y,z,t) :

ak
Wu(x,y,z,t) = F(x7y7z7t7u7u$7uyvuz)7
a k™" order PDE (2.6.20)
o9
%u(x,y,z,O) = filz,y,2) forall0<j<k

We next consider separately, each of the following cases:

A. Two and three dimensional Dirichlet and Neumann problems of
Poisson’s equation;

B. Two and three dimensional linear and nonlinear heat problems;
and

C. Two and three dimensional linear and nonlinear wave problems.

The mathematical area of differential equations is open ended, and
it is therefore impossible to give proofs of separation of variables, in-
deed, even to give a proof of the requisite analyticity of solutions as
discussed above, for all types of PDE. In this section we thus restrict
our considerations to those PDE whose solutions can be written ei-
ther as an integral, or the solution of a linear or nonlinear integral
equation (IE) with kernel that is a product of an explicitly known
function and one of the Green’s functions discussed in §2.3. All proofs
of analyticity are similar for such equations, these being variations
of the method first proposed in Theorem 6.5.6 of [S1, §6.5]. Below,
we sketch some of these proofs.
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Laplace—Dirichlet Problems in Two Dimensions.

We discuss here in detail, analyticity and separation of variables for
two dimensional Dirichlet problems. These take the form

V2u(r) =0, 7eB®,
(2.6.21)
u(r) = g(r),7 € BY = 9B |

where B® and BY) = 9B@ are defined in §2.6.1 above, and where
g is a given real-valued function defined on B,

The solution of (2.6.21) is, of course, a harmonic function, whenever
g is such that a solution exists. But for simplicity of proof, we shall
admit all functions ¢ that are continuous on B(!), and such that if we
denote by g the function g restricted to I'j, where py : [0,1] — Ty,

then g; o p; € M. That is, g € X(1) (8<1>).

Let ¢ € BM = 9B®@ | and for given F € X1 (B(1)> , let us denote
the Hilbert transform of F taken over B by
PV F(t)

— dt. 2.6.22
mi Jgw t—( (2:6.22)

(SF)(C)

Let v denote a conjugate harmonic function of the solution w of
(2.6.21), and let f = u + iv denote a function that is analytic in

D= {z::c—i—iy eC: (z,y) 68(2)}. Let z € D, and let us set

1 p(7)
= d 2.6.23

/) Wi/[g(l)T—Z ’ ( )
where 1 is a real valued function on BM) | which is to be determined.
Upon letting 2 — ¢ € BM | with ¢ not a corner point of ', and
taking real parts, we get the equation [Hn]

p(Q) + (K p)(¢) = 4(¢), (2.6.24)
with K = RS p, and with ¢(¢) = q(z +iy) = g(z,y).

The integral equation operator K defined by Ku = RS wu arises
for nearly every integral equation that is used for constructing the
conformal maps. It has been shown in [Aga, Ah. I, §3] that this
operator K has a simple eigenvalue 1, for which the corresponding
eigenfunction is also 1. Furthermore, the other eigenvalues A\ such
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that the equation K v = Av has non—trivial solutions v are all less
than 1 in absolute value.

Writing x = (K — 1)/2 we can rewrite (2.6.24) as

1(C) + (k) (C) = q(¢)/2. (2.6.25)

It now follows that the norm of & is less than one in magnitude, and
so the series

o)

> (1P kP q/2 (2.6.26)

p=0
converges to the unique solution of (2.6.25). Since ¢ € Lip,(T"), we
know that ([AK]) Sq € Lip, ('), so that k¢ € Lip,(T"). It thus
follows by Theorem 1.5.3, that x : X(1) (B(l)> — XM (B(l)). The

sum (2.6.26) thus converges to a function pu € X1 (B(l)).

That is, since py : [0,1] — Ty, it follows, by Theorem 1.5.3, that
the function f defined in (2.6.23) above is not only analytic in the
region D but in the larger region

De = Lnj GleE b (2.6.27)
J=1

This means of course, that if { is any bounded analytic arc in the
closure of the region B®), then w o ((t) is an analytic function of ¢ in

£, and moreover, it belongs to M’. That is, u € X®) (B(2)).

We mention that the one dimensional methods of §1.5.12 and §1.5.13
can be used to solve these two dimensional Dirichlet problems, i.e.,
we have can obtain a solution via separation of variables.

Neumann Problems in Two Dimensions.

We consider here the solution to the boundary value problem

V2u(F) =0, 7eB®?,

(2.6.28)
% =g on BW =983

where n denotes the unit outward normal at points of smoothness
of B | and where we assume that g € X1 (B(l)). Let g5 denote



2. Sinc Convolution—BIE Methods for PDE & IE 226

the restriction of g to Bgl) and let v;(t) = gs(ps(t)), where py :

0,1) — Bgl) is an analytic arc. Then we have v; € M'. If u denotes
the solution to (2.6.28), then a function v that is conjugate to u,
is given on BM) by v = Su, and we also have u = Sv, where S is
defined as in (2.6.22). Furthermore, the Cauchy-Riemann equations
imply that

% = % =g, (2.6.29)
where t denotes the unit tangent at points of smoothness of B().
Given g(z,y) = q(z +iy) on B, we can thus determine p(z) =
c+ [7 q(t) dt, where c is an arbitrary constant, where the integrations
are taken along BU) | and where we can accurately carry out such
indefinite integrations via use of Sinc indefinite integration approxi-
mation along each segment le) of BU). We can thus solve a Dirichlet
problem to determine a function v, as we determined p above, and
having determined v, we can get 4 = Sv through a Sinc method
to approximate the Hilbert transform on each arc I'j. We can then
determine u in the interior of B through use of a Sinc method to

)

approximate a Cauchy transform on each I'; = Bf,l .

These outlined steps thus reduce the solution of two dimensional
Neumann problems to the solution of two dimensional Dirichlet prob-
lems using one dimensional indefinite integration and Hilbert trans-
forms. These are one dimensional procedures that can be carried out
efficiently with Sinc—Pack, The solution does of course depend on
the arbitrary constant ¢, and is thus not unique, a result predicted
by the Fredholm Alternative.

Solution of a Poisson Problem on B(?

A particular solution to Poisson’s equation
V2w(F) = —f(F), 7eB?, (2.6.30)

is given by

w@) = [ G@—¢ y=m e mdedn,  (2631)

where 7 = (2, y), and where G denotes the Green’s function
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G(z,y) = % log {ﬁ} . (2.6.32)
It will now be assumed that f € X(? (B(2)). A solution to (2.6.30)
subject to, e.g., given Dirichlet boundary conditions, can be obtained
by first obtaining the above particular solution w, and then adding a
solution of (2.6.21). Similar remarks apply for the case of a solution
to (2.6.30) subject to Neumann conditions.

Analyticity of w. Let us assume that B3 has been subdivided into

a union of a finite number of regions BSQ) as in (2.6.7) above, and

that f € X (8(2)). The above integral expressing w(7) can then
be written in the form

2
w(z,y) = Z /<2) Glx—2a, y—9) fx@, y)dd' dy'. (2.6.33)
K—1"Bxk

where fx denotes the restriction of f to Bg).

Theorem 2.6.11 If f € X?) (8(2)) , then w € X (8(2)>.

Proof. Consider first the case when (x,y) € BSQ) , and we are inte-

grating over Bg) ,with J #£ K. If 352) and Bg) do not have a common
boundary, then, after transformation of both (z,y) — (£,1) € (0,1)?
and (2/,y") — (¢',1') € (0,1)? via (2.6.8), we arrive at an integral of
the form

9 gJK(S? 6/7 n, U,)FK (6/7 77,) jK(€,7 n/)d£/ dT,/

(2.6.34)
where Gy is the transformed Green’s function, Fk is the trans-
formed fr, and Jk is the Jacobian of the transformation (2.6.8). We
then find that G(-,&,n,n") belongs to M’ for each fixed (¢',n,7n') €
[0,1] x [0,1] x [0,1], and G(&,-,&",n') belongs to M’ for each fixed
€,¢,n') € 10,1] x [0,1] x [0,1]. Tt thus follows, that the trans-
formed Green’s function belongs to X(2) (8(2)> as a function of

wJK(&?”) = ~/(0 1)
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(€,m), for each fixed (¢ ,7') on [0,1] x [0,1]. We thus conclude that
wik € X@ (BSQ)).

If J # K but BSQ) and Bg) do have a common boundary, then
Gz — &, y —n) is not uniformly bounded. In this case we again
transform over (0,1)? as above. However, instead of integrating over
(0,1)%, we integrate (in theory) over

0,07 ={( ) 1/48 < <1-1/45, 1/4" <q’ <1-1/4"}

=1,2, ....
(2.6.35)
o0
We get a sequence of functions {wﬁ- K}E E Upon fixing an arbitrary

n € [0,1] and setting u® = Wik (-,1), it is clear that the sequence
{u’}$° is an infinite sequence of analytic functions that is uniformly
bounded on £ for all fixed y € [0,1]. By Montel’s theorem, this
sequence has a convergent subsequence. It is clear, also, that the
sequence {u’(£)}$° converges for every fixed & € [1/4,3/4], so that
in particular, it converges at an infinite sequence of discrete points
on [1/4,3/4] that has a limit point on [1/4,3/4]. It thus follows by
Vitali’s theorem (see [S1, Corollary 1.1.17]) that the sequence {u‘}$°
converges to a function u that is analytic and bounded on £ for all
fixed n € [0,1]. It can furthermore be readily verified by proceeding
as in the proof of Theorem 6.5.6 of [S1], that u € Lip,[0, 1] whenever

f e X (5@).

Similar statements can be made for the sequence of functions {vf}$°,
t= w?]K ($ ’ )

It follows, therefore, that the sequence of functions {wf}K}:il con-

verges to a function w € X2 (BSQ)).

where v

We skip the proof for the case when J = K, leaving it to Problem
3.2.1, since it is nearly exactly the same as the proof analyticity
discussed above. m



2. Sinc Convolution—BIE Methods for PDE & IE 229

Separation of Variables Evaluation of the Convolution. Let
G denote the two dimensional Laplace transform of G,

G(s, o) = / / G(x,y) exp (—— - —) dx dy. (2.6.36)
o Jo s o
This function G is explicitly evaluated in the proof of Lemma 2.4.2.

We consider two cases, that for a rectangular, and that for a curvi-
linear region.

1. The Case of a Rectangular Region B. We consider, for simplic-
ity, the case of B = (0,1)2.

For purposes of indefinite integration on (0,1), let ¢(z) =
log(z/(1 —2)), w = (w_n, ..., wy) denote a Sinc basis for
(0,1), and in the notation of (1.5.49), select N, = N, N, = N,
hy =hy = h, take m =2 N + 1, and use the same Sinc points
Z_N, ..., 2N for approximation in both variables x and y. We
use the notation of Definition 1.5.12,

(TH)() = /0 LS

TN = [ 0.

(i) @) = w@)AVf, (2.6.37)
At = nIVD(1/¢),

(T f)(x) = w(@)BV [,

A™ = h(IEY)TD(/e),
and similarly for integration with respect to y, in which case

we replace A by B. Let us diagonalize these matrices, in the
form

At=x8x1' A =vysy! (2.6.38)

Here S is a diagonal matrix,

S:diag(s_N, ey SN).
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For convenience, we set Xi =X "' and Yi=Y L.

The above integral expression for w can be written as a sum
of four indefinite product integrals in the form

wz(/oy/0x+/oy/:+/yl/ox+/yl/:) G fde dn.
(2.6.39)

Each of these four product integrals can be evaluated using
Algorithm 2.5.1. Indeed, the second integral in (2.6.39) — call
it v — is of exactly the same form as the integral (2.5.1). With
G denoting the two dimensional Laplace transform of G, with
F the matrix having (i,7)™ entry f(z;,2;), and V = [Vi],
then by (2.5.5) the seven-—step Algorithm 2.5.1 can be reduced
to the following single line matrix (MATLAB®) expression

V=Yx*(GxYixFxXi))xX/' (2.6.40)

where X and Y are square matrices of eigenvectors of A and B
defined as above, and where we have denoted by G the m x m
matrix with entries G(s;,s;). This yields an accurate approx-
imation v(z; , zj) = Vi ;.

That is, we can evaluate an m x m matrix W = [W; ;] (with
m = 2N + 1) via the four line Matlab program

X*(G.* (Xi*xF*xXi.’))*X.’;
W+ Y*(G.*(Yi*F*Xi.’>))*X.’;
W + Xk (G.*x(Xi*F*Yi.’))*Y.’;
W+ Y*(G.*(Yi*F*xYi.’>))*Y.’;

= = = =
Il

to get the accurate approximation
w(zi, Zj) ~ Wi,j- (2.6.41)

We are thus able to approximate the above integral w applying
one dimensional Sinc methods and thus obtaining separation
of variables.
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2. The Case of a Curvilinear B . We consider here the case when
B = U2, 852) is a curvilinear region, with each BSQ) a ro-
tation (2.6.6) of the form of (2.6.5). In this more complicated
situation, we proceed as follows:

We transform each of these regions 852) to the unit square,

via the rotation (2.6.6) and the quasi-linear transformation
(2.6.8). For sake of simplifying our argument, we again take
Ny=Ny,=N,hy=hy=h,and my =my=m=2N +1,
so that the Sinc grid takes the form (&, 1;) = (2, #;j), where
{zj}]fN are the Sinc points on (0, 1).

If 7y =7(2, z) € 852) and we are integrating over Bg) , with
K # J, we simply use repeated Sinc quadrature to approxi-
mate each of the p — 1 integrals

Py (Tij) :/B H(7ij, p)dp (2.6.42)

for K =1, ..., vo, where H is the integral in (2.6.34), after
transformation of the variable 7 over (a possibly rotated) B
and the variable 7 over (a possibly rotated) By.

We skip here the case when K = J, since this case is discussed
in detail in §2.5.3, where an explicit separation of variables
algorithm, Algorithm 2.5.4, is described for approximation of
the integral.

Laplace—Dirichlet Problems in Three Dimensions.

Consider the Laplace-Dirichlet problem

V2u(F) =0, 7eB®
(2.6.43)
u(F) = g(F), 7 A=0B®

for which g is a real-valued function belonging to X(?)(S). The so-
lution u of (2.6.43) can be represented in the form

u(F) = % /S { an?F’) - ! = } W7 dAG) (2.6.44)
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where n(7) is the outward normal to 9B®) at the point 7 € S, and
where p is a function to be determined.

We assume, of course, that S = 9B®) is the union of vg surface
patches S discussed at the end of §2.5 above, so that g € X(2)(S;)
on each of these patches. Moreover, by proceeding as in [S1, §6.5.4],
it follows, with reference to (2.6.44), that if u € X® ((0,1)2), then

ueX® (B(3)).

Now, by letting 7 approach a point of smoothness p of 9B®), we find
that u is given by the solution of the boundary integral equation

p+Ku=g, (2.6.45)

where

(K 1)(p)

_ _%/S{&% Fl‘} u(#) dA(F),

This operator K is known to have a simple eigenvalue 1, for which
the corresponding eigenfunction is 1. This eigenvalue is the largest
eigenvalue in modulus, and since all other eigenvalues are real, all
other eigenvalues are less than 1 in modulus [Za]. We are thus able to
solve the integral equation (2.6.45) by successive approximation (i.e.,
using a one dimensional separation of variable procedure, proceeding
similarly as for the case of Equation (2.6.24)).

(2.6.46)

Details of proofs of analyticity and convergence for 3—-d Dirichlet
problems are similar to those of the two dimensional case, and we
omit them (see [S1, §6.5.4]).

Laplace—-Neumann Problems in Three Dimensions.

These are problems of the form

5 (2.6.47)

an(r)

It is customary, for this case, to start with a representation of the
form

u(F) = g(F), 7eoB®.




2. Sinc Convolution—BIE Methods for PDE & IE 233

I I U S S,
uw)—amﬂzﬂyé“uﬂ”u@)mﬂr% FeB® | (2.6.48)

v where S = 9B®) | n(7) is the outward normal to dBG) at the point
r €5, and p is a function to be determined.

The analyticity properties of p of (2.6.48) and the solution u of
(2.6.47)—(2.6.48) as well as the proofs of such properties are the same
as those for three dimensional Dirichlet problems discussed above,
and we skip them here. However the solution of (2.6.47) using (2.6.48)
is more complicated since it is non—unique, and we therefore briefly
discuss methods of solving (2.6.48).

By letting 7 — p € S in (2.6.48), we get the integral equation
pu—K'n=g (2.6.49)
where

(K 00) = 5= [ g 0AG). (2650

The operator K* is the adjoint of the operator K of (2.4.46) above,
and it therefore has an eigenvalue 1, which simple, and which is its
eigenvalue of largest modulus. Consequently, the equation

u—K u=0 (2.6.51)

has a non-trivial solution, po, and equation (2.6.49) is therefore solv-
able if and only if (see Theorem 6.2.8 of [S1])

/S 9(F) po(7) A(F) = 0. (2.6.52)

Solving the Homogeneous Equation. The eigensolution pg of (2.6.51)
can be obtained from the convergent iteration procedure

po =1
G+ = K'p;
T g }j:0,1,2,“., (2.6.53)
Pj+1 =
g+l
where || - ||, can be any LP norm. Moreover, (2.6.53) can be readily

carried using one dimensional Sinc convolution methods, in which
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case division by the largest element of q, the discretized version of g
is appropriate. We omit the details.

Solving the Non—Homogeneous Fquation. One can also obtain a so-
lution to the non-homogeneous equation without computing the so-
lution to the homogeneous equation. This is possible by setting

P = u(F) ™) dA(7
o) = ) + g [ ) AR (2.6.54)

where 7 is a point strictly on the exterior of B, and surface S =
OB, The boundary condition v(7) = g(7) is now satisfied for any
given g if u(7) is the solution to the integral equation

WP+ g [ AAT) = (K 10(5)+a(7) .5 € 5. (2:655)

This equation can also be solved by iteration involving rectangular
matrices. After discretization, one starts with an initial functional
form p = p% = 1, one forms the matrix G = g(p;;), one evaluates
k = [kij] = [(K p1)(pi;)] by Sinc convolution, one sets P = [P;;] =
G + k, and finally, one sets p = [uj;] = [Pi;/(1 4+ 1/(27 |pi; — 70]))].
Next we take 4 = p!' on the right hand side, and so on. This process
is also convergent, and can be carried out using one dimensional Sinc
operations, that is, using of separation of variables.

Poisson Problems in Three Dimensions.

A particular solution to the problem

V2u(F) = —f(F), FeB, (2.6.56)
is given by
IS T A G .
u(r) = H/B 7 dr, T€B. (2.6.57)

We assume here, of course that depending on f and the boundary of
the three dimensional region B®) we can subdivide B®) into a finite
number, v, of rotations of subregions ng) of the form (2.6.11) , such

that the restriction f; of f to BSS) belongs to X (BS3)).
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Next, a separation of variables method for evaluating (2.6.57) is de-
scribed explicitly in §2.5.2 for the case of B®) a rectangular region,
and in §2.5.4 , for the case of B®) a region of the form in (2.6.11). In
the case when B®) is a curvilinear region, we can proceed as follows
(similarly to the case of two dimensional Poisson problems).

For sake of simplifying our argument, we set N, = N, = N, = N,
hy =hy=h,=h,and m = 2N 41, so that the Sinc grid takes the
form (&, 15, ) = (2, 25, 2x), where {zj}]_VN are Sinc points on
(0,1).

If 7ijp = 7(2i, 2j, 2x) € By and we are integrating over By , with
K # J, we simply use repeated Sinc quadrature to approximate
each of the v3 — 1 integrals

Py (Tiji) = /B H (7ijk, p)dp (2.6.58)
K

for K =1, ..., vs, after transformation of the variable 7 over (a
possibly rotated) B and the variable 7 over (a possibly rotated) By .
The evaluation of (2.6.53) for the case when K = J is discussed in

detail in §2.5.4, where an explicit separation of variables algorithm
is described for approximation of the integral.

Showing that the result of evaluation of (2.6.58) belongs to X3 for
the case when K = J is left to Problem 2.5.4, and is omitted.

It thus follows that if f € X®) (B(3)) , then the function u defined
in (2.5.46) also belongs to X (8(3)).

Hyperbolic Problems. As an extension of (2.3.6), we consider
problems of the form

2
ST = 0, 7)€ BY < 07),
u(r,0%) = o), 47,07 = h(F)

p(7 ) € (7,t) € 9B x (0,T),
(2.6.59)
where d is either 2 or 3, B4 is a (not necessarily strict) subset
of R?, and T is either bounded or infinity. and for given functions
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f, g, h,and p. The Green’s function G(7,t) which we require for
the solution to this problem is determined by the solution to the
following initial-boundary problem on R% x (0, c0):

2 —
LTI _ w2g(r,0) = b0 5,
¢t ot
(2.6.60)
G(r,0%) =0, z—f(r,oﬂ:o.

A particular solution to the non-homogeneous part of (2.6.59) is
given by

w(F, t) = /0 t /B GG =Tt =) £ ) dr dt (2.6.61)

Local analyticity of the function w defined by this integral follows
from the second of the above Cauchy—Kowalevsky theorems, and
indeed, w € X(@ (B(d)) whenever f € X(@ (B(d)>. This solution can
be computed via separation of variables using the Laplace transform
given Lemma 2.4.5 for the case of d = 2, and by Lemma 2.4.6 for
the case of d = 3.

If we take the Laplace transform of the function G(7,-) in (2.6.60)
with respect to t,

(7, ) = /OOO G(F ) exp(—t/7) dt, (2.6.62)

and apply the given initial conditions, we obtain the Helmholtz equa-
tion,

V26(F,7) — # (1) = 64(7). (2.6.63)

Alternatively, we could apply a Laplace transform of the homoge-
neous part of the PDE in (2.6.59) with respect to ¢ to obtain a
Helmholtz boundary value problem for each 7.

Our motivation for taking these Laplace transforms is that we can
now use the same techniques to study these equations that we used to
study Laplace and Poisson problems above. Indeed, in two and three
dimensions, the Green’s functions that satisfy (2.6.63) are given by



2. Sinc Convolution—BIE Methods for PDE & IE 237

—~ 1 I 0
Go(p) = ﬂKO(og\p\>

CT

2.6.64
o (1) (26.64)
Gy3(F) = — 2
’ amle|
Since sums and products of functions in X(? (6(2)) again belong

to X (B(2)) , the analyticity proofs of [S1, §6.5.4] for elliptic PDE
extend directly to the solutions Helmholtz PDE.

If we set p = |p|, then G, has the form

G2(p) = Alp) log(p) + B(p), (2.6.65)

where A and B are entire functions of p?. Thus, the analyticity proofs
are almost verbatim the same as those for the above two dimensional
elliptic problems.

Similarly, if we set 7 = || , then Gs takes the form

Gs(7) = C(r)/r + D(r) (2.6.66)
where C and D are entire functions of 2.
Sums and products of linear and nonlinear functions in X (8(3)>

again belong to X(3) (3(3)>, so that the analyticity proofs of [S1,
§6.5.4] for elliptic PDE extend directly to the solutions Helmholtz
PDE, and we omit them, leaving these proofs to the problems at the
end of this section.

Separation of variables follow directly, via the algorithms in §2.5.
The example in §4.2.1 illustrates the general approach for solving
wave problems over R? x (0,T).

Parabolic Problems.

Let us consider first, the special parabolic problem

Ui(F,t) —eV2U(F,t) = f(7,t), (7,t) e R x (0,7),
(2.6.67)
U(F,01) =ug(F), 7eRY,
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which has the solution

umt) = /t G(r — 7.t —t') f(7,') dF dt’
o (2.6.68)

+/Rd G(r =7t uo(r') dr',

where the Green’s function G is a solution in R? x (0,00) of the
initial value problem PDE

Gy —eV2G = 5(t —t') 6¢(r — 7),
(2.6.69)
G(r,07) =0.
These free space Green’s functions G(7,t) are given explicitly in
§2.3.1.

If we take the Laplace transform of the function G(7 ,t) with respect
to t,

G(r,7) = /OOO G(7 1) exp(—t/7) dt (2.6.70)

and apply the given initial conditions, we again get a Helmholtz
equation,
2 5= L5 L g,
\Y g(r,r)—e—Tg(r,T):ch (7). (2.6.71)

The analyticity and separation of variables discussion of this case is
similar to that of the wave equation above, and is omitted.

Consider next, solution of the homogeneous problem,

Ui(F,t) — eV2U(F,t) =0, (7,t) € BD x (0,7),
U(7,0%) =ug(7), 7eB@D, (2.6.72)
U(F,t) = g(F,t), (7,t)€dBD x(0,T).

In (2.6.72) functions ug € X(@ (B@) and g € X@(S x (0,T)) are

given, and assumed to belong to appropriate spaces as defined in
§2.6.1.
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The solution to (2.6.72) can be expressed in the form

U7, t) = Vo(r,t) + W (F,t), (2.6.73)

where

Vo(r,t) = o G(r — 7 t)uo(7') di’ (2.6.74)

and where W can be expressed in terms of a double layer potential,

t 0
W(r,t) = (2€) / / LG~ t— )l ) dAG) |
o Jon@ On
(2.6.75)
where n(7) is the outward normal to 9B@ at #, and where p is
a function to be determined. By letting 7 — 5 € 0B | we get an
integral equation for

— t 8 —/ — —/ ! —/ ! —/ /
wp )+ [ ]S GE =T = Ol ) A de

= _T(ﬁat) )
(2.6.76)

where

T(p,t)=g(p,t)— lim Vy(7,t). (2.6.77)

T—p
The integral equation (2.6.72) for u can be solved via iteration. In

o0
theory, one constructs a sequence of functions {M(k)}k—o’ starting

with 1 = p® = w in the integral, evaluating the integral, then
subtracting the result from —w to get M(l) , and so on. This process
can also be carried out via Sinc convolution.

Consider first the case of d = 2. Recall Lemma 2.4.7, in which an
explicit expressions for the Laplace transform G(u,v,7) of the two
dimensional free-space Green’s function G(z,y,t) and was obtained.
In determining a solution via Sinc procedure we first determine the
spacial accuracy required for approximation on B3, before deter-
mining the time accuracy for approximation on dB® x (0,T). This
means that we first select the spacial Sinc indefinite integration ma-
trices. We thus fix the eigenvalues (that occupy the positions (u,v)
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in the expression for G(u, v, 7) (this is G@ (A, 7) of Theorem 2.4.11)
in the process of Sinc convolution) as well as the eigenvectors of
these matrices. The corresponding eigenvalues of Sinc time indefi-
nite integration matrices for integration over (0,7") are just 7' times
the corresponding eigenvalues for integration over (0, 1), while the
eigenvectors of these matrices are the same as those for integration
over (0,1). It thus follows, upon replacing 7 by T' 7 in the expression
G(u,v,7), then keeping u, v, and 7 fixed, that G(u,v,T 7) — 0 as
T — 0. Consequently, for the case of d = 2, the Sinc approximated

integral part of the integral equation (2.6.76) is a contraction for
o0

all T sufficiently small, which implies that the sequence {u(k)}k o
converges to an approximate solution of (2.6.76). Moreover, this se-
quence of approximations is obtainable using one dimensional sepa-
ration of variables Sinc methods. It is readily established, moreover,
that the solution p of (2.6.76) belongs to X2 (9B x (0,T)). It thus
follows that we are able to also get a uniformly accurate approxima-
tion to u. Finally, having gotten an accurate approximation to
we can then get an accurate approximation to W in (2.6.75) using
the Sinc convolution procedure.

Similar remarks can be made for the case of d = 3.

Nonlinear Problems.

Sinc methods offer several advantages of other methods for solution
of linear and nonlinear heat and wave problems when the solution
can be expressed as a solution to a convolution-type Volterra IE. In
theory, such equations can be solved by successive approximations,
a procedure that preserves analyticity. Such a successive approxima-
tion procedure can also be carried out explicitly via Sinc methods,
based on separation of variables, since we can obtain explicit suc-
cessive accurate approximation of the nonlinear term. This result
follows, directly from Theorem 1.5.13, namely, if u € M, and if
Un = SN v u(zp)wy, denotes an m = 2N + 1-term uniformly ac-
curate Sinc basis approximation to u on (0,1), then there exists a
positive constant ¢ that is independent of m , such that

N

sup |u(t) — Z u(zk) wi(t) :O(exp (—cm1/2)> . (2.6.78)
te(0,1) k—=—
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with zp = z,(gm) denoting the Sinc points on (0,1). Let F(u(t),t)
denote the nonlinear part of a differential equation, Lu = F, with
L a linear (Laplace, wave, or heat) equation operator, and let u =
u(t) € [c,d], such that both functions F(-,t) for fixed ¢ € [0,1] and
F(r,-) for fixed 7 € [¢,d] belong to M. Tt then follows that g € M,
where g(t) = F(u(t),t). Hence, setting uy = u(zx), we get

N
sup |F(u(t),t) — Z F(ug, z) wi(t)| = O (exp (—cm1/2)) .
t€(0,1) P
(2.6.79)

This type of approximation was used in [SGKOrPa] to solve nonlin-
ear ordinary differential equation initial value problems. It was also
used in §3.9 to obtain solutions of nonlinear ordinary differential
equations via successive approximations.

This method of approximating solutions to nonlinear equations ex-
tends readily to more than one dimension. As one dimensional exam-
ples, successive approximation was used in [SBaVa] to solve Burgers’
equation, and in §4.3.1 below to solve a nonlinear population balance
equation. Successive approximation of this type via Sinc methods,
has also been successfully applied to multidimensional problems, il-
lustrated in Chapter 4 of this handbook. (See also [N].)

It is thus quite straight forward to obtain solutions to problems of
the form

Au=—f((u(F),Vu(F)r) e B; (2.6.80)
% —Au=f(u(F),Vu(r),rt), 7,t)eBx(0,T); (2681)
0%u
o7 —Au= (), Vu(r).r1),r,) eBx(0.T),  (2682)

with B a curvilinear region in R?, d=1,2,3, via successive approx-
imation and Sinc convolution; thus circumventing the use of large
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matrices that classical finite element or finite difference methods re-
quired important applied problems, e.g., conservation law problems
such as Navier-Stokes equations (see §2.4.5 and 3.4.2), nonlinear
wave equations problems, and nonlinear equations involving mate-
rial properties.

PROBLEMS FOR SECTION 2.6

2.6.1 Prove that if g € M, 34(D), for some o € (0,1], 5 € (0,1]
and d € (0,7) , where ¢ denotes a conformal map of D onto Dy,
and if ¥ € M denotes an analytic arc, v : (0,1) — I' = ¢ 1(R),
then f =go~y e M.

2.6.2 Let @ = (0,1) x (0,1), and consider the integral operation

<N = | /Q F(p,5) log|p — 5] f(5) do.

with p = (z,y) and with ¢ = (£,n), do = d§dn. Let F, f and
X, be defined as in [S1, §6.5.4]. Prove that x f € X,,.

2.6.3 Determine a precise definition of a suitable space X, which
enables you to prove if f = f(z,y) is a function of two variables,
if B is defined as in (2.5.8), if f € X with respect to B, if G
is defined as in (2.5.31), and if w is defined as in (2.6.43), then
w € X(B).

2.6.4 Determine a precise definition of a suitable space X, which
enables you to prove that if f € X(B), then the solution u
given by (2.6.52) also belongs go X(B).

(See [S1, §6.5.4] for help with these problems.)
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Explicit 1-d Program Solutions
via Sinc—Pack

ABSTRACT We provide Sinc programs written in MATLAB® meant
to illustrate and implement the theory of Chapter 1. Sinc programming
procedure is demonstrated through fully commented programs solving ele-
mentary and advanced one dimensional problems.

3.1 Introduction and Summary

Sinc—Pack is a package of programs in MATLAB®, which imple-
ments the algorithms of Chapters 1 and 2. In this chapter we focus on
the elementary operations of calculus. We shall see how any operation
of calculus on functions f that is defined on an interval or arc I' is ap-
proximated using a simple multiplication of a matrix times a column
vector f whose components are values of f or approximations of such
values at “Sinc points” on I'. The resulting column vector can then
be evaluated at any point of I' through explicit Sinc interpolation.

Let

F(z) = Of (z) (3.1.1)

denote a calculus operation, with operator O acting on a function
f = f(x) of one variable, can be any of the operators as given in
§1.5. above.

The corresponding Sinc—Pack operation approximates F' at x as

Fx)~wOf, (3.1.2)
where O is the m x m Sinc—Pack matrix representation of operator
O, w = w(z) is a row vector of m = M + N +1 Sinc basis functions,

w(z) = (w_p(x), ..., wn(x)), (3.1.3)

and
243
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f= (f(Z—M)7 SRR f(ZN))T ) (314)

is the vector for f evaluated at the Sinc points zg.

Dropping w = w(z) in Equation (3.1.2) simplifies to

F=0f, (3.1.5)
with vector F = (F_y,... , Fiy)T. The components F}, of the result-
ing vector F satisfy

emt/

’ , provided that M is proportional to N, and f
is analytic on I', with allowable singularities at the end—points of T

with error ~ e~

Our experience shows that 3 place accuracy of solution is achievable
for m = M + N +1 equal to 17 and 5 place accuracy occurs when m
is as small as 31. By comparison, the limit with finite elements, and
this only for large very large m, is 3 places of least squares accuracy,
this reflecting less accuracy at “corners”. Often, for hard engineering
problems, just one place accuracy is an upper limit on accuracy.

With Sinc, Equations (3.1.2) and (3.1.5) show that the m compo-
nents of f is all the input needed to carry out approximating the
result of operator O acting of function f(z). Vector f is the Sinc
vector of orthogonal expansion coefficients with respect to the Sinc
basis functions. Equation (3.1.5) then gives the action at Sinc points
of operator O with respect to this basis, while Equation (3.1.2) then
interpolates this data back to arbitrary points x simply by taking dot
product with basis vector w(x). However Sinc interpolation is often
unnecessary. We will show it can suffice to simply plot values {fx}
versus Sinc points {z;}. Interpolated values will then all lie within
the band of this plot.

Finally we take note that computation of f is particularly simple via
point evaluation of f at Sinc points. Basis function coefficients for
other orthogonal expansions come at a higher cost via computing
integral type inner products.

Keeping in mind that the m x m matrices O of (3.1.5) are typically
small, Equations (3.1.2) and (3.1.5) then support Sinc representing a
level computational efficiency that stands out among all other meth-
ods of numerical analysis.
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Let us suppose that one has an approximation problem defined by a
calculus expression over some interval or arc I'. We can then turn to
§1.5.3, and obtain one of several useful transformations for approxi-
mation on I'. For example, a map ¢, which transforms I" to real line
gives Sinc points z; = ¢ 1(j ), and Sinc weights w; = (h/¢'(2;)).
Parameters M, N, and h can be chosen independent of the exact
nature of the singularities of F' so as to achieve exponential conver-
gence.

3.2 Sinc Interpolation

The theory of Sinc interpolation on an arbitrary interval or arc is
treated in §1.5.4. Sinc interpolation bases as defined in Definition
1.5.12 have properties that are convenient and important for appli-
cations. These are discussed in the comments preceding the state-
ment of Theorem 1.5.13). In this section we provide MATLAB®,
programs which exhibit these properties.

Let us suppose that one has an approximation problem defined by a
calculus expression over interval/arc I'. We can then turn to §1.5.3,
and choose, depending on features of the problem at hand, the proper
transformation ¢ : I' — R for approximation on I'. Sinc points
z; are given by ¢~1(jh). The associated Sinc basis vector w has
components w; with expressions found in (1.5.21). They depend on
x and parameters M , N, and h. We will see that these parameters
can be adjusted independent of the exact nature of the singularities
of F' so as to achieve uniform approximation.

The goal is to numerically implement interpolation Theorem 1.5.13.
Sinc-Pack provides programs which are indexed n = 1,... ,7 cor-
responding to the maps of §1.5.3:

1. The subscript 1 corresponding to the identity map of R — R
in Example 1.5.4;

2. The subscript 2 corresponding to the finite interval (a,b), in
Example 1.5.5;

3. The subscript 3 corresponding to the interval (0,00) which is
mapped to R via the map ¢(z) = log(z), in Example 1.5.6;
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4. The subscript 4 corresponding to the interval (0, 00) which is
mapped to R via the map ¢(z) = log(sinh(z), in Example
1.5.7;

5. The subscript 5 corresponding to the map ¢(x) = log(z +
V14 22), which maps R onto R, in Example 1.5.8;

6. The subscript 6 corresponding to

o(x) = log {sinh [37 +V1+ xﬂ} ,
which maps IR to R, in Example 1.5.9;

7. The subscript 7 corresponding to

o(z) =1(v—u)/2 + log [(z - ei“) / (ei” - z)]

which maps the arc z = € : u < # < v on the unit disc to R,
in Example 1.5.10; and

8. Sometimes it is possible to obtain an even more rapid rate
of convergence of Sinc methods, via use of a double expo-
nential transformation. Such transformations have been exten-
sively studied by Mori, Sugihara, and their students. Many
such transformations are usually compositions of the above for-
mulas. Two such examples are

z = 7 !(t) = tanh (% sinh(t)) ,

z = ¢ !(t) = sinh (5 sinh(¢)) .

which are compositions of the above maps ¢(z) = log((1 +

2)/(1 - )) and @(x) = (2/7) log (¢* + VI+ 7).

3.2.1 Sinc PoINTS PROGRAMS

The Sinc points zj, are defined as ¢! (k h) = ¥(k h) , where 1) denotes
the inverse function of . The program Sincpoints*.m, (with x = 2)
is a MATLAB® program for determining the Sinc points ¢~ (kh),
k=—M, ..., N on the interval (a,b). The 2 in this program refers
to transformation #2 above. The following code computes a row
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vector of m = M + N + 1 Sinc points {z;,}",, for the finite interval

r

b
b
b

= (a,b).

Sincpoints2.m

function [z] = Sincpoints2(a,b,M,N,h)

Here, the formula is
z(j) = (a + bxe"{j*h})/(1 + e~{j*h})
for j =-M, ..., N . This program thus

thus computes a vector of m = M+N+1
values z_j. See Equation (1.5.1), this
handbook.

Notice: Our version of Matlab requires that
components of vectors be stored in the order
from 1 to m; hence z(-M) here is stored as
z(1), z(-M+1) as z(2), etc., and similarly,
z(N) here is stored as z(m). We thus
compute these in the manner in which they
are stored.
Incidentally, this ‘‘storage discrepancy’’
persists for all programs of Sinc-Pack.

clear all

m
T

= MHN+1;
= exp(h);

TT = 1/T°M;
for j = 1m

z(3) = (a + b*TT)/(1+TT);
TT = T*TT;

end

For example the MATLAB® statement
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“zz = Sincpoints2(0, 7, 6,4, pi/2)”

assigns a row vector of m = 11 Sinc points to the vector “zz”:

>> Sincpoints2(0,7,6,4,pi/2)
ans =
Columns 1 through 5
0.0006 0.0027 0.0130 0.0623 0.2900
Columns 6 through 11

1.2047 3.5000 5.7953 6.7100 6.9377 6.9870

3.2.2 SiNc Basis PROGRAMS

Basis functions wj(z), j = —M,...,N are specified in Def-
inition 1.5.12. There are seven MATLAB® programs in Sinc-
Pack basisl.m, basis2.m,..., basis7.m, each relying on

basis.m common to them all. The MATLAB® statement W =
basis*(x,M,N,h) initiates this program for * # 2,7, whereas for
x = 2,7, corresponding to ¢.(z) mapping a finite interval (a,b),
MATLAB® statement

W = basis*(a,b,x,M,N,h) is used.

Example 3.2.1 For example, the programs basis2.m and basis3.m
take the form:

%

% basis2.m

%

function [val] = basis2(a,b,x,M,N,h)

% This program is copyrighted by SINC, LLC
% and belongs to SINC, LLC

u = phi2(a,b,x); % See Example 1.5.5 of Sec. 1.5.3
val = basis(u,M,N,h);

where the routine phi2.m is given by the program
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b

% phi2.m

b

% This program is copyrighted by SINC, LLC
% and belongs to SINC, LLC

b

% Here, phi2 = Sinc map of (a,b) -> R
b

% returns a vector phi2(a,b,x) , where
% phi2(x) = log((x-a)/(b-x)).

h

function y = phi2(a,b,x)

h

y=log((x-a)/(b-x));

and with basis3.m given in the program

% basis3.m

b

function [val] = basis3(x,M,N,h)

b

% This program is copyrighted by SINC, LLC

% and belongs to SINC, LLC

b

u = phi3(x); % See Example 1.5.6 of Sec. 1.5.3
val = basis(u,M,N,h);

with phi3.m evaluated by the program

b

% phi3.m

b

% This program is copyrighted by SINC, LLC
% and belongs to SINC, LLC

b

% Sinc map #3 of (0,infinity) -> R
b

% returns a vector phi3(x) = log(x)
b

function y = phi3(x)

y=log(x);

249
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The common program, basis.m takes the form

YA

% basis.m

YA

% This program is copyrighted by SINC, LLC
% and belongs to SINC, LLC

/A

function [val] = basis(u,M,N,h)

% We omit here the details of the

% computations which are described in

% Theorem 1.5.13 and its proof.

% basis(u,M,N,h) computes a vector of the

% sinc functions omega_j for j = -M, ..., N,
% for the case of the transformation #1 in
% Example 1.5.4 of Section 1.5.3.

% Each of the programs basisl.m,
% basis7.m calls basis.m, after making
% the transformation v = phil(u), ...,

% v = phi7(a,b,u).
pA

m = M+N+1;

v = pi/h*u;

% First compute the m sinc functions,
% gamma, called ‘‘val’’ here:

for k=1:m
kk =k - M- 1;
w = kk*pi;

sarg = v - w;
if abs(sarg) > eps;
val(k) = sin(sarg) / sarg;
else;
val(k) = 1;
end;
end;

b
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% Next, compute the left end basis:
YA

rho = exp(u);
vall = 1/(1+rho);
for k=2:m;

kk =k -M-1;
vall = vall - (1/(1+exp(kk*h)))*val(k);
end;
YA
% Finally, compute the right end basis --
YA
valm = rho/(1+rho);
for k=1:m-1;
kk =k -M-1;
valm = valm - (exp(kkxh)/(1+exp(kkxh)))x*val(k);

end;

%

val(1l) = valil;
val(m) = valm;

h

3.2.3 INTERPOLATION AND APPROXIMATION

Example 3.2.2 We wish to approximate the function #2/3 on the
interval (0,7). Starting with m = M + N + 1 Sinc points z; and

. 2/3 . .
function values zj/ ,j=—M,..., N we form the expression

N
23 ~ Z 232-/3%(30)
j=—M

where the basis functions w; are as in Definition 1.5.12. In the
MATLAB® program interp_07.m we evaluate and plot each side
of this equation at 50 equally spaced points z; = 7(j — 0.5)/50,
7=1,2,...,50. With M = N = 3,we are able to achieve a maxi-
mum error of about 0.025 ; whereas doubling M and N the maximum
error drops to less than 0.0045. See Figure 3.1

b
% interp_07.m
b
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This is an interpolation method,
based on Sinc, for interpolating
the function x"{2/3} on the
interval (0,7). Here we take
phi(x) = log(x/(7-x)), and we
first interpolate the function
x"{2/3} over (0,7) by means of the
basis in Sec. 1.5.4.

clear all;

T

The following illustrates a usual start
of any Sinc program.

3

3

= M+N+1;
pi/sqrt(2/3);
c/\sqrt(N);

Convergence to zero of the max
error occurs for any positive
number c, at a rate

O0(Cexp(-c’ p~{1/2})), with

p = min(M,N), and c’ a positive
constant that is independent of
M and N.

This particular value of c is
close to the ‘‘best’’ value; it
is selected according to the
discussion of \S 1.5.2.

See the remarks below,
regarding the selection of

M, N, and h in practice.

First compute the Sinc points
as well as the function values
at these points, on the interval

252
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% (0,7). See Example 1.5.5.

% We remark that we could also

% have computed the Sinc points

% z(j) in the loop which follows

% via use of the Sinc--Pack routine
% Sincpoints2.m, by means of

% the command

% ‘z = Sincpoints2(0,7,M,N,h);’

% (see Sec. 1.5.2), or directly,

% as we have done here.

T

T = exp(h);
TT = 1.0/T"M;
for j=1:m

z(j) = T*TT/(1+TT);

y(3) = z(j)"(2/3);

TT = TTx*T;
end
h
yy = y.’; %(yy is now a column vector)
h
% Next, compute the points x(j)
% where we wish to evaluate the
% interpolant, as well as the
% exact function values at these

% points:

b

step = 7/50;
for j = 1:50

x(j) = (j-0.5)*step;
fx(j)= x(3)"(2/3);
end
h
% Now, evaluate the interpolant at
% each of the points x(j) -- see
% Definition 1.5.12\,
% The routine basis.m is used for
% this purpose.
h
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for j=1:50
val = basis2(0,7,x(j),N,N,h);
Y(j) = valxyy;

end

b

% Now plot the exact, and computed

% solutions:

%

plot(x,y, ‘+’,x,Y)

%

FIGURE 3.1. Seven Point Sinc Approximation to z%/3

Remarks.

1. The parameter h used in the above program can be defined in
more than one way.

If the function to be interpolated is known explicitly, then we
can determine h theoretically, as described in §1.5.

To get a good h in the case when f has unknown singularities at
end-points of an interval, one can “tweak” the constant c in the
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formula h = ¢/v/Ny, with N1 = min(M, N). One always gets
convergence with any such an A in the limit as Ny — oo, and
with error of the order of exp (—b(Nl)l/Q) , with b a positive
number that is independent of INV; on the other hand, one can
get a more efficient (i.e., with a larger value of b) approxima-
tion via inspection of the error. Suppose, for example, we start
with ¢ = 1, and we plot the error of Sinc approximation, with
h = ¢/+/Ny. In cases when the exact value of the function is un-
known, we would plot the result of smaller values of V| against
larger, since for this purpose, the results of larger values of Ny
may be taken to be exact. Suppose, then that modulus of the
error is larger (resp., smaller) near the end—points of the inter-
val, than in the interior; then by repeating the experiment with
a larger (resp., smaller) ¢, we would decrease (resp., increase)
the error at the end—points, and increase (resp., decrease) it
near the middle of the interval. Also, if, e.g., the error is larger
on the left hand end-point than on the right, then, increasing
the parameter M in the above program decreases the error
near the left hand end-point.

Remark. Since Sinc methods converge so rapidly, experienced
users will rarely need to utilize Steps 1. through 9. It will nearly
always suffice to perform a small number of trial solutions for
different M, N, and h, and pick off values that achieve a
predetermined desired accuracy.

The above adjustments of h could easily be made numerically
more specific, as described in Algorithm 3.2.3.

. For most problems, approximations to the function values

(w1, ¥(2), ... ,y(m)) = f(z-p), -, fon)

are already available, and could be used directly in plotting the
solution, i.e., we do not need to evaluate the answer at equi-
spaced points via use of the Sinc basis program. To this end,
we could, e.g., use the MATLAB® plot command

plot(z, f)
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Warning: Plotting the formula (1.5.27) over all of I is difficult,
since the function ¢ is infinite at end—points of I'. For example,
for the case of the interval [0,1], z_ is sufficiently close to 0
to be practically indistinguishable from 0, and zpy is similarly
very close to 1, and a plot over [z_x, zn] should nearly always
be satisfactory (see the properties of Sinc interpolation in the
statements preceding Theorem 1.5.13).

The above steps are formalized in the following algorithm.

Algorithm 3.2.3 Uniform Approximation

This algorithm determines M, N and h to achieve a near uniform
approximation on arc I'.

1.

Run a given Sinc program simply choosing M = N and h =
2/v/ N, giving approximate solution Fy.

. Repeat Step 1. with larger values M’ = N’ approximately equal

to 3N/2, and obtain approximate solution Fyr.

Due to the efficiency of Sinc, Fy+ will be substantially more
accurate than F, and for purposes of this algorithm will be
considered to be exact. Hence plot difference | Fy»— F)v| in order
to reveal left and right hand errors EFr and Ep, associated with
singularities at the end-points of I'.

Determine positive constant vy, so that near the left end-point
of I' the error E, roughly equals e™ 7% N2

Repeat Step 4. applied to right end-point error Er to obtain
positive constant vp.

Choose new value M given by

M = [[log(EL)/ log(ER)|* N|.

Run the Sinc program with values N, M asin 6. and h = 2/ VN
as in Step 1. This will result in left and right end-point errors
both close to E given by |log(EL)/log(ER)|? associated with
positive constant v equal to v, = vg.
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8. Let E¢o denote the error near the center of I'. Compute positive
values ¢ and h given by

1/2 ‘

log(FE) .
VN

log(Ec)

b=

9. Inputs M, N and h as in 6. and 8., will result in errors of
approximately the same at the center of I' as at both end-
points, characterized by positive constant § satisfying

|Eg| = e/,

3.2.4 SINGULAR, UNBOUNDED FUNCTIONS

Suppose we have computed approximate values f_n, ..., fn, of
a function f defined on [0, 1], at the Sinc points z_n, ..., 2N, as

defined in §1.5.2, and we know that f(z) = O (x_1/3) as z — 0.

We may then assume that Sinc approximation of g is accurate on
[0,1], where, g(z) = 2'/3 f(z), provided that f is sufficiently smooth

(analytic) on (0, 1). Thus, with g = z;/3 fi, and with wy, as defined
in Definition 1.5.12, the approximation

N

flz) a3 Z gr wi(x) (3.2.1)

k=—N

is then accurate in the sense of a relative error, i.e., in the sense that
the approximation

N
i3 = 9(@) = > grwr(x) (3.2.2)
r k=—N
is accurate.

PROBLEMS FOR SECTION 3.2

3.2.1 Write a program Sinc_07.m that computes the Sinc points for
the interval (0,7), as required in the above program,
sinc_ld_interpolation.m.

[Hint: look at the program Sincpoints.m].
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3.2.2 Write a program for approximating the function Y2

(0, 00).

on

3.2.3 Run a variation of the above MATLAB® program, to study
what happens to the difference between 2%/3 and its Sinc ap-
proximation, e.g., by taking M = (3/2)N as both N increases.

3.3 Approximation of Derivatives

There are several ways of approximating derivatives of functions.
Two program classes of formulas in Sinc-Pack are denoted by D*_1.m
(with * referring to the ' transformation in §1.5.3) which is based
on differentiating the formula

N
F(z)~ Y f(a)S(k,h) o p(x)
k=—M

and Domega*_1.m, which is based on differentiating the Sinc interpo-
lation formulas (1.5.27). A second class is possible for approximating
the first derivative on I', by simply using the inverse of the indefi-
nite integration matrices of §1.5.8. A third class of formulas is de-
rived in §1.7, and is based on differentiating a composite polynomial
which interpolates a function at the Sinc points. This latter class is
preferable particularly if such derivatives exist and are required in
neighborhoods of finite end-points of an arc I'.

Example 3.3.1 Derivative Approzimation via Sinc—Pack. In the
program which follows, we approximate the derivative of e* on
(0,1) via two procedures, the program Domega2_1.m, which is based
on differentiating the approximation (1.5.27) (see Figure 3.2), and
Dpoly2_1.m, which is based on the polynomial method of §1.7, for
the interval (0,1) (see Figure 3.3).

We have thus found that the program Domega2_1.m has computes
very poor approximations near the end-points of (0, 1), as the reader
can observe by running the program, and we have thus not bothered
including this plot. However, although the results are bad in the
neighborhood of the end-points, it is provable that this procedure
does in fact produce results which converge to the derivative as N —
oo on any closed subinterval of (0, 1). We have therefore plotted the
results on a subset of the set of Sinc points.
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We have also included a plot of the results using the program
Dpoly2_1.m based on the method derived in §1.7. These latter results
are accurate, even in the neighborhood of the end-points of (0, 1).
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FIGURE 3.2. Restricted plot of ¢* and Derivative

%
% der_test33.m
%

% This program is copyrighted by SINC, LLC

% and belongs to SINC, LLC
h

% This program is an example for

% derivative of exp(x) on (0\,,1).

%

clear all

%

N=10;

m = 2*%N+1;

h=pi/sqrt (N);

z = Sincpoints2(0,1,N,N,h);
%

% Exact and derivative values of

approximating the

See Sec. 3.3

ff
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FIGURE 3.3. “Polynomial” Derivative of e” on (0,1)

b
for j=1:m
£££(j) = exp(z(j));
end
b
ff = £fff.’; % Now a column vector
clear fff
b
% Values of derivative at Sinc pts.
b
fd = Domega2_1(0,1,N,N,h)*ff;
b
figure(1)
plot(z,fd,’o’,z,ff,’-?)
pause

260

% title(’Computed & Exact Deriative of e"x on (0\,,1)’)

% print -dps2 All_Sp.O1l.ps
b

figure(2)

for k=1:m-10
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fdd(k) = fd(k+5);
fff(k) = f£ff(k+5);
zz(k) = z(k+5);

end

h

plot(zz,fdd,’o’ ,zz,fff,’-’)
pause

h title(’?)

print -dps2 restr_der.ps

b

fp = Dpoly2_1(0,1,N,N,h)*ff;
b

figure(3)
plot(z,fp,’0’,z,ff,’-?)
pause

% title(’Computed and Exact "Poly." Deriv. of e"x’)
print -dps2 poly_der.ps

Remarks:

261

1. If an end—point a of the interval I' is finite, then the deriva-

tive of the Sinc interpolant is unbounded at a. However, if
Sinc interpolation is accurate, then, as this example shows, the
derivative of this interpolant is nevertheless accurate on strict
closed subintervals on the interior of I'.

. Approximation via differentiating a composite polynomial that
interpolates a function f at the Sinc points of I is much bet-
ter than the approximation based on differentiating the Sinc
interpolant in the case when f is smooth in the neighborhood
of the end—points of I'.

PROBLEMS FOR SECTION 3.3

3.3.1 Verify the second of the above remarks, by finding the max-

imum difference on T' between (1/¢’(z)) {2%/3} and (1/¢'(z))
times the derivative of the interpolant

3
Z zi/?’ wi ().

k=-3



3. Explicit 1-d Program Solutions via Sinc—Pack 262

3.3.2 Compare the method of approximating derivatives used in this
section with using inverses of indefinite integration matrices.

3.3.3 In the routine D22_1.m of the program der_test01.m, the term
h/¢'(z;) was computed by the formula

h hell

¢'(2)  (1+eih)?

Why is this formula numerically better than the theoretically
same formula,

o (z) =hz(1—2z)?

3.4 Sinc Quadrature

The theory of Sinc quadrature is covered in §1.5.7. In particular, a
program based on Algorithm 1.5.18 to approximate a one dimen-
sional integral over any interval by means of one of the transforma-
tions of Table 1.1 and the transformations of the integral as given in
equations (1.5.45)—(1.5.47). The MATLAB® program below is based
on this algorithm. It integrates a function (that the user inputs), and
it outputs a value of the resulting integral to within an arbitrary
error €. This algorithm is based on the property of Sinc approxima-
tion, namely, if h is replaced by h/2, then every second Sinc point is
the same as that for the original value of h, i.e., zop(h/2) = z(h),
whereas the number of significant figures of accuracy doubles — see,
e.g., Eq. (1.3.9). We now give more details about this simple algo-
rithm, which could be made more efficient, but with added compli-
cations — see [ShSiS].

Example 3.4.1 Suppose, for example, we wish to obtain an approx-
imation to the integral

dt

-/ 1+2)7 JE—1P+2

to within an accuracy of ‘Eps’. In this case, the integrand has al-
gebraic decay at +oo, which suggests the use of the transforma-

(3.4.1)
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tion #5 given in Ex. 1.5.8. We would thus use the transformation
t = (z —1/x)/2 given in Table 4.1, to get the integral

7 o0 23 (1 + 22)V3 dx
_/o Ve 1) 14z —1)2+16(x—1)+8°

(3.4.2)

We can now apply Algorithm 1.5.18 to approximate this integral. The
following program, quaddi.m is a MATLAB® version of Algorithm
15.18. See also the similar MATLAB® program, quadi.m.

% quaddl.m

% Quadrature algorithm based on
% Algorithm 1.5.18, for

% approximating an integral

% over (0,infinity)

clear all

format long e

disp(’ )

Eps = input(’Enter the accuracy, Eps: ’)
sqrt (Eps) ;

[x3]
2]
Q
]

h = 2;
e = exp(h);
q = e;

% This routine is written for a function ff --
% see ff.m.

% The user should write a function routine, e.g.,
% create a file user.m in which he defines a

% his/her function, e.g., ‘user(x)’. See, for
% example, the routine fun_ex_1_3.m. He should
% then proceed to modify the line ‘‘y = ...’ in

% ff.m, changing it to ‘y = user(x)’.

T = ff(1);
rl =1;
while(rl > Eps)
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1/q;
p*ff(p) + qxff(q);
= T+r;
e*q;
rl = abs(r);
end
b
T = hxT;
h
r3 =1;
while(r3 > Esq)
M = 0;
sre = sqrt(e);

Q = R T
[l

q = sre;
r2 = 1;
points = 0;
while(r2 > Eps)
p = 1/q;
r = pxff(p) + gqxff(q);
M = M+r;
q = exq;
points = points+1;
r2 = abs(r);

M = h*M;

rr3 = abs(T-M);

T = (T+M)/2;

e = sqrt(e);

h = h/2;

points = 2#*points;\small

r3 = rr3;
end
b
% Output
b

fprintf (°# of evaluation points

= %d\n’

, points);
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% fprintf (’# of function evaluations = %d\n’, nff);
fprintf (’Integral Value to Within Eps = %.16e\n’, T);

PROBLEMS FOR SECTION 3.4

3.4.1 Approximate each of the following integrals to within a error
of 1078
o0
(a) / t=Y2 /(1 4 t) dt ;
0
(e}
(b) / 12 et sin(t) dt
0
1
(©) / Y2 (1= 1) 2 gt
0

(d) /OO {0+ @E+2 +t4)}_1/2 dt ;

—00

(e) /_OO (\/ to+1+ t3) et/ (1 + e_t) dt.

3.4.2 (a) Write a MATLAB® version of Algorithm 1.5.18.

(b) Either modify the above MATLAB® code, or use the algo-
rithm of the (a)—Part of this problem, to devise an algorithm
to evaluate the Gamma function,

oo
I'(z) = / t"te tat
0
that is accurate to 8 significant figures for all positive z.

3.4.3 (a) Given that 0 < Rb < Rc, write a modification of the above
program to evaluate the integral

1

F() :/ P11 — £ (1 — et) @ dt,
0

to within an error of 107° at all of the points = 0, 0.1, 0.2

, ..., 0.9. How is this integral related to the usual hypergeo-

metric function? (b) For what range of values of exponent a

can you also evaluate this integral to the same accuracy when
x=17
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3.5 Sinc Indefinite Integration

We illustrate here, the Sinc approximation of the indefinite integral

Flz) = / F(t)dt
(3.5.1)
log(t)
13 /1 + exp(t)
by means of the following MATLAB® program. We use the Sinc
transformation #4, since the F(z)— F(0) = O (x2/3) asx — 0, and
F(z) = O (exp(—x/2)) as © — oc.

f@) =

The last 5 lines of this program employ the known Sinc point iden-
tity 2ox(h/2) = zi(h). Of course, the “for loop” in these lines takes
account of our change of numbering for MATLAB® | i.e., from 1 to
2N + 1 instead of from —N to N, and from 1 to 8NV + 1 instead of
from —4N to 4N. The 8N + 1 “solution” is taken to be the “exact”
one, since it is not possible to obtain an explicit expression for F'(x).
See Figs. 3.4 and 3.5.

% indef_ex_1.m

% This program is copyrighted by SINC, LLC
% and belongs to SINC, LLC

% Here we approximate the integral

% F(x) = int_x"\infty f(t) dt

% where

% £(t) = t7{-1/3}\,\1log(t) /sqrt{l + exp(t)}

% We can use the Transformation \#3
% of Sec 4.3.4, i.e., phi(x) = log(x).

% Also, using an approximation sum_{-N}"N,
% we can use h = pi(3/(2N))~{1/2} -- See
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% the discussion of Example 4.3.1.

T

clear all

b

N =10;

m = 2*%N+1;

h = pi*sqrt(1/N);

z = Sincpoints4(N,N,h);
for j=1:m

t = z(j);

f£(j) = t°(-1/3)*1log(t)/sqrt(l + exp(t));
end
ff = £f£.7,;
FF = Int4_m(N,N,h)*ff;
%
M = 32;
hh = pi*sqrt(1/M);
mm = 2*M+1;
y = Sincpoints4(M,M,hh);
for j=1:mm
t = y();
fg(j) = t~(-1/3)*Llog(t)/sqrt(1 + exp(t));
end
fg
FG
%
step = 6/100;
for j=1:600
t = (j-0.5)*step;
w(j) = t;
u = phid(t);
valz = basis(u,N,N,h);
valy = basis(u,M,M,hh);
Fz(j) = valzxFF;
Fy(j) = valy*FG;
end
figure(1)
plot(w,Fz,’.’ ,w,Fy,’=7);
pause

fg’;
Int4_m(M,M,hh)*fg;

267
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title(’Exact ${-}$ and Approximate ${.}$ Integrations’)
pause

print -dps2 ex_approx_indefint.ps

figure(2)

plot (w,Fy-Fz) ;

pause

title (’Error of Indefinite Integration’)

pause

print -dps2 err_indefint.ps

Exact $-$ and Approximate $.$ Integrations
T T T T

0.6 B

0.4 4

0.4 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40

FIGURE 3.4. Plots of Exact and Approximate Indefinite Integration

PROBLEMS FOR SECTION 3.5

3.5.1 Approximate each of the following integrals to within a uni-
form accuracy of 1078 :

(a) /Oofl/2/(1+t)dt, 2 € (0,00);

(b)/ t7Y2e tsin(t)dt, x € (0,00);
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0 x107° Error of Indefinite Integration
T T T

-2

_4 | | | | | | |
0 5 10 15 20 25 30 35 40

FIGURE 3.5. Plots of Exact and Approximate Indefinite Integration

(c)/ V21— )P d, xe(0,1);
0

(d) / {a+2)E+2+0) " dt, 2 e (~00,00)

—00

(e) /OO (\/752 +1 +t) et/ (1 + e_t) dt, x € (—00,00).

3.5.2 (a) Use the above algorithm to compute an accurate approx-
imation to the incomplete Gamma function

~y(x) :/ tv e tat

for given a > 0 on an arbitrary closed subinterval of (0, co].

(b) Discuss what happens in the following three cases, in a
neighborhood of # = 0: (i) The case when a > 0; (ii) The
case when a = 0; and (iii) the case when a < 0. For example,
are the computed results multiplied by 2% accurate (implying
that the computed results for v(x) are accurate at the Sinc
points, in the sense of a relative error) ?
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3.6 Sinc Indefinite Convolution

The indefinite convolution procedure is described in detail in §1.5.9.
Let us illustrate the procedure to obtain an approximate solution of
the integrals

Fi(z) — /(x—t)_1/2t_1/2dt,
0
(3.6.1)
1
Fy(z) = J/ (t —x)~ V22 gt

Here F} and Fy may be explicitly expressed as

0 if z=0;
m if >0,

Fy(z) = log <1+7 Vl_w) .
1—-v1l—=z

The function Fj is the Heaviside function, which is difficult to ap-
proximate, since Sinc methods produce continuous approximations.
The second function, Fy, also contains a difficulty, in that it is un-
bounded at z = 0. We provide a complete MATLAB® program (ex-
cept for setting up the I(-1) matrix, which is given in the MATLAB®
routine Im.m) for computing Fi(z) and Fy(z). Notice the role of the

Laplace transform, which is the same for both integrals. See Figures
3.6 and 3.7.

Fi(z) =

% ex_abel.m
% Example of Application of Sinc Convolution

% Here we wish to find approximations to two
% integrals:

% Exactl(x)
\int_0"x (x-t)~{-1/2} t°{-1/2} dt
0 if x = 0 and = \pi if x > 0

= ==
nn

% and
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T
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Exact2(x)
= \int_x"1 (t-x)"{-1/2} t~{-1/2} dt

\log((1 + (1-x)~{1/2}H) /(1 - (1-x)~{1/2})).

if 0<x («x=)1

16;

8;

M+N+1;
= Im(m); % This is the m x m marix I~{-1}.
= sqrt(2/N);

Computation of sinc-points, weights,
g(x) = x°{-1/2}, and exact solution at Sinc
points.

= Sincpoints2(0,1,M,N,h);

The function x~{-1/2} evaluated at the Sinc
points.

for j=1:m

h
h
h
h

h
h
h

h
h
h

gg(j) = 1/sqrt(z(j));

sq is the function (1-x)°{1/2} evaluated at
the Sinc points.

sq = sqrt(1 - z(j));

The exact value of the first convolution.
exactl(j) = pi;

The exact value of the second convolution.

exact2(j) = log((1+sq)/(1-sq));

end

h
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g =gg’;

exactl = exactl.’;

exact2 = exact2.’;

h

% The Sinc Indefinite integration matrix for
% integration from O to x.

h

A = Int2_p(0,1,M,N,h);

h

% The Sinc Indefinite integration matrix for
% integration from x to 1.

h

B = Int2_m(0,1,M,N,h);

h

% Eigenvector and eigenvalue matrix

% decomposition of A .

h

[X 8] = eig(A);

%S

% Eigenvector and eigenvalue matrix

% decomposition of B .

h

[Y T] = eig(B);

Xi = inv(X);

Yi = inv(Y);

h

% The Laplace transform of f(t) = t~{-1/2} is
h

% F(s) = (pixs)~{1/2}.
b
for j=1:m
ss(j) = sqrt(pi*S(j,j));
end
b
st = ss.’;

b

% The next matrix, S, is a diagonal matrix, with
% j~{th} diagonal entry s(j).

b

272
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S = diag(st);
AA =X % S x Xi; % This AA is now F(4A).
BB =Y * S % Yi; % This BB is now F(B).
p = real(AAxg);

T

% This is the Sinc approximation of
% exactl1(z(i)) at the Sinc points.

h

q = real(BB*g);

h

% This is the Sinc approximation of
% exact2(z(i)) at the Sinc points.
plot(z,exactl,’o’,z,p)

pause;

plot(z,exact2,’0’,z,q)

h

3.5

25

0.5
0

The examples of the above MATLAB® program are somewhat ex-
treme; indeed, it is seems difficult to predict via theory that Sinc con-
volution actually converges for these examples. On the other hand,

amoo O O o o [e] o o o Q O O Oow
ooo Exact
——  Approximate
1 1 1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

FIGURE 3.6. Exact and Sinc of foz(t —x) VA2
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6 oooo Exact i
Approximate

0 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 3.7. Exact and Sinc of [ (¢t —x)™"/2t~"/2dt

the user can try the method on examples, such as

/ (z—t)"2Petdt, ze(0,00),
0

for which one can readily prove uniform convergence on [0, co].

PROBLEMS FOR SECTION 3.6

3.6.1 (a) Given that 0 < Rb < Re, alter the above Sinc convolution
algorithm so that it will compute an accurate approximation
on (0,1) of the function

Flz) = /:(x e (1 gy gy,

(b) How is this function related to the standard hypergeometric
function?

3.6.2 With reference to Figs. 3.8 and 3.9, try to explain the reason
for the relatively large error in the result of the Sinc convolution
approximation of the integral [ (t —z)~'/2¢t~1/2 dt, compared
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to the relatively small error in the approximation of fxl (t —
x) V22 g,

3.6.3 With reference to Fig. 3.9, how would you remove the obvious
error between the exact F' and its Sinc approximation in the
neighborhood of the point x =17

3.7 Laplace Transform Inversion

Assume that we are given the ordinary Laplace transform of f, i.e.,
g(s) = [y° exp(—st) f(t) dt. For example suppose that we are given
the Laplace transform,

(m/2)'/?
g9(s) = (14 s2)1/2 (s + (1 + s2)1/2)1/2

and we want to determine f(¢) on the interval (0,00). Actually, we
have here selected the Laplace transform g(s) of the function f(t) =
t—1/2 sin(t) , in order to be able to compare our computed with the
exact value of f. According to the procedure of §1.5.10, we first set

(3.7.1)

(7'(/2)1/2 31/2
(1+s)V2 (s + (1 +s2)1/2)

We initialize, by picking M, N and h, and we then determine a
Sinc matrix for indefinite integration from 0 to x on the interval
(0,00) based on the transformation #4 of §1.5.3 which is given by
the MATLAB® program, A = Int4_p.m, so that f is given at the
m = M + N + 1 Sinc points of the interval (0,00) by the vector
f = G(A)1, where 1 is the column vector of order m with all of its
entries a “1”. The evaluation of f requires the matrices of eigenvalues
S and eigenvectors X of A, enabling us to set up GI2 = §~1 g(§-1),
and then use the routine Lap_inv.m to then get f (called ‘ffa’ in
the program). We also need the Sinc points of the interval (0, o00)
for this M, N and h, which are given by the MATLAB® rou-
tine Sincpoints4.m. The computational details, including a com-
parison with the exact solution, are given in the Sinc—Pack program
ex_lap inv4.m which we cite here, verbatim. A plot of the exact and
approximate solution are also given in Figures 3.8 and 3.9 below, and
the error of approximation is given in Figure 3.10.

G(s)=g(1/s)/s = (3.7.2)
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ex_lap_inv4.m

This program is copyrighted by SINC, LLC
an belongs to SINC, LLC

This is an example of Laplace
transform inversion, via
Sinc--Pack. See Sec. 1.5.10.

Here we start with the given
Laplace transform,

g(s) = hat(f) (s)
= int_0"infty f(t) exp(-st) dt
(pi/2)~{1/2}/u(s)/sqrt(s + w(s))

with

w(s) = (1 + s~2)~{1/2},

and we wish to determine a function
f(t) on (0,infinity) which gives rise
to this transform. We will also
compare with the exact solution

f(t) = t°{-1/2} sin(t).

A "usual" start:

clear all

h
M
N
m
h
h
h
h

15;

20;

M+N+1;
pi/sqrt(N);

Sincpoints and indefinite
integration matrix for the

276
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% interval (0,infinity) based on the
% transformation #4 of Sec. 1.5.3
b
z
A
b
f_approx = real(lap_inv_g(A));
b
for j=1:m

t = z(j);

f_exact(j) = t~(-1/2)*sin(t);
end
h
plot(z,f_exact,’-’,z,f_approx,’o’)
b
pause
b
hfigure(1)
title(’Lapace Transform Inversions’)
xlabel(’Sinc Points’)
ylabel(’Inversions’)
print -dps2 Lap_inv.ps
b
pause
% Plotting over the interval (0,4 pi):
step = 4xpi/100;
for j=1:100

xx(j) = (j-1/2)*step;

u = phid(xx(j));

v = basis(u,M,N,h);

ffa(j) = vxf_approx;

ffe(j) = v¥f_exact.’;

Sincpoints4(M,N,h);
Int4_p(M,N,h);

end

h

plot (xx,ffe,’-’,xx,ffa,’.’)

pause

% figure(2)

title(’Sinc Interpolated Laplace Transform Inversion’)
xlabel(’x-Values’)
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ylabel(’Inversions’)

print -dps2 Lap_inv_interp.ps
pause

plot(xx,ffe-ffa,’-’)

pause

% figure(3)

title(’Sinc Interpolated Error’)
xlabel (’x-Values’)

ylabel (’Error’)

print -dps2 Lap_inv_err.ps

Lapace Transform Inversions

Inversions

Sinc Points

FIGURE 3.8. Exact and Approximate Laplace Transform Inversion of
Lap.‘cr{t‘l/2 sin(t)}

PROBLEMS FOR SECTION 3.7

Let a and b denote numbers with positive real parts, and let ¢
denote an arbitrary positive number. Use the formula of Prob-
lem 1.5.14 for f given the ordinary Laplace transform f to de-
termine accurate approximations to functions whose Laplace
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Sinc Interpolated Laplace Transform Inversion
1 T T T T

Inversions

x-Values

FIGURE 3.9. Sinc Interpolated Laplace Transform Inversion

transforms are

(a)

\/:exp( 2Vsb),

and

\/;exp( 2Vsb).

[Answers: (a) t~'/2 exp(—b/t), (b) t~3/% exp(—b/t).] [Hint:

The solution to the (b)-Part of this problem is unbounded at
t = 0. Hence, try to get an inversion for exp(—2+/(s + ¢) b) for
a small positive number c.]
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. X107 Sinc Interpolated Error
T T

Error

x-Values

FIGURE 3.10. Sinc Interpolated Error of Inversion

3.8 Hilbert and Cauchy Transforms

Formulas for approximating Cauchy and Hilbert transforms are given
in Theorem 1.5.25. We recommend that the user study the basis.m
program in Sinc-Pack, as a guide for writing a MATLAB® program
to approximate these formulas. For example, the following is an ap-
proximation for the Hilbert transform SF(zy) at a Sinc point z.
Following such evaluations for zp, £ = —N, ..., N, we can use the
basis.m routine to approximate SF(z) for any x € I'.

(SF)(z) = % FtF_(tz)zdt
(3.8.1)
o h ~Fla) 1= (=)
- Wich?'(zk) Zy—z

k£l

We can approximate the sum on the right hand side of (3.7.1) to
within a relative error of § by means of Algorithm 3.8.1.

Algorithm 3.8.1 Evaluation of (S F)(z;) to Within ¢ Rela-
tive Error
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k=¢—-1 k=041

St =2F(2k) /[0 (21) (21 — 20)] Sy = 2F (2k) /[¢' (21) (21 — 20)]
u=v=1 w=]|95] u=v=1, w=|5]

(A k=k-2 (B) k=Fk+2

T = 2F (2)/[¢' (2) (2 — 20)] T =2F (z) /(¢ (2) (2t — 20)]
S1=51+T Sy =S+ T

u=v, v=w, w=|T)| u=v, v=w, w=|T)|
(u+v+w)/|S1]: 6 (u+v+w)/|Ss|: 0

(2) = (4) (2) = (B)

(<) (<)

Yamamoto’s Hilbert Transforms. Sinc—Pack contains several pro-
grams for computation of the Hilbert transform via use of
Yamamoto’s formula given in Theorem 1.5.25, Hilb_yam.m,
Hilb_yaml.m, Hilb_yam2.m, and so on, up to Hilb_yam7.m, where
the integers 1 to 7 correspond to the seven explicit transformations
given in §1.5.3. Each of the formulas Hilb_yaml.m, Hilb_yam2.m,
and so on, up to Hilb_yam7.m calls Hilb_yam.m. We illustrate here,
the approximation of the Hilbert transform

1ot f)

= (S = — dt
o) = sH@ == [ Ha,
where f(t) = t¢(1 — t), for which we require both programs
Hilb_yam2.m as well as Hilb_yam.m. The exact solution is g(x) =

1/(im) (1/2— 2+ (x—2?) log(z/(1—x))). See Figures 3.11 and 3.12.

(3.8.2)

% ex1_hilb_yam.m

% This program is copyrighted by SINC, LLC
% and belongs to SINC, LLC

% We compute here the Hilbert transform of
% t (1-t) taken over (0\,,1)

% via Yamamoto’s method given in Sec. 1.5.
% The exact solution is
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%
% g(x) = (A\,\sqrt{pi}) (1/2-x + £(x) log(x/(1-x))).
%

clear all

M = 10;

N = 10;

h = pi/sqrt(N);
m = M+N+1;

b
% Note, if Gamma = (O\,,1), then z_j(1-z_j)
b
yA
b
z
%
TT = exp(-Mxh);
Q = exp(h);
for j=1:m

k=3 -M-1;

£f(j) = TT/(1 + TT)"2;

TT = Q*TT;

ge(j) = 1/pi*(1/2 - z(j) - £(j)*k*h);

exp(jh)/(1 + exp(jh))~2.

Sincpoints2(0,1,M,N,h);

end

b

ff =£.7;
g =ge.’;
b

C = Hilb_yam2(0,1,M,N,h);
gg =- imag(Cx*ff);

h
% Plots

h

figure(1)

plot(z,g,’-’,z,gg,’0°);

pause

print -dps2 Exact_and_Yamamoto_Approx.ps
pause

figure(2)

plot(z,g-gg)
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pause
print -dps2 Exact_minus_Yamamoto_Approx.ps

0.2

0.15

0.1

0.05

-0.05

-0.15

02 I I I I I I I I |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 3.11. Approximate via Yamamoto Method and Exact Hilbert Trans-
forms of z(1 — x)

PROBLEMS FOR SECTION 3.8

3.81 Let 0 < a < 1, let g € Lyq(p), with ¢(2) = log(z), take
g(z) = f(z) — f(0)/(1 + 2), take z; = e* let N denote a
positive integer, and let h = (7 d/(a N)/2. Prove that there
exists a constant, ¢, independent of NV, such that

N
sup[5£(x) - (o) 8001 Pyt

z€(0,00) 7TZ(1 +1‘

< CN1/2€_(ﬂdaN)l/2.
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x 10~

3.5 4

25F T

0.5~ q

05 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 3.12. Exact Minus Yamamoto Approximation

3.9 Sinc Solution of ODE

In this section we illustrate the Sinc solution of ordinary differential
equation (ODE) initial value problems of the form

y' = flz,y), z€(0,T), y(0)=uyo, (3.9.1)

and also, the Sinc solution of a second order ODE problem related
to Airy’s equation.

The DE are in all cases first transformed into a Volterra integral
equation (IE). This IE is first converted to a system of algebraic
equations, at first, via Sinc indefinite integration, and later, via use
of wavelet indefinite integration. The resulting system of algebraic
equations is then solved. For the case of linear equations, the re-
sulting system of algebraic equations is linear, and can be solved
directly, even for the case when T = oco. For the case of nonlinear
equations, the system is solved iteratively, a process which can be
shown to converge for all sufficiently small 7" (in (3.9.1)), since for
a finite interval (0,7"), the norm of the Sinc indefinite integration
matrix is proportional to 7.
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3.9.1 NONLINEAR ODE-IVP oN (0,7) VIA PICARD

Let us illustrate a Sinc method of approximate solution via use of
Picard iteration, for the problem

y =142, 0<z<T, y(0)=0. (3.9.2)

This problem has the exact solution y = tan(z). The indefinite inte-
gration matrix AT used here is defined as in §1.5.8.

We somewhat arbitrarily took P = 0.6 in the program ode_ivp.nl.m
below. In this case we got convergence to the correct solution. See
Figure 3.13. Note, however, that many more points are required to
achieve some accuracy for the case of the method based on wavelet
approximation given below in §3.10, since the wavelet method tacitly
assumes that the solution is periodic with period P on IR.

% ode_ivp_nll.m

% Here we solve the following
% problem:

%y o= £(x,y)

% with f(x,y)

"ode_f1(x,y)"
1+y~2.

==
1

% The problem is solved on (0,T),
% subject to y(0) = 0, via use

% of Sinc collocation via use

% of Sinc indefinite integration
% on (0,T), combined with Picard
% iteration.

% In the program, the

% ode_f1l_exact(x) = tan(x), which is
% the exact solution. Here, T=1,

% although the user is encouraged

% to use other values of T.

clear all
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N = 10;

M = 10;

m = M+N+1;

h = 2.7/sqrt(N);
T =0.6;

yo = 0;

x = Sincpoints2(0,T,M,N,h);
A = Int2_p(0,T,M,N,h);

Er = 5;
for j=1:m
v(j) = 0;

end
YA
yy = v.’;
% pause
while(Er > .00001)

y =YY

for k=1:m

W(k) = yO + ode_f1(x(k),y(k));

end
b

Z=W.";
b

yy = A*Z;

Er = norn(y - yy);
end
b
for j=1:m

ex(j)= ode_f1l_exact(x(j));

end
b
TT = ex.’;

plot(x,TT,’0’ ,x,yy)
yA

3.9.2 LiNeArR ODE-IVP onN (0,7) viA PICARD

286

Let us next illustrate a Sinc approximate solution via use of Picard

iteration, for the linear problem
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1.8
1.6 4
141 y=1+y"2, y0) =0 ]
Exact 0000
1.2 4
Approx.
1k i
0.8 q
0.6 7
0.4r q
0.2 q
(K Il Il Il Il Il Il Il Il Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 3.13. Sinc-Picard Solution of y/ = 1 + y?,y(0) = 0

Y =—y/1+2%), 0<z<T, y0) =1 (3.9.3)

This problem has the exact solution y = exp(—tan=!(z)). We take
T = 0.5 in the program ode_ivp_1il.m below. See Figure 3.14. In-
deed, best accuracies result if we take T' < 0.5. For T" > 0.5, we
experience a paradoxical phenomenon: our discretized approxima-
tion converges to the incorrect result. when using this program we
thus recommend repeating the computation, either via use of larger
(or smaller) values of M and N, or via use of a different value of T
in order to check the results.

% ode_ivp_lil.m
% Here we solve the problem

%y’ = f(x,y); y(0) = y_0 on (0,T),

% with f(x,y) = ode_f2(x,y)

- y/(1+x°2),

=
Il
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% If yO=1, then
h
% ode_f2_exact(x) = exp(arctan(x)).
h
% This problem is solved on
% (0,T) for T = 0.5. Again Picard
% iteration converges for all (0,T)
% and while the exact Picard
% converges to the exact answer, our
% collocated Picard does so only if
%» T < 0.5. It is suggested that
% whenever the user does a Picard
% she/h will do another run with
% larger values of M and N, to see
% if the two computations agree. If not,
% then she/he should use a smaller
% interval.
hh
clear all
h
M=10;
N=10;
m = M+N+1;
h = 2.7/sqrt(N);
yo = 1;
= 0.5;
= Sincpoints2(0,T,M,N,h);
Int2_p(0,T,M,N,h);
Er = 5;
h
for j=1:m
yyo(3) = yo;
end
yy = yy0.’;
h
while(Er > .00001)
y =¥y
for k=1:m
w(k) = ode_f2(z(k),y(k));

= N A
I

288
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end
YA

Z=w.’;
yA

yy = yyO0.’ +AxZ;

Er = norm(y - yy);
end
yA
for j=1:m

ex2(j)= ode_f2_exact(z(j));

end
yA
TT = ex2.’;
plot(z,TT,’0’,z,yy)
yA

Sinc - Picard Solutionof y =-y/(1+x%) , y(0)=1

Exact o0oo00 Approximate

0.5 I I I I
0 0.1 0.2 0.3 0.4 0.5

FIGURE 3.14. Sinc-Picard Solution of y/ = —y/(1 +2?), y(0) =1

3.9.3 LINEAR ODE-IVP oN (0,7) viA DIRECT SOLUTION

We again solve the same problem as in the previous example. To this
end, we discretize it in the same manner, but instead of solving the
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problem via use of Picard iteration, we solve the resulting system
of linear equations directly, a procedure which works for all linear
ODE-IVP problems (indeed, even for a system of equations, which
can be similarly collocated and solved). That is, we again solve

Yy =—y/(1+2%), 0<a<T, y0) =1 (3.9.4)

We solve this problem on (0, 00), via solution of the system of linear
equations obtained via Sinc collocation. See Figure 3.15.

% ode_ivp_li2.m
% 1. The problem
%y = f(x,y); y(0) =y_0; 0 < x <T.

% e.g., if £(x,y) = ode_£f3(x,y)
- y/(1+x72)

==
]

% subject to y(0) = 1, so that the
% exact solution is ode_f3_exact(x)
% = exp(- tan"{-1}(x)).

% This is the same problem as was

% solved over (0,T) in the previous

% subsection. However, here we solve
% it over (0,infinity), via direct

% solution of the collocated system
% system of linear algebraic

% equations.

% It is suggested that the user also
% run this same routine, but with

% Sincpoints3(M,N,h) replaced with
% Sincpoints4(M,N,h), and with

% Int3_p(M,N,h) replaced with

% Int4_p(M,N,h).

% This direct solution procedure
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% works for any interval (0,T), and it
% is suggested that the user try this,
% but she/he then needs to use the

% routines Sincpoints2(0,T,M,N,h) and
% Int2_p(0,T,M,N,h).

YA

clear all

h

M=15;

N=15;

h = 1/sqrt(N);

b

m = M+N+1;

b

z = Sincpoints3(M,N,h);

A = Int3_p(M,N,h);

b

for j=1:m
d(j) = 1/(1+z(j)"2);
ex3(j)= ode_f3_exact(z(j));

end

D = diag(d);

B = eye(m)+A*D;

Er = 5;

yo=1;

b

for j=1:m

yy0(j) = yO;

end

zz = yy0.’;

sol = B\zz;

so = sol.’;

%
plot(z,ex3,’0’,z,s0)

h

291
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0.8 4

0.7 Sinc — Direct Solution of y\prime = -y /(1+x2), y(0) = 1

06H Exact 0000 Approximate

FIGURE 3.15. Sinc-Direct Solution of y/ = —y/(1 + z?), y(0) =1

3.9.4 SECOND-ORDER EQUATIONS

An important procedure for obtaining asymptotic estimates of ODE
is the transformation due to Liouville and Green (see [O]). In making
this transformation on the DE,

one sets ¢ = [T g'/2(t)dt, y = cg V4 (x) exp(£()Y , with ¢
a constant, to reduce (3.9.5) to the DE Y;¢ + 2Y; = — fY. The

function f is “small” and absolutely integrable over (X, o), X >0
for many applications. For example, if g(x) = x, then we have Airy’s
equation, and the function y(z) = Ai(z) satisfies (3.9.5), and for this
function we get the equation

)
36
We try an approximation Y =1+ 7, so that the “error” n=Y — 1
then satisfies the DE

Yee=2Ye=—fY, f(Q) (3.9.6)

e —2n=—fn—f, (3.9.7)



3. Explicit 1-d Program Solutions via Sinc—Pack 293

with f as above. The solution to this equation which vanishes at oo
can then be shown to satisfy the integral equation

00 =5 [ (-em@c-20) (FO)n0) + FO} dt. (395)

Suppose, for example, starting with Airy’s equation,

Yoo — Yy =0, (3.9.9)

we set ¢ = (2/3)2%/2, y = 2~ /*e~CY , use an approximation Y ~
Z =1, and then set n =Y — Z, we get the differential equation

5 5

nee =200 = "33 TR (3.9.10)

We can then compute 1 on the interval (b, 00) for b > 0 via the pro-
gram which follows. But, in order to conveniently use the formulas of
Sinc-Pack which are written for the interval (0, 00), we first replace
¢ in the functions f(¢) defined above by b+ (, to arrive at the same
equation (3.9.10), but with f(t) replaced by f(t+b), and we can now
solve this final equation over (0,00), via use of Sinc convolution.

In our solution, we have selected the transformation #4 of §1.5.3,
since the solution to (3.9.10) is expected reach its limiting value
algebraically at b, and exponentially at co. For our Sinc convolution
procedure we also need the Laplace transform (see §1.6),

S 6—2t ; 82
p— —_— - /S pr— . . -11
G(s) /0 el = o (3.9.11)

After solving for n we add 1 to n, to get Y (b+ (), then recall the
Airy function identity Ai(z) = z=Y/*Y(¢), as well as the identity
(10.4.14) of [Na], to deduce that, with £ = a + ¢,

L4 n(C) = 27'/2 (3¢/2)M/9 e Ai ((3¢/2)/*). (3.9.12)
where Ai denotes the Airy function.

In the program which follows, we have (somewhat arbitrarily) taken
b = 0.004, to enable us to get compute the Airy function over
(b, o), with ¥ ~ .033. We have thus presented 4 plots:
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1. In Figure 3.16 below we have plotted both sides of (3.9.12):
the left hand side computed via Sinc convolution, and the right
hand side, computed via use of MATLAB® routines;

2. In Figure 3.17, we have plotted the difference between these
two functions of the previous figure;
ode_airy.m

This program is copyrighted by SINC, LLC
and belongs to SINC, LLC

Here we solve the problem
v'" -2v>=fv+R, on (b,infty), b > 0
where for our program, f = R = -5/(36 t°2),
via collocation based on Sinc convolution,
and direct solution of the collocated
system of algebraic equations corresponding
to the integral equation
v(z) = int_z"\infty

(1/72) (1 - exp(2z - 2t)) {£f(t) v(t) + R(t)} dt
In this case, the exact 1 + v(z) equals

2 pi~{1/2} x~(1/4) e”z Ai(x) , where

x = (3/2 z)°(2/3)

The Laplace transform" F(s) of (1/2)(1-e~(-t))
is s72/(1+2s).

of the convolution kernel is used. Sinc
convolution usually requires computation of the
eigenvalues and eigenvectors of the indefinite
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integration matrix A (see below) to set up the
matrix F(A). However, since F(s) is a simple

rational in s, and B = F(A) = AxA*(I+2A)"(-1)

can thus be easily computed.

clear all

h
h
h

M:
N:

h
m
h
b
hh
h
hh
h
Z
A
hh
h
h
h

Initializations

15;

10;

= 4/sqrt(N);
M+N+1;

.004; % Solution sought over (b,infinity)

Sinc points and indifinite integration
matrix over (0,infinity)

Sincpoints3(M,N,h) ;
Int3_m(M,N,h);

Entries for functions in the IE; ‘eta_ex’ is
the exact 1 + v

for j=1:m
t = z(j)+b;
p = (3/2xt)~(1/6); %See (3.9.12)

£(j) = -5/(36*t72);
eta_ex(j) = 2*pi~(1/2)*p*exp(t)*airy(p~4);

end

h
h
h
B
D

Q

The matrix B = F(A), and collocation of the IE

Axinv(eye(m) + 2xA)*A;
diag(f);

eye(m)-B*D;

Bxf.’;

295
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% The ‘‘solution’’ v -> 1 + v

h

eta = C\R;

v_apr = eta + 1;

h

Tt totototoloto o tootods  PLOTS  %oatoto oo oo too ol

h

% First, plot eta against z

h

plot(z,eta)

pause

b

% Next, plot v against z

plot(z,v_apr)

pause

%s

% Plot against Sinc points

b

plot(z,v_ex,’0’,z,v_apr,’-’)

b

pause

b

plot(z,v_apr-v_ex)

b

pause

b

% Plot of computed (yy) and exact Ai(x)

% against equi-spaced points x = xx in (aa, bb).
% Here we use Sinc interpolation and Eq. 10.4.59
% of [N] to get the approximate (yy) values,
b

aa = (3/2%(z(1)+b))~(2/3); % left boundary
bb = 2; % right boundary

step = (bb-aa)/100;

for j=1:100
x = aa + (j-0.5)*step;
xx(j) = x;
zz = 2/3*x"(1.5) - b;
uu = phi3(zz);

296
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ww = basis(uu,M,N,h);
yy(§) = (wwxv_apr)/2/pi~(1/2)/x"(1/4)/exp(2/3*x~(3/2));
ai(j) = airy(x);
end
h
figure(1)
plot(xx,yy,’x’,xx,ai,’=’)
pause
title(’Exact & Approximate Airy’)
print -dps2 airy_ex_apr.ps
h
pause
figure(2)
% Plot of error, yy - ai
pause
title(’Difference, exact-computed Airy’)
plot(xx,yy-ai)
print -dps2 airy_err.ps

h

0 I I I I I I I I I
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

FIGURE 3.16. Exact {Airy(z)} & Approx {Airy(z)}
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25

05 I I I I I I I I I
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

FIGURE 3.17. Exact {Airy(x)} - Approx {Airy(z)}

3.9.5 WIENER—HOPF EQUATIONS

We illustrate here the approximate solution of the Wiener—-Hopf
problem

)+ / S E) dt =201+ 2)e” + (1/3)e7* x € (0,00),
(3.9.13)

whose exact solution is

flz)=2e"% —e22, (3.9.14)

The theory of Wiener-Hopf methods is discussed in §1.4, and a
method of solution is also described in §6.8 of [S1]. The present
method, however, is by far the simplest and most efficient.

The program which follows solves this problem via use of Sinc con-
volution. See Figure 3.18. We remark that a program similar to the
one below could be applied to solve a Wiener—Hopf problem with a
more difficult kernel, such as, e.g.,
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B t=2/3 exp(=2t), if t>0
K(t) = { (—t)"3/4exp(3t), if t<O. (3:9.15)

Additionally, the present method also works for equations over finite
intervals.

h
b
h
b
h
h
b
b
h

h
o

wiener_hopf.m

Here we solve the Wiener-Hopf problem

f(x) + int_0"infty k(x-t) £(t) dt = g(x)
where k(t) = e~ {-I1t|} , and

g(x) = 2 (1+x) e {-x} + (1/3) e {-2x}. The

exact solution is f(x) = 2 e {-x} - e~ {-2x}.

Initializations

13;

10;

= M+N+1;

3.5/sqrt(m);
Sincpoints4(M,N,h);

Indefinite integration matrices

Int4_p(M,N,h);
Int4_m(M,N,h);

Computing the right hand side g and the
exact solution

for j=1:m

gg(j) = 2x(1+z(j) ) *exp(-z(j)) - 1/3xexp(-2*z(j));
f_e(j) = 2xexp(-z(j)) - exp(-2*z(j));

end

b
g

f_

= 8873
exact = f_e.’;
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h

% Evaluation of the Laplace transforms of the Kernel
% and collocation of the IE. See \S 1.9.

h

C = Axinv(eye(m)+A);
D = Bxinv(eye(m)+B);
YA

E = eye(m) + C + D;

h

f_approx = E\g;

h
plot(z,f_exact,’0’,z,f_approx)
h

pause

b

plot(z,f_approx-f_exact)

b

08 Solution of the Wiener —— Hopf equation

x) +ing 6™ 1(t) dt=2 (14x) 67+ (1/3) 6%,

Exact ‘00000’ Approximate ‘-——————-'

041

L L
0 1 2 3 4 5 6 7 8

FIGURE 3.18. Exact and Approximate Wiener-Hopf Solutions

3.10 Wavelet Examples

In this section we illustrate two types of wavelet approximations
via the procedures described in §1.4.2 and §1.4.5. The first involves
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x10

Error: Approx(Wiener — Hopf) — Computed(Wiener — Hopf)

FIGURE 3.19. Error of Wiener-Hopf Solution

the approximation of two functions on [0, 1], a non—periodic and
a periodic one, while the second involves a wavelet solution of an
ordinary differential equation initial value problem.
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3.10.1 WAVELET APPROXIMATIONS

We illustrate here two examples of wavelet interpolations.
The quality of approximation of these two functions via the four
classes of wavelet routines

wavelet_basis_even_half.m,
wavelet_basis_even_int.m,
wavelet_basis_odd_half.m, and
wavelet_basis_odd_int.m

listed in the Sinc—Pack package is similar, and we thus illustrate only
the case of wavelet basis_odd half.m.

Example 3.10.1 We illustrate here wavelet approximations on the
interval [0, 1] of the two functions, exp(x) and 1/4/1 — 0.5 cos(2 7 z).
Notice that when considered as a periodic function of period 1
on the real line R, the function exp(z) is discontinuous, whereas
1/4/1 = 0.5 cos(2m ) is smooth on all of R. We use the following
MATLAB® program to produce our results.

% wavelet_main_odd_half.m

% This program is copyrighted by SINC, LLC
% and belongs to SINC, LLC

% This is a main program for testing the
% periodic basis functions defined in
% the routine wavelet_basis_odd_half.m .

% Here we interpolate the function exp(x)
% on [0,1], which is discontinuous at the
% integers, when considered as a periodic
% function of period 1 on the real line.

clear all

‘y.
0y

M= 21;
P=1;
h = P/M;
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for j=1:M
t = (j-1/2)*h;
z(j) = t;

£1(j) = exp(L);
£f2(j) = 1/sqrt(1 - 0.5%cos(2*pi*t));

end

h

gl_exact = f1.7;
g2_exact = £2.7;
h

step = P/300;

for j = 1:300
y = (j-0.5)*step;
x(j) =y;
vec = wavelet_basis_odd_half(P,M,y);
gl_approx(j) = vec*gl_exact;
g2_approx(j) = vec*g2_exact;
end
b
plot(z,gl_exact,’o’,x,gl_approx,’-’);
pause
figure(1)
title(’Wavelet Interp. of $e"x$ at 21 Half Interval
Values’)

pause
print -dps2 wavelet_basis_odd_half_exp.ps
pause
plot(z,g2_exact,’o’,x,g2_approx,’-’);
pause

figure(2)

title(’Wavelet Interp. of $(1-(1/2)cos(2\pi x))~{-1/2}$
at 21 Half Interval Values’)

pause

print -dps2 wavelet_basis_odd_half_cos_root.ps

h

Example 3.10.2 We next illustrate the approximation of the func-
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Wavelet Interp. of $&'¢ at 21 Half Interval Values

3 T T T T T

05 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 3.20. Exact and Wavelet—Approx. of e*

tion sinh(z) on [0, 7], using variations of the basis wavelet_basis_even half.m
essentially based on Corollary 1.4.5. However, we have already
demonstrated a “complete trigonometric basis” approximation in

the previous example, and so, instead of using the 2N—point for-

mula (1.4.18), we shall use the N—point cosine polynomial formula

(1.4.20) and the N-point sine polynomial formula (1.4.21).

Also included in this example is approximation via use of Corol-
lary 1.4.5 (ii), but now we do not interpolate at the points z; =
(2k—1)7/(2 N) ; instead we interpolate at the points z;, = (7/2)(1—
cos(z)) , which amounts to Chebyshev polynomial interpolation of
sinh(z) on (0,7) by a polynomial of degree N — 1. (Note here, that
the zeros y of the Chebyshev polynomial T (y) defined on the in-
terval [—1,1] are just the points y; = cos((2k — 1)7)/(2N)).) The
function sinh((7w/2)(1 —cos(x))) is a smooth, even, periodic function
with period 27 defined on the whole real line, so that the right hand
side of the expression
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Wavelet Interp. of $(1-(1/2)cos(2t x))'"2$ at 21 Half Interval Values
1.5 T T T T T T T

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 3.21. Exact and Wavelet—Approx. of (1 — 0.5 cos(2m z))~ /2

sinh(z) 1nh_zk (wi(2) + wa n—k(2))

wi(z) = De(N, (cos (1—%))

||M2

(3.10.1)

is, in fact, a Chebyshev polynomial interpolation, which is then an
accurate approximation of sinh(z) on [0, 7].

wavelet_main_even_half.m

This program is copyrighted by SINC, LLC
and belongs to SINC, LLC

This is a main program for testing out
the periodic basis functions defined

in the routine wavelet_basis_even_half.m
defined in Corollary 1.4.4.
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We interpolate here the function sinh(x)
on [0,pil.

Note that the interpolation of the even function

f(x) = sinh(l|x|) on [-pi,pi] via a linear combination
of the basis {e“{ikx}: k = -N,..., N} is equivalent
to interpolation on [0,pi] via the basis

{cos(kx): k = 0, ..., N}. As a result we end up

with a cosine polynomial approximation on the real
line R of the periodic function f, where f(x + 2 k pi)
= f(x) for all integers k. This function is
continuous and of class Lip_1 on R, and results of
approximation theory tell us that our uniform error
of approximation of this function is of the order of

N~{-1}.

Similarly, the interpolation of the function
g(x) = sinh(x) on [-pi,pi] via a linear combination

of the basis {e"{ikx}: k = -N, ..., N} is equivalent
to interpolation of g(x) on [0,pi] via the basis
{sin(kx): k=1, ..., N}. This function g which is

defined on R via the formula g(x + 2 pi k) = g(x)
for all x on R, where k is any integer, is
discontinuous on R, and our sine polynomial

thus has very large errors in the neighborhoods of
the points (2 k - 1) pi

On the other hand, the function sinh(z) =
sinh((pi/2) (1 + cos(z))) is analytic in the

strip {z : [Im(z)| < d} of the complex z-plane,
for all 4 > 0, and it is moreover periodic with
period 2 pi on the real line. The interpolation
of this even function of x via a linear combination
of the basis {e"{ikx}: k = -N,..., N} is
equivalent to interpolation via the basis
{cos(kx): k =0, ..., N} and this will be an
accurate interpolation. This latter interpolation
is just the formula (3.10.1) above, or
equivalently, Chebyshev polynomial interpolation
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% via the basis {T_k(1-2z/pi)}, where the T_k(w)
% denote the usual Chebyshev polynomials of degree
% k, defined by w = cos(u) and T_k(w) = cos(ku).
h

clear all

s

N=8;

M = 2%*N;

P = 2xpi;

h = P/M;

h

for j=1:N

t = (j-1/2)*h;

u = pi/2*(1 - cos(t));
fx_ex(j) = sinh(t);
fz_ex(j) = sinh(u);

end

hh

f_exact = fx_ex.’;

fz_exact = fz_ex.’;

h

step = P/2/300;

for j = 1:300
t = (j-0.5)*step;
tz = pi*x(1-cos(t))/2;
tzz = acos(1-2%t/pi);

xx(j) = t;
zz(j) = tz;
fxx(j) = sinh(t);

cosvec = wavelet_basis_even_half_cos(P,N,t);
wavelet_basis_even_half_sin(P,N,t);

sinvec
chebvec = wavelet_basis_even_half_cos(P,N,tzz);
fcos_approx(j) = cosvecx*f_exact;
fsin_approx(j) = sinvec*f_exact;
cheb_approx(j) = chebvec*fz_exact;
end

b

figure(1)

plot (xx,fxx,’.’ ,xx,fcos_approx,’-’);
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pause

% title(’Cos_wavelet Interp. of sinh(x) at 8 Half
Interval Values’)
print -dps2 wavelet_basis_even_half_cos_sinh.ps
pause

figure(2)
plot(xx,fxx,’.’,xx,fsin_approx,’-’);

pause

% title(’Sin_wavelet Interp. of sinh(x) at 8 Half
Interval Values’)
print -dps2 wavelet_basis_even_half_sin_sinh.ps
pause

figure(3)
plot(xx,fxx - cheb_approx,’-’);
pause

% title(’Error of Cheb Poly Interp. of sinh(x) at 8 Vals’)
print -dps2 wavelet_basis_cheb_poly_error.ps

b

Cos_wavelet Interp. of sinh(x) at 8 Half Interval Values
12 T T T T

0 1 1 1 1 1 1
0 0.5 1 15 2 25 3 3.5

FIGURE 3.22. Cos_wavelet Interp. of sinh(x) at 8 Half Interval Values
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Sin_wavelet Interp. of sinh(x) at 8 Half Interval Values
12 T T T T

0 | | | | | |
0 0.5 1 1.5 2 25 3 3.5

FIGURE 3.23. Sin wavelet Interp. of sinh(x) at 8 Half Interval Values

3.10.2 WAVELET SOL'N OF A NONLINEAR ODE via
PicarD

Let us illustrate a method of approximate solution of a nonlinear
ordinary differential equation initial value problem via use of wavelet
approximation and Picard iteration, for the problem

Y =14+9>, 0<xz<P, y(0)=rtan(0.2). (3.10.2)

This problem was also solved via Sinc methods in §3.9.1 above. As
above, we first convert the problem to a Volterra integral prob-
lem. But instead of collocation via Sinc methods, we now collo-
cate via use of the wavelet bases of §1.4.1. This problem has the
exact solution y = tan(x + 0.2). For the routine which follows,
wavelet_ode_ivp nll.m, we used the wavelet indefinite integration
matrix routine waveletintmat_e_int.m, for which the entries of the
indefinite integration matrix are defined in (1.4.103).

We somewhat arbitrarily took 7' = 0.6 in the programode_ivp.nl.m
below. In this case we get convergence to the correct solution. Note,
however, that many more points are required to achieve some ac-
curacy for the case of the method based on wavelet approximation,
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25 x107° Error of Chebyshev Poly Error Interp. of sinh(x) at 8 Vals
8 T T T T

0 0.5 1 1.5 2 25 3 3.5

FIGURE 3.24. Chebyshev Poly Interp. Error of sinh at 8 Values

since the method tacitly assumes that the solution is periodic on R,
with period T'= 0.6. See Figures 3.25 and 3.26.

h
h
h
h
h
h
h
h
h
h
h
h
h
h
h
h
h
h

wavelet_ode_ivp_nll.m

This program is copyrighted by SINC, LLC
and belongs to SINC, LLC

Here we solve the following
problem:

y> = f(x,y); y(0) = tan(0.2), with
£(x,y) = "ode_f1"(x,y) = 1+y~2.

The problem is solved on (0,0.6),
subject to y(0) = tan(0.2), using
Sinc collocation and Sinc-wavelet
indefinite integration combined
with Picard iteration, over the
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Wavelet-Picard Solution of y = 1+y?
1.1 T T

0.2 4

0.1 L ! 1 I I |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

FIGURE 3.25. Wavelet-Picard Solution of 3’ = 1+ »?,4(0) = tan(.2)

% interval $(0,P) = (0,0.6)$.

b

% In the program, the routine

% ode_f1l_exact(x) somputes the exact
% solution, tan(x+0.2).

h

clear all
T =0.6;
N = 20;
M = 2xN+1;
h = P/M;
yO = tan(0.2);
for j = 1:M;
x(j) = (j-1)*h;
yo0(j) = yoO;
end
A = waveletintmat_e_int(N,P);
Er = 5;

hh
yy

y00.7;
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y = y00.7;

h

while(Er > .00001)
for k = 1:M

W) = ode_f1(x(k),y(k));
end

h
y = y00.’ + AxW.’;
Err = norm(y - yy);
yy = 7V;
Er = Err

end
b
% Plots at j*P/300
b
step = T/300;
for j=1:301
t = (j-1)*step;
ex(j) = ode_f1l_exact(t);

xx(j) = t;
w = wavelet_basis_even_int(P,N,t);
Y(j) = wtyy;

end

b

figure(1)

plot(xx,ex,’-’,xx,Y,%0’)

b

pause

b

% title(’Wavelet-Picard Solution of y~\prime = 1+y~2’)
b

pause

print -dps2 wavelet_nl_ode.ps

b

figure(2)

plot(xx,Y-ex)

pause

title(’Wavelet-Picard Error of y~\prime = 1+y~2’)
pause
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print -dps2 wavelet_nl_ode_error.ps

Wavelet-Picard Error of y = 1+y?
05 ‘ :

05 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

FIGURE 3.26. Wavelet-Picard Error of 3 = 1+ y?,4(0) = tan(.2)






4

Explicit Program Solutions of
PDE via Sinc—Pack

ABSTRACT We illustrate the theory of Chapter 2 by solving a full range
of partial differential equations with programs from Sinc—Pack. A number
of these PDE correspond to research level problems of interest in theory
and in industry.

4.1 Introduction and Summary

Separation of Variables is the unifying theme of this chapter, wherein
multidimensional problems over curvilinear regions can be reduced to
solving a relatively small number of corresponding one dimensional
problems. In §4.2 solutions are analytic continuations, hence har-
monic continuations, of Sinc functions. In other sections we obtain
particular solutions of non—homogeneous PDE through Sinc evalu-
ation of linear and nonlinear convolution integrals over rectangular
and curvilinear regions. The solution to the PDE including bound-
ary conditions is then obtained using the boundary integral equation
(BIE) method. Convergence will seen to be exponential and absolute
error is uniform throughout the entire region.

4.2 Elliptic PDE

We illustrate here various methods of solving Laplace and Poisson
problems in two and three dimensions.

4.2.1 HARMONIC SINC APPROXIMATION

Let B denote a simply connected and bounded domain in IR?, and

let
Viu = 0, z€eB

w = g . c OB (4.2.1)

315



4. Explicit Program Solutions of PDE via Sinc—Pack 316

with

L
oB=JI, (4.2.2)
i=1
where the I'; are analytic arcs (see Definition 2.6.2). We now apply
the results of §1.5.13 and §2.6.2 to obtain an approximate solution to
a Dirichlet problem on B. Let us assume that for each ¢ =1,2,---, L,
there exists a function ¢; : I'; — R, with ; satisfying Definition
1.5.2, We assume, in addition, that ¢; = ¢; 'R — Iy, and fur-
thermore, that the endpoints a; and b; of I'; satisfy the equations
a1 =">b,1=1,2,---,L and ar+1 = a1. For h > 0, and k € Z, se-
lect the Sinc points z; , = 1);(kh). In the same in manner as the region
DT was defined for the function ¢ in §1.5.13 fori=1, 2, ..., L,
we let

D = {¢i(u+iv):ueR,v>0, p(u=1iv) defined}.

Let us assume furthermore, that the closure of B belongs to each D},
i.e., that B C D;r fori=1, 2, ..., L. Let §; ; be defined for ¢; just
as 0; was defined for ¢ in (1.5.107). We then form the approximation

L N
u(z) mun(z) = Z Z vj.0050(2), (4.2.3)

j=14=—N

where the constants {v;s} are to be determined. Equating uy(z) =
g(z) for z = 2 ;;, we get a linear system of equations of the form

I Bl? . BIL Vl gl
B21 I . B2L V2 g2
. . ) = R (4.2.4)
B‘Ll BL2 . I V.L éL
where v = (Vi =N, 5 v, ~)7, where I is the unit matrix of order
2N + 1, where the (k, £)!" entry of the matrix B is &;,(¢(z:x)),
and where g’ = (g (zi-~) , 9 (2i,-N41) 5 ---» 9(zn)
We remark here that the function g is allowed to be discontinuous at
the the points a1, ao, ..., ar, although we shall assume that on

I';, we have g € M, 4(¢;). Moreover, it will usually occur, that for all
(i,7) , and i # j, the maps ; are not only defined on every I';, but
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satisfy on I'; the condition ¢;/ gog- € Lo a(pj). In this case, selecting
h = [xd/(aN)]*/? , it follows that for each i =1, 2, ..., L, we have

L N
sup |g(2) — D> vjede(z)| = Olen),

€l j=1¢=—N

where ey is defined as in (1.3.27). Since the difference between the so-
lution v and the approximation uy on the right hand side of (4.1.3) is
also harmonic in B, it follows by the maximum principle for harmonic
functions, which states that a harmonic function takes on its maxi-
mum and minimum values on the boundary of B, that uy approxi-
mates ¢ on B to within a uniform error bound of CN1/2¢~(mdaN )1/2,
where C' is independent of N. Finally, if different values N = N; are
selected on each T';, then the off diagonal blocks of matrices B/ will
be rectangular, i.e., no longer square.

It may be shown that the system of equations (4.1.4) is always
non-singular and also well conditioned whenever the region B is
not unduly complicated — see the discussion following Equation
(2.6.46). We emphasize again, that the boundary function g is al-
lowed to have discontinuities at the junctions of the I';, and also,
that re—entrant corners pose no problems provided that the loga-
rithmic mapping functions are properly evaluated. Indeed, we can
allow “overlapping” re-entrant corners, at which I'; and I';;; in-
tersect at an interior angle greater than 27. We remark here, that
given any complex number of the form z = z 4+ iy = re'?, with
—7m < 0 <7, the MATLAB® statement log(z) returns the complex
number log |r| 4+ i arg(z), with arg(z) = 6. With the continuous ex-
tension of a function ¢(z) = log((z —a)/(b— z)) from a line segment
I" connecting a and b on which it is real valued to the line segment
connecting another arc IV we must warn the user to exercise care in
the evaluations of the functions ¢;(z; ) for i # j. For non-convex re-
gions, the maps ¢; require the evaluation of logarithms outside their
usual principal value range (—m, 7] and thus require their correct
analytic continuation values.

We emphasize this procedure produces a solution that is uniformly
accurate in B, even though the function u may have discontinuities
at the corner points of 9.

Example 4.2.1 To be specific, let us solve the problem
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VZu=0 in B
(4.2.5)
u=g¢g on 0B,

where B is the “Pac-Man” region, B={(r,0) : 0 <r <1, n/4 <
0 < Tn/4}, with r = |z +iy|, and § = arg(z, y). Setting w = €' ™/*,
we may describe the boundary of B, which consists of 3 arcs, in an
oriented manner as follows:

I = {z=2+iyeC:z=wt, 0<t<1},
Iy = {z=¢e'cC:nm/d<t<Tr/4}, and (4.2.6)
I3 = {z€C:z=w?(1—-1t), 0<t<l1}.

Finally, as our boundary condition, we take

9(2) = Arg(2) + R(w — 2)*/? (4.2.7)

Notice that this function g is discontinuous at z = 0, and has a
singularity at the point z = 1. We may furthermore note that g(z +
iy) is harmonic in B, and so our problem has the exact solution
u(z,y) = g(z), where we now use the same expression (4.2.7) to
evaluate g(z) = g(x + iy) in the interior of B.

We can analytically continue our approximation into the interior
of B by means of

3 N
uwz) mun(z) =Y Y cdi(z), (4.2.8)

{=1 k=—N

which is harmonic in B. Setting b = w?® and t = e/ /(14 €*") we can
then define Sinc points z] by (see the transformation # 2 in §1.5.3)

g =wt, z2=0b1+bt)/(t+Db), z=0b*1-1), (4.2.9)

and vectors g! = (gf N gf\,)T where, with I'y parametrized as
above, we have gf = g(zf ). Then, we similarly define u’, and similarly
define the (k€)' element of BY by d;,(1(2%)). The interested user
should pay particular attention to the way the entries of the matrices
B are evaluated in the MATLAB® program below, due to the
presence of the re-entrant corner on the boundary of B.
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T
The system of equations for the vectors ¢/ = (ce_ Nosooes cf\,) ,
then takes the form:

I 312 B13 Cl gl
B> 1 B?* | =1g?]. (4.2.10)
B31 B32 I C3 gS

Once we have solved (4.2.10) for the constants cﬁ, we can use (4.1.8)
to compute u at points (t;,t;) in the interior of B. Here, too, we
must take care regarding the evaluation of the sum (4.3.8) above,
due to the presence of the re-entrant corner.

This procedure was effectively used in [Nr, SCK, SSC] and in §4.2.2
and §4.2.5 below.

In the remaining examples of this section we illustrate the application
of the Sinc convolution procedures to obtain approximate solutions
of elliptic, parabolic, and hyperbolic differential equations. We also
illustrate the solution of a PDE problem over a curvilinear region.

The elliptic problems we shall solve by Sinc convolution in this
section include a Poisson-Dirichlet problem over R?, a Poisson-
Dirichlet problem over a square, a Poisson-Dirichlet problem over
R?, and a Poisson-Dirichlet problem over the unit disk, a bounded
curvilinear region.
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4.2.2 A POISSON-DIRICHLET PROBLEM OVER IR?

We illustrate here some explicit algorithms for the solution of a sim-
ple PDE problem, namely,

Viu(z,y) = —g(z,y), (z,y) € R, (4.2.11)

where

8 — 1672
9(z,y) = (S Va2 +y2. (4.2.12)

The solution u of this problem is u = 1/(1 + 72)?, and is given by
the convolution integral

u(z,y) =/AQQ(w—i,y—n)g(E,n)d£dn, (4.2.13)

where G is the two dimensional Green’s function,

G(z,y) =  log L

’ 2 7 22442

The following is a detailed MATLAB® program for the solution

to this problem. In it, the initial parameters, Mj, Nj, hj, for

7 =1, 2 are selected based on our assumed form for the solution to
this problem over IR?, namely,

(4.2.14)

N1 N2
w@y)~ Y. > UinS(j, hl)ops(x) S(k, h2)owps(y). (4.2.15)
j=—M1k=—M2

The solution is illustrated in Figures 4.1 and 4.2.

% pois_R_2.m

% This program is copyrighted by SINC, LLC
% and belongs to SINC, LLC

% parameters

clear all
M1 = 15;
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N1 = M1;

ml = M1+N1+1;

hl = 0.6/sqrt(N1);
M2 = M1;

N2 = M1;

m2 = ml;

h2 = 0.6/sqrt(N1);

h
% Sinc points
h
zl
h
z2 = z1;
h
% Evaluate the function g, for solution
%hu=1/(1+x"2+y"2)"2
h
for j=1:mi
for k=1:m2
r2 = z1(j)"2+z2(k) "2;
g(j,k) = (8-16%r2)/(1+12)"4;
end

Sincpoints5(M1,N1,h1);

end
b
clear r2
b
% Evaluate the exact solution, U_ex,
% at the Sinc points
for j=1:mil
for k=1:m2
U_ex(j,k) = 1/(1+z1(j)"2 + z2(k)"2)"2;
end
end
b
% Indefinite integration matrices
b
AA
BB
b

Int5_p(M1,N1,h1);
Int5_m(M1,N1,h1);
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% Eigenvalues

h

[X s] eig(AA);

[y T] eig(BB);

% clear A

% clear B

s = diag(S);

h

% Evaluate the 2d Laplace transform

h

for j=1:ml
for k=1:m2
G(j,k) = lap_tr_poi2(s(j),s(k));
end
end
hh
h
% Now, solve the PDE Lap U = - g

%
U = zeros(ml,m2);
for n=1:4
if n ==
A=X; B=X;
elseif n == 2
A=X; B=Y;
elseif n == 3
A=Y; B=X;

A=Y; B=Y;

end

U =1U + conv2_vec(A,m1,B,m2,G,g);
end
b
UU = real(U);
clear U
surf (z1,z2,00);
pause
print -dps2 pois_R_2.ps
W = UU(C:,N1+1);

322
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plot(z1,W)

print -dps2 ex_sec_pois_R_2.ps
pause

surf(z1,z2,U_ex)

pause

surf (z1,z2,0U0-U_ex)

0.5

-2
3 3

-2

FIGURE 4.1. Sol'n to V?u = (8 — 16 x72) /(1 + r2)*

4.2.3 A POISSON—DIRICHLET PROBLEM OVER A SQUARE

In this first example, we illustrate the use of the Sinc convolution
method in combination with the BIE method for finding a solution
u on region B which fulfills a non-homogeneous partial differential
equation plus boundary conditions. In this example, the boundary
conditions are Dirichlet boundary conditions.

The Poisson — Dirichlet problem over the square (—1,1) x (—1,1) in
2-d takes the form

Uy +uyy = _f(xuy)7 (‘T7y) €B= (_17 1) X (_17 1)
(4.2.16)
u=g ondB.

We now solve this problem using the Green’s function
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I I I I I I
0 1 2 3 4 5 6 7

FIGURE 4.2. X-Section of Computed u

G(x.y) 1 1 1

z,y) = — log ————
R

Let U be a particular solution to the non-homogeneous equation,

given by

(4.2.17)

Ulz,y) = / /B Gz — &y —n) F(&n) dE dn. (4.2.18)

Next, let p be a solution to the homogeneous equation problem

Pea + Py =0, (z,9) € B=(-1,1) x (-1,1)
(4.2.19)
p=g—U ondB.

We then solve for p via the procedure of §2.5.4. Indeed, p is a har-
monic function, as the real part of a function F' which is analytic in
the region D = {z =z + iy : (z,y) € B}, and as shown in §2.5.4,
we can set

F(z):i,/ ")y ep, (4.2.20)
Tt Jopt — 2

where r is a real valued function.
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Upon letting 2z — ¢ € 0D, with { not a corner point of 9D, and
taking real parts, we get the integral equation

r(¢) + (K 7)(¢) = 9(¢) , (4.2.21)
with Kr = RSr.

It may be shown that this integral equation always has a unique
solution, which can be obtained via iteration after Sinc collocation
as described in §2.5.4. However, since B consists of only 4 arcs, it
is also efficient to solve the resulting system of equations directly.

We first parametrize 0D = U?ZlI‘j , in an oriented fashion, in com-
plex variable notation, as follows:

I = {z=2(t)=1+it,-1<t<1}
[y = {z=22t)=i—t,—1<t<1}
I3 = {z=230t)=-1—it,-1<t<1} (4.2.22)
r, = {2—24(t):—i+t,—1§t§1}

Next, setting r|r, = rJ, and glr; = ¢’ , we see that the real part
of the Hilbert transform of 7! taken over I'y is zero when ¢ € T';;
whereas for ¢ € 'y, each of the terms %frj ri(t)/(t — ¢) dt may be
collocated for j =2, 3, 4 using Sinc quadrature, since the singulari-
ties are not on the interior of the interval of integration. Indeed, these
singularities are on the exterior of the assumed region of analyticity
of the integrand 77 /(t—() (see Theorem 1.5.16). For ( = 1+iT €'y,
the explicit forms RS 7 taken over I for j =2,3,4 are

1—7 [ r2(t)
r 12 .2 /
OverI's : J (1) = p. e dt
2 1 r3(t)
. J13,.3 _z 7 4.2.23
Over T'y : J¥r3(7) - /_1 i) dt ( )
1+7 (1 ri(t)
coo7ld Ay
Over I'y :: J™r%(1) = - / 102+ (1+7)2 d.

Our parametrization of 9D enables us to replace the above integral
equation (4.2.21) by a system of 4 integral equations over (—1,1) of
the form
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I J12 J13 J14 7“1 gl
J21 I J23 J24 T2 92
g3 g2 g4 P T g (4.2.24)
J41 J42 J43 T 7,4 94

Now, it is readily checked, as follows by symmetry that J23 = J3* =
J41 — J12 J24 — J31 — J42 — J13 and J21 — J32 — J43 — J14

9y ) )
so that we only need to collocate three of the integrals. Collocation
thus leads us to the block system of equations

I A B C r! g!

Cc I A B r? g?
o oallel=]5 (4.2.25)

A B C I r gt
. , T ) . \T
Whererjz(r]_N, ) andsimilarlyforgjz(g]_N,...,gJN) ,

with gg =g (), 2 denotlng a Sinc point of (—1,1). Thus,

1—Zj Wi,

A=A, A =
Akl Ajw T (1—25)2+ (1 + 2)?

2 W

B=[By],, Bj=-— "%
Bt B = 2 G ey

(4.2.26)

14z Wi,
o7 (1+2)2+ (1 — 2)?

C=[Cul, C

with wg, = h/¢'(z;), and where ¢(z) = log((1+ 2)/(1 — z)). We can
then evaluate our approximation to p in the interior of B. We could
do this either using the basis given in §1.5.12 or equivalently, using
the harmonic Sinc basis of §1.5.13. We have chosen the latter proce-
dure in the program which follows, by approximating p at the exact
Sinc points in B for which we obtained our above Sinc convolution
approximation to U.

Finally, we can approximate the solution u to our original problem,
by forming the expression u = U + p.

h

% lap_square.m
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b

% Program for Solution of (4.2.16)

b

% Solving Poisson problem

h

% nabla u = -f in D = (-1,1) x (-1,1)
h

% with f(x,y) = -2,

h

% subject to

h

% u(x,y) = x"2 on the boundary of D.
h

% Our procedure is based on use of

% coupled SINC and BIE.

b

clear all

N = input(’Enter number of Sinc points:
h = 2.5/sqrt(N);
m = 2*%N+1;

format long e
b
% Sinc points and weights over (-1,1)

h

z = Sincpoints2(-1,1,N,N,h);
w = weights2(-1,1,N,N,h);
W = diag(w);

% Construction and diagonalization of
% indefinite integration matrices

=
—
|

= Int2_p(-1,1,N,N,h);
Int2_m(-1,1,N,N,h);

[X S] = eig(Al);

Xi = inv(X);

[Y S] = eig(B1);

b

% Note: Al and Bl have the same
% eigenvalue matrix.

[oe]
hire
I

”)

327
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h
Yi = inv(Y);
h
s = diag(S);
h
% I. The particular solution
h
% Computing Laplace transform of the
% Green’s function at the eigenvalues
% of Al and Bl -- see Lemma 2.4.2
h
gamma
h
for j = 1:m

p=s(j);

for k = 1:m

g=s (k) ;
G(j,k) = 1/(1/p72 + ...
1/q°2)*(-1/4 +1/(2%pi)*(q/p* (gamma-log(q))+ ...
p/q*(gamma-log(p))));

0.5772156649015328606065;

end
end
h
% Computing Right Hand Side -- matrix --
% £ = [f(z_j\,,z_k)], with f(x,y) = 2.
h
t

for j = 1:m
for k = 1:m
£(j,k) = 2;
end

end

h

% Computing the Sinc Convolution of the
% Green’s Function G and f by Sinc

% convolution, based on Algorithm 2.5.1.
h

% We thus get a particular solution of the

328
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% non-homogeneous PDE.

U = X*(G.*(Xi*f*Xi.?))*X.’;
U=TU+ Y*x(G.*x(Yi*xf*Xi.’))*X.’;
U=T0U + X*x(G.*x(Xi*xf*xYi.’))*Y.’;
U=TU+ Y*x(G.*(Yixf*Yi.’))*Y.’;
UR = real(U);

h

% Plot of UR

h

figure(1)

surf(z,z,UR)

print -dps2 dirich_pois_partic.ps

pause

h

% II. Solving the Homogenous Problem

h

% We next need to compute a solution of the
% homeogenous PDE to satisfy the boundary

% conditions. This is done via BIE, i.e., via
% the procedure described above.

h

% Constructing right-hand side vectors

h

for j = 1:m
g2(j) = z(j)°2 - UR(j,m);
ga(j) = z(j)"2 - UR(j,1);

end

h

for j=1:m
gl(j) = z(m)"2 - UR(m, j);
g3(j) = z(1)"2 - UR(1,j);

end
b
% Setting up the blocks A, B, C
b
for j = 1:m
for k = 1:m
A1(5,k) = (1-2z(§))/pi/((1-z(§))"2 + (1+z(k))"2);
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A2(j,k) = 2/pi/(4 + (z(j) + z(k))"2);

A3(j,k) = (1+z(j))/pi/((1+z(§))"2 + (1-z(k))"2);
end

end

YA

Al = A1xW;

A2 = A2x%W;

A3 = A3*W;

D = eye(m);

% Now use the above created matrices and vector
% to create the ‘big system’ of equatioms.

A = [D A1 A2 A3; A3 D Al A2;
A2 A3 D Al; Al A2 A3 D];
g = [gl g2 g3 g4].7;

% Solving linear equations
r = A\g;
% Approximate solution via Harmonic Sinc
rl = r(1:m);
r2 = r(m+l:m+m);
r3 = r(m+m+1:m+m+m) ;
r4 = r(m+m+m+1:m+m+m+m) ;
% Solution computed on Sinc grid
p = zeros(m,m);
for j=1:m

for k=1:m
zz = z(j) + ixz(k);

ul = phi2(1-i,1+i,zz);

u2 = phi2(1+i,-1+i,zz);
u3 = phi2(-1+i,-1-i,z2z);
u4 = phi2(-1-i,1-i,zz);
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pl = basis_harm(ul,N,N,h);
p2 = basis_harm(u2,N,N,h);
p3 = basis_harm(u3,N,N,h);
p4 = basis_harm(u4,N,N,h);

p(j,k) = pl*rl + p2%r2 + p3*r3 + pi*r4;
end
end
% Approximte solution
h
v = p+UR;
h
% Plots of Homogenous & Complete Sols
h
figure(2)
surf(z,z,p);
print -dps2 dirich_lap.ps
pause
o
figure(3)
surf(z,z,v);
print -dps2 dirich_tot.ps
pause
h
approx = diag(v);
exact = z.72;
figure(4)
plot(z, approx, ’o’, z, exact, ’-’);
xlabel(’Sinc points’)
ylabel (’Approximate, "o" and Exact, "-"’)
print -dps2 X-Sec_lap_poi_sq.ps

The particular solution (4.2.18) is given in Figure 4.3; the solution
p which solves the problem (4.2.19) subject to u = z?> — U(z,y) on
OB is given in Figure 4.4, and the solution u of the problem (4.2.16)
with g(z,y) = 22 is given in Figure 4.5.
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FIGURE 4.3. Particular Solution to V?U = —2 on [~1,1]?

4.2.4 NEUMANN TO A DIRICHLET PROBLEM ON
LEMNISCATE

Consider obtaining an approximate solution to the Neumann prob-
lem

Ugz + Uyy =0, (x,y) € B

(4.2.27)
8_u =p ondB,
on

where 0 /(On) denotes differentiation in the direction of the unit
outward normal n on 0B. If [, pds = 0, then the conditions of the
Fredholm alternative are satisfied. Consequently, a function u which
solves (4.2.27) is not unique, i.e., if u; is a solution to (4.2.27) then,
with ¢ an arbitrary constant, us = u; + ¢ also solves (4.2.27). Now,
if v is a conjugate harmonic function of u, such that F' = u + iv
is analyticin D = {z €C : 2z = z + iy, (z,y) € B}, then (see
Equations (2.6.28) and (2.6.29))

ou v

— =——= 4.2.28
where 0 /(0t) denotes differentiation in the direction of the unit
tangent, t on 0B. We can thus produce ¢ = — [pds via Sinc

indefinite integration. But since v is a conjugate of u, we have
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ZZZ

=

FIGURE 4.4. Particular Solution to V?p = 0 on Square

u(¢) = (Sv)(¢), (¢ € 0B, where S denotes the Hilbert transform
operator, defined as in (2.6.22). That is, if ¢ is defined on OB by
g=38q, then g(¢) = u(¢),¢ € OB, with u a solution to (4.2.27).

After constructing g, we can proceed as outlined in §2.6 to find the
function w which solves the PDE problem (4.2.27) via solution of a
Dirichlet problem.

We now illustrate with a MATLAB® program the construction of
the function g for the case when B is the lemniscate

B={(p,0):0<p<1l—cos(@), 0<0O<27}. (4.2.29)
In polar coordinates the boundary of B is given by

OB ={(r,0):r=1—cos(f), 0<6<27}. (4.2.30)

Clearly, this parametrization of 0B defines it as an analytic arc on
(0,2m).

To test our algorithm, we take as the solution to (4.2.27) the har-
monic function

u(a,y) =Rz +iy)* = a® - 3z y’. (4.2.31)
We then obtain the following expressions for (z,y) € dB:
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FIGURE 4.5. Solution u = U + p to VZu = —2 on Square

r = 2sin?(0/2),

x = rcos(d), y=rsin(0),
n = (sin(36/2),—cos(360/2)), (4.2.32)
Vu = (ug,uy) = (3(z* —y?),6zy)
p = g—z = (Vu) - n.
Performing indefinite integration of p, we get
¢ ¢ ds
a(¢) = — /_ p(0)ds = — /_ p(6) S db. (4.2.33)

Finally, by performing the Hilbert transform on the function ¢ we
get g,

PV [ qd:
i Jog 2z —(
PV. (™ q(¢) ¢—0 d .9 i ¢
— (2 2)e'?) do.
|8 S (2ente/2) %) do
(4.2.34)
Thus, with 7 = (x,y), r = |F|, a function u which solves the Neu-

mann problem (4.2.27) on the lemniscate (4.2.29) is then also given
by the solution to the Dirichlet problem

9(0) =
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(4.2.35)

u(r cos(@),r sin(f)) = g(0),7 € IB.

The MATLAB® program which follows illustrates the computation

for g(#) at the Sinc points on the interval (0,2 ).

b

% lemniscate.m

b

% Determining q defined as in (4.2.33).
b

clear all
b

N = 15;

m = 2*%N+1;

h = .55/N~(1/2);

TT = 1/exp(N*h);

T = exp(h);

for j=1:m
t(j) = 2%pi*TT/(1+TT);
TT = TT*T;

A = Int2_p(0,2%pi,N,N,h);
C = Hilb_yam2(0,2%*pi,N,N,h);

for j=1:N+1
s2(3) = sin(t(§)/2);
r(j) = 2%s2(j)"2;
x(3) = r(§)*cos(t(j));
y(3) = r(j)*sin(t(j));
z(j) = x(§)+ixy(3);
Normzdot (j) = 2*s2(j);
unitnormalx(j) = sin(3*t(j)/2);
unitnormaly(j) = cos(3*xt(j)/2);
u(j) = x(3)"3-3*x(j)*y(j)"2;
ux(j) = 3*x(x(§)"2-y(j)"2);
uy(j) = 6*xx(j)*y(§);
gexact (j) = u(j);



end
/A

for

end

h
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p(j) = ux(j)*unitnormalx(j) ...
+ uy(j)*unitnormaly(j);

p_integrand(j) = - Normzdot(j)*p(j);
k=1:N

j = m+l-k;

s2(3) = s2(k);

r(j) = rk);

x(j) = x(k);

y(3) = -y(k);

z(j) = x(G+ixy(j);

Normzdot (j) = 2*s2(j);
unitnormalx(j) = unitnormalx(k);
unitnormaly(j) = - unitnormaly(k);
u(j) = uk);

ux(j) = ux(k);

uy(j) = —uy(k);

gexact(j) = gexact(k);

p() =pk);

p_integrand(j) = p_integrand(k);

pp = p_integrand.’;

q:
h

for

Axpp;
j=1:m
for k=1:m
if abs(j-k) > 0;
partl = ...
(k) - t(§))/(zk) - z(j));
part2 = ...

2xs2 (k) * (unitnormaly(j) ...
+ i*unitnormalx(j));
phi_theta_matrix(j,k) = (partl*part2);
else;
phi_theta_matrix(j,k) = 1;
end;
end;
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end;

h

Hilb_yam_matrix = C.*phi_theta_matrix;
% Hilb_yam_matrix = real(C.*phi_theta_matrix);
h

gr = Hilb_yam_matrix*q;

gimag = imag(gr.’);

h

figure(1)
plot(t,gimag,’-’,t,gexact,’0’);

print -dps2 Dir_bc_exact_appr.ps
pause

figure(2)

plot(t,gimag-gexact);

print -dps2 Dir_bc_exact_appr_err.ps

2

6

-8 I I I I I
0 1 2 3 4 5 6

FIGURE 4.6. Solution u = U + p to V?u = —2 on Square

Note that our computed values in Figure 4.6 are slightly larger by
a constant than the exact ones throughout the interval (0,27), re-
sulting from the fact that the solution to the Neumann problem is
not unique. Note also the large error near the ends of the interval.
In part, this is due to the inaccuracy of the Sinc points ¢; near 2,
and also, due to the fact that MATLAB® computes eigenvalues and
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eigenvectors to within an absolute, rather than a relative error.

An approximate solution to a harmonic function u which solves the
problem (4.2.27) can now be obtained via solution of (4.2.35). The
simplest procedure for accomplishing this is to use the analytic con-
tinuation procedure of §1.5.13. To this end, we would take for ¢ in
(1.5.107) the function ¢(t) = log(t/(2m —t)). Then, instead of using
(1.5.109), we would set

N Su(t) t—t,
t—tk zZ — 2k

2 sin(tr/2) exp(2ity).

(4.2.36)
with ¢ the Sinc points of the map ¢, and with 2z, =
2 sin?(t/2) exp(ity). The complex numbers ¢ and z are related sim-
ply by the equation z = 2 sin?(¢/2) exp(it). The functions wy(z) are
given in terms of the functions d; defined as in (1.5.109) by

wi(2) = O(t) t—ty

t—1tp 2 — 2
in which we take ¢ to be a function of z, so that as 2 — z; thent — t;,
and wy(z) — 6; with d; ;, now denoting the Kronecker delta. Hence,
if W denotes the m x m matrix with (j, k)" entry wy(z;), and if g
denotes the column vector of order m with entry g(t;), where g is
defined as in (4.2.35), then the vector ¢ with ;% entry c; is given by

the solution of the non-singular system of equations W c = g.

2 sin(ty/2) exp(2ity), (4.2.37)

4.2.5 A Poi1ssoN PROBLEM OVER A CURVILINEAR
REGION IN IR?

Let D denote the unit disk, and let C; (resp., C_) denote the part
of 9D on the upper (resp., lower) half plane. We illustrate here a
MATLAB® programs for the solution to the problem

Ugy + Uyy = —4, ('x’y) D
u(z,y) = 1 if (z,y) € Cy (4.2.38)
T -1 i (@) e

The particular solution, U(z,y) = 1 — 2 — 42, to his problem is

obtained via Sinc convolution, using the Green’s function represen-
tation,
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Ute) = [ [ Ga—€y—m femdsdn = (1—a*=y?), (4:2:39)

where, as above, G denotes the free space Green’s function,

G(z,y) = — log ——— (4.2.40)

or 083 T2
and where f(z,y) = 4.

We initially obtain an approximate solution to this non-homogeneous
problem based on the curvilinear region algorithm in §2.5.3 in
lap_poi_disc.m. We then give plots of the our computed solution,
the exact solution, and the difference between the computed and the
exact one. This solution is illustrated in Figure 4.7.

Following these plots, lap-harm disc.m computes the solution to

Ve +0yy =0, (2,y) €D,

Y by=1 if (z,y) € Ct (4241)
] be=-1 if (x,y)eC_,

using the harmonic Sinc approximation procedure described in
§1.5.3, the implementation of which is illustrated in §4.2.1. This so-
lution is illustrated below in Figure 4.8.

Indeed, it is possible to show that the exact solution is just

2 2y
’U(.’E,y) = ; arctan <m) 5 (4242)
so that we can again compare computed and exact solutions. These
solutions as well as the error, are plotted following lap harm disc.m
which computes only the solution in the upper half plane, since the
solutions in the upper and lower half planes are negatives of each
other.

As already stated, the MATLAB® program for the solution to the
convolution integral problem follows. It uses the two dimensional
convolution algorithm derived in §2.4.3. Notice also, that we have
computed a solution that is uniformly accurate in D in spite of dis-
continuous boundary conditions.
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lap_poi_disc.m
We solve here the problem
nabla u = -ff in D,

with D the unit disc, and with
ff = 4;

The method of solution is to use
the free space Green’s function

{\cal G}(x,y) = (4 pi)~{-1} log(x"2 + y~2)
to produce a particular solution

U(x,y)
= \int\int_D {\cal G}(x-p,y-q) f(p,q) dp dq

via use of the Sinc convolution
algorithm convnl2_vec.m.

ear all

input (’Enter Sinc point number, Mi: ”)
input (’Enter Sinc point number, N1: ”)
input (’Enter Sinc point number, M2: ”)
input (’Enter Sinc point number, N2: ”)
M1+N1+1;

M2+N2+1;

0.45/sqrt (N1);

0.45/sqrt (N2);

rmat long e

We provide here the explicit
computation of the zeros

z_k = (e"{kh}-1)/(e”{kh}+1) for
(-1,1) using the formula
1-z_k"2 = 4e~{kh}/(1+e"{kh}) "2
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% instead of computing (1-z_k"2) after z_k
% is computed,, since this latter method
% is not a good procedure to use in the
% case when z_k is close to 1.
h
al = 2;
TT = exp(hl);
M1 = 1/TT"M1;
for j=1:ml
T2 = sqrt(TM1);
den = 1+TM1;
bet(j) = 4%T2/den;
z1(j) = TM1/den;
wl(j) = h1*TM1/den"2;
TM1 = TM1xTT;
end
b
TT = exp(h2);
™2 = 1/TT"M2;
for k=1:m2
den = 1 + TM2;
z2(k) = TM2/den;
w2(j) = h2*TM2/den"2;
TM2 = TM2%TT;
end
% Computing the right hand side
% vector ff
b

for ii = 1:ml

for j = 1:m2
f£(ii,j) = 4;
end

end

h

% Construction and diagonalization
% of indefinite integration matrices
% Aj and Bj, j=1,2 <=> x,y

t

Al = Int2_p(0,1,M1,N1,h1);
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B1
A2
B2
/A

[X1 8]
[Y1 s]
[X2 T]
[Y2 T]
clear Al

clear B1

clear A2

clear B2

YA

s = diag(S);

clear S

sig = diag(T);

clear T

b

% Now, the Laplace transform, as

% given in Step #6 of Algorithm 2.1.2

% and using the routine lap_tr_poi2.m.
b

gamma = 0.5772156649015328606065;

b

for ii=1:mi

Int2_m(0,1,M1,N1,h1);
Int2_p(0,1,M2,N2,h2);
Int2_m(0,1,M2,N2,h2);

eig(Al1);
eig(B1);
eig(A2);
eig(B2);

p = alxs(ii);
for k=1:m2
for j=1:mil

q = bet(j)*sig(k);
F(ii,j,k) = 1/(1/p~2 + 1/q~2)*(-1/4 + ...
1/(2xpi)*(q/p*(gamma-log(q)) + ...
p/q*(gamma-log(p))));
end
end
end
U = zeros(ml,m2);
for n=1:4
if n ==
A =X1; B = X2;
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elseif n ==
A =X1; B=Y2;
elseif n ==
A =Y1; B = X2;
else
A =Y1; B =1Y2;
end
U =1U + convnl2_vec(A,ml1,B,m2,F,ff);
end
b
U = real(U);
b
surf(z2,z1,0);
pause

h

% Now, compare with the exact solution,

% U_ex(x,y) = 1-x"2-y~2. But this must first
% be approximated on the square:

h

for j=1:ml
for k=1:m2
x = -1 + al*xzl1(j);
y = -bet(j)/2+bet (j)*z2(k);
U_ex(j,k) =1 - x72 -y~2;
end
end

b
surf (z2,z1,U_ex)
pause
surf (z2,z1,U - U_ex)
pause
b
% L1 and L2 norms of error
b
Erl = 0;
Er2 = 0;
for j=1:mil

for k=1:m2

eee = abs(U(j,k) - U_ex(j,k));
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Eril
Er2

Erl + wi(j)*w2(k)*eee;
Er2 + wi(j)*w2(j)*eee”2;

end
end
YA
Lierror
L2error

Erl % L1 norm
sqrt (Er2) % L2 norm

FIGURE 4.7. L H Side of (4.2.39) Computed via Algorithm 2.5.4

This next program illustrates the computation of the solution to
(4.2.38).

b

% lap_harm_disc.m

b

% We solve here the problem
h

% nabla u =0 in D

h

% with D the unit disc, and
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0 o

FIGURE 4.8. Exact Solution of (4.2.39)

subject to the boundary conditin
u=1onC_+, u=-1on C_-

where C_+ (resp., C_-) denotes
the boundary of D in the upper
(resp., lower) half of the
complex plane.

The exact solution to this probl
is

u = 2/pixtan”{-1}(2y/(1-x"2-y"2

The method of solution of via us
of the harmonic Sinc basis defin
in Sec. 1.5.13, the implementati
of which is illustrated in Sec.
We thus firs solve a 2 x 2 block
system of equations

S

em

).

e
ed
on
4.1.1.
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FIGURE 4.9. Difference Between Exact and Computed (4.2.39)
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we determine the vector (cl , c2)°T,
and we use the expression

U = sum_j [cl_j dell,j(z) + c2_j del2(j,=z)

to compute the solution in the
interior of D.

First compute the vectors cl & c2:

clear all

N = 20;

h = 3/sqrt(\);

m = 2*N+1;

z1 = Sincpoints7(0,pi,N,N,h);

z2 = Sincpoints7(pi,2+*pi,N,N,h);
B = zeros(m,m);
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FIGURE 4.10. Sinc-Harmonic Solution to (4.2.41)

C = B;

E = eye(m);

b

for j=1:m
C(j,:) = basis_harm7(pi,2#*pi,z1(j),N,N,h);
b1(j) = 1;
B(j,:) = basis_harm7(0,pi,z2(j),N,N,h);
b2(j) = -1;

end

h

Mat = [E B;C El;

b [b1 b2].7;

h

sol = Mat\b;

h

cl = real(sol(1:m));

c2 = real(sol(m+1:2%m));

h

% Next compute the solution in the
% interior of D. However, we will plot
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% only the part in the upper half plane,
% since the suolution in the lower half

% is just the negative (with respect to

% the vertical coordinate) of that in the
% lower half plane

b

h2 = 0.9;
T = exp(h2);
TT = 1/T"N;
for j=1:m

rt = sqrt(TT);
den = 1 + TT;
x(j) = (TT-1)/den;
r(j) = 2*rt/den;
TT = T*TT;
end
%
T = exp(h2);
TT = 1/T"N;
for k=1:m
y(k) = TT/(1+TT);
TT = T*TT;
end
yA
U = zeros(m,m);
%
for j=1:m
for k=1:m
xx = x(j);
yy = r(j)*yk);

zzZ = XX + 1i*yy;
vl = basis_harm7(0,pi,zz,N,N,h);
v2 = basis_harm7(pi,2*pi,zz,N,N,h);

U(j,k) = vikcl + v2*c2;
u_exact(j,k) = 2/pi*atan(2*xyy/(1-xx"2-yy~2));
end
end
b

% Now, for some plots:
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yA

figure(1)

surf (y,x,U0);

pause

figure(2)

surf (y,x,u_exact) ;
pause

figure(3)

surf (y,x,U - u_exact);

FIGURE 4.11. Difference Between Computed and Exact of (4.2.41)
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4.2.6 A PoIssoN PROBLEM OVER R?

MATLAB® program pois_R_3.m provides a Sinc solution to the
Poisson problem

Ugpy T Uyy + Uz = —9(9572/7 2)7
(4.2.43)
(z,y,2) € B=TR?,

with

g(x7y7z) = (4T2 - 6) exp(—?“z),

with r = /22 +y?+ 22, so that the solution to (4.2.43) is just
u(z,y, ) = exp(—r?). Although this function is only a function of r,
no advantage was taking of this fact by our method of solution. Also,
since the region is infinite, we did not need to apply any boundary
conditions.

Our Sinc method of solution convolution is based on the Green’s
function representation

u(z,y, 2) = / / /B Glx— &y —m,2—C) g(€.1,¢) de dndC, (4.2.44)

with
1

CAnal 422

G(z,y,2) (4.2.45)

In order to apply Sinc convolution we split the multi-dimensional
convolution over the region B into the 8 indefinite convolution inte-
grals,
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/] )=
L Ll
AN NN A
AR AV N

each of these being evaluated via the Sinc convolution algorithm,
and then summed to produce a particular solution to (4.2.43).

(4.2.46)

MATLAB® program pois_R_3.m clearly points out the remarkable
simplicity of the Sinc convolution algorithm. The main program
loops over the eight indefinite convolutions, setting up the needed
matrices, and then calling the conv3_vec subroutine to apply the
matrices in the same order for each indefinite convolution. A plot of
the solution is given in Figure 4.2.12.

Solution U in Plane $z = 0$

0.5

-5 _5

FIGURE 4.12. Solution of Au = (6 — 4r?) e in R?
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pois_R_3.m

This is a Sinc convolution solution to the problem
\nabla u = - (6 - 4 r~2) exp(-r~2)

via Sinc methods -- see Sec. 3.1.2 of this handbook.
Parameters

ear all

= 14;

= M1;

= M1+N1+1;
1.1/sqrt(N1);
= M1;

= M1;

= ml;

= hi;

= M1;

= M1;

= ml;

= hil;

Sinc points. The’’1’’ in Sincpointsl
refers to the tranformation #1 given
in Example 1.5.3 of this handbook.

Sincpoints1(M1,N1,h1);
Sincpoints1(M2,N2,h2);
Sincpoints1(M3,N3,h3);

Next we proceed to approximate the
solution U according to the convolution
algorithm, Algorithm 2.5.2 of this
handbook.
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% Evaluate the function g

T

for j=1:mil
for k=1:m2
for 1=1:m3
r2 = z1(j) "2+z2(k) "2+z3(1) "2;
g(j,k,1) = - (4*xr2-6)*exp(-r2);
end
end
end
YA
clear r2

0,

/2

% Indefinite integration matrices. These
% were also computed in previous examples.

h

A1 = hixIm(ml);
Bl = A1.’;
A2 = h2*xIm(m2);
B2 = A2.’;
A3 = h3*xIm(m3);
B3 = A3.7;

h

% Eigenvalues and eigenvectors

h

[X1 S1] = eig(Al);

[Y1 T] = eig(B1);

s1 = diag(S1);

h

[X2 S2] = eig(A2);

[Y2 T] = eig(B2);

s2 = diag(82);

h

[X3 S3] = eig(A3);

[Y3 T] = eig(B3);

s3 = diag(S83);

h

% Evaluate the 3d Laplace transform,
% as given in Theorem 2.4.4 of this handbook.
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h

for j=1:ml
for k=1:m2
for 1=1:m3
G(j,k,1) = lap_tr_poi3(s1(j),s2(k),s3(1));
end
end
end
h
b
% Now, solve the PDE Lap U = - g

% via repeated (8 times) use of the convolution
% algorithm, Algorithm 2.5.2 of this handbook.
b

U = zeros(ml,m2,m3);

for n=1:8

if n ==

A=X1; B=X2; C=X3;
elseif n ==

A=X1; B=X2; C=Y3;
elseif n ==

A=X1; B=Y2; C=X3;
elseif n ==

A=X1; B=Y2; C=Y3;
elseif n ==

A=Y1; B=X2; C=X3;
elseif n ==

A=Y1; B=X2; C=Y3;
elseif n ==

A=Y1; B=Y2; C=X3;
else

A=Y1; B=Y2; C=Y3;
end

U = U + conv3_vec(A,ml1,B,m2,C,m3,G,g);
end
h
% We now do some surface, and cross-section plots.
% The cross-section plots are checks, to see if
% one gets the same solution through each

354
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% plane through the origin, for symmetric
% problems.

b

UU = real(U);

clear U
Vi = UUC(:,:,M3+1);
surf(z1,z2,V1);

title(’Solution U in Plane $z=0$’)
% print -dps2 pois_3_d_appr.ps
pause
for j=1:ml
for 1=1:m3
V2(j,1) = UU(j,M2+1,1);
end
end
surf (z2,z3,V2);
pause
for k=1:m2
for 1=1:m3
V3(k,1) = UU(M1+1,k,1);
end
end
surf (z2,z3,V3);
pause
for j = 1:ml
exact(j) = exp(-z1(j)"2);
end
b
% plot(z1,UU0(:,M2+1,M3+1),z1,exact,’0’)
% title(’Error Plot in Planes $y = z = 0$’)
% print -dps2 gauss_err.ps
% pause
% plot(z3,V2(M1+1,:))
% pause
% plot(z2,V3(:,M3+5))
% pause
clear V1
clear V2
clear V3

355
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4.3 Hyperbolic PDE

We illustrate here solutions of wave equations over regions of the
form B x (0,T), where B is a region in R, and (0,T) is a time
interval, and where either B or T' (or both) may be unbounded.

4.3.1 SowvING A WAVE EQUATION OVER R? x (0,7)

The program wave_3p1.m contains the details of the Sinc solution to
the wave equation problem

1 0%u(r,t) 2 3 2\ ,3/2 2
ET—V u(r,t) = (7—5—1—@—47“ > 32 exp(—r? — ct),
7= (z,y,2), (7,t)e B=R?x(0,00)
(4.3.1)
The exact solution is
u(7,t) = t3/% exp(—|r]? — ct) (4.3.2)

The program wave 3pl.m calls two important programs from Sinc—
Pack, namely, conv4_vec.m, which enables four dimensional convolu-
tion, and also, lap_tr4_wave.m, which evaluates the four dimensional
transform of the Green’s function, as given in Theorem 2.4.10.

We include wave_3p1.m here, for sake of completeness. Note, in this
program, the initializations are similar to those in previous programs.
The dimension of the problem (4.3.1) is large here, and for this rea-
son, it was necessary to specify four sets of Sinc points, and eight
indefinite integration matrices.

In the program below we took 21 Sinc points in the z, y, and z
directions, and 15 time points, thus we computed an approximate
solution requiring only 212 x 15 = 138,915 points.

b

% wave_3pl.m

h

% This program is copyrighted by SINC, LLC
% an belongs to SINC, LLC
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FIGURE 4.13. Solution (0, 0,0,t) to (4.3.1)

% This is the MAIN routine for computation of
% the wave problem c~{-2} u_{tt} = Delta u + £
% on R"3 x (0,\infty), via Sinc convolution.

% The exact solution is

%
% u(r,t)
%

= t7(3/2)*exp(-r"2 - c*t).

% Initializations:

b

clear all
b

tic
c=1/2;

b

TT = 0.1;
b

pl=10;
p2=10;
p3=10;

0.09
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FIGURE 4.14. Solution u(0,0, z,t) to (4.3.1)

p4=T7;

h

M1 = pi;
N1 = pi;

ml = M1+N1+1;

hl = .6/sqrt(N1);

xx = Sincpoints5(M1,N1,h1);
[W1,w2,R] = Int_both5(M1,N1,hl);
rrr = diag(R);

M2 = p2;

N2 = p2;

m2 = M2+N2+1;

h2 = .6/sqrt(N2);

[X1,X2,8] = Int_both5(M2,N2,h2);
sss = diag(S);
yy = Sincpoints5(M2,N2,h2);

M3 = p3;

N3 = p3;

m3 = M3+N3+1;

h3 = .6/sqrt(N3);

358
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Approx — Exact u(0,0,z,t)

0.04

Time
FIGURE 4.15. z-Time Error Plot for PDE (4.3.1)
zz = Sincpointsb5(M3,N3,h3);

[Y1,Y2,T] = Int_both5(M3,N3,h3);
ttt = diag(T);

M4 = p4;

N4 = p4;

m4 = M4+N4+1;

h4 = 3.5/sqrt(N4);

tt = Sincpoints2(0,TT,M4,N4,h4);
A4 = Int2_p(0,TT,M4,N4,h4);

[D U] = eig(A4);

uuu = diag(U);

clear R

clear S

clear T

clear U

h

% Setting up the right hand side
% of c”{-2}u - Delta u = f

% f (called ff here) and the

% exact solution, ex.



h

Approximate u(x,y,0,0)

for ii=1:mi

end
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X

FIGURE 4.16. Solution u(z,y,0,0) to (4.3.1)

x = xx(ii);
for j=1:m2
vy = yy();
for k=1:m3
z = zz(k);
r2 = x"2+y"2+z"2;
f1 = exp(-r2);
for 1=1:m4
t = tt(1);
ct = 1/c/t;
th = sqrt(t);
ee = th"3*xexp(-r2-cx*t);
fe = (7-3*ct+3/4*ct"2-4%r2);
f£f(ii,j,k,1) = fexee;
ex(ii,j,k,1)= ee;
end
end
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\Nﬂs&‘hﬁﬂmm

Approx — Exact u(x,y,0,0)

y X

FIGURE 4.17. Spacial Error Plot for PDE (4.3.1)

YA
% Setting up of the Laplace transform
% of the Green’s function, as described
% in Theorem 2.4.10 of this handbook.
b
for ii=1:ml
u=rrr(ii);
for j=1:m2
v = sss(j);
for k=1:m3
w = ttt(k);
for 1=1:m4
t = uuu(l);
G(ii,j,k,1) = lap_tr_waved4(u,v,w,t,c);
end
end
end
end
b
% Now, solve the PDE
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%
U = zeros(ml,m2,m3,m4);

h

for n=1:8
if n==1
A=Wl; B=2X1; C=Y1;
elseif n == 2
A=Wl; B=2X1; C=Y2;
elseif n == 3
A =Wl; B=1X2; C=Y1;
elseif n == 4
A =Wl; B=1X2; C=Y2;
elseif n == 5
A =W2; B=2X1; C=Y1;
elseif n == 6
A =W2; B=2X1l; C=1Y2;
elseif n == 7
A =W2; B=X2; C=1Y1;
else
A =W2; B=X2; C=1Y2;
end

U=U+ convd_vec(A,m1,B,m2,C,m3,D,m4,G,ff);
end
b
U = real(U);
b
clear ff
clear G
b
for 1=1:m4
for k=1:m3
VR1(k,1) = U(M1+1,M2+1,k,1);

ER1(k,1) = ex(M1+1,M2+1,k,1);
end
ER3(1) = UM1+1,M2+1,M3+1,1);
EX3(1) = ex(M1+1,M2+1,M3+1,1);

end
%

toc



4. Explicit Program Solutions of PDE via Sinc—Pack

figure(1)

plot(tt,EX3,’0’,tt,ER3,’~’)

xlabel (’Time’)

ylabel(’Approximate, "-" and Exact "o" u(0,0,0,t)’)

print -dps2 Exact.vs.Appr_3d_wave_t_plot.ps
pause
h
figure(2)
surf (tt,zz,VR1)
xlabel(°Time’)
ylabel(’z’)
zlabel (’ Approximate u(0,0,z,t)’)
print -dps2 Appr_3d_wave_zt_plot.ps
pause
h
figure(3)
surf (tt,zz,VR1-ER1)
xlabel (’Time’)
ylabel(’z?)
zlabel (’Approx - Exact u(0,0,z,t)’)
print -dps2 Approx_Exact_3d_wave_zt_plot.ps
pause
h
for ii=1:ml
for j=1:m3
VR2(ii,j) = U(ii,j,M3+1,M4+1);
ER2(ii,j) = ex(ii,j,M3+1,M4+1);

end
end
h
figure(4)
surf (yy,xx,VR2)
xlabel(’x’)
ylabel(’y?)
zlabel (’ Approximate u(x,y,0,0)°)
print -dps2 Appr_3d_wave_xy_plot.ps
pause
h
figure(5)

363
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surf (yy,xx,VR2-ER2)

xlabel(’x’)

ylabel(’y?)

zlabel (’ Approx - Exact u(x,y,0,0)’)

print -dps2 Approx_Exact_3d_wave_xy_plot.ps

4.3.2 SOLVING HELMHOLTZ EQUATION

We present here a method of solution to the Helmholtz equation
(2.3.11) derived from the wave equation (2.3.5). However, instead
of applying Sinc methods directly to (2.4.58), we refer the reader
to the analysis in §2.4.4 leading to Equations (2.4.61) and its two
dimensional Fourier transform, (2.4.64). We shall also assume here
that V = (0,a) x (=b,b) x (—c,c). We only summarize the method
here; details will appear elsewhere [SRA].

We begin by taking the 2 — d Fourier transform of the integral
equation (2.4.61),

et Ay = =2 [ S (YFUEA) + A A)) e
(4.3.3)

and then proceed to solve for f5¢(z A) in order to obtain f*¢(r).

Here f%¢ = f — f™ is the scattered field, f is the total field which
satisfies (2.4.55), and f(F) = e "% is the input field. Also, A is the
2 — d Fourier transform variable, when taking the Fourier transform
of (2.4.58) with respect to (y,z), and k = 1/(co s) with ¢y the speed
of sound in the medium surrounding the support of v, namely V =
(0,a) x (=b,b) X (—c,c). Finally we let p = vk2 + A2

Test problems are easy to formulate. Starting with Equation (2.4.61)
for the scattered field, and starting with any function f*¢, and taking

as our input field the function e %% we can readily solve for the
potential
V2 sc __ /{2 sc
_ ﬁ (4.3.4)
We thus take as our solution the function f*¢(7) = e~ ~%% and

obtain
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AP+ A1) e’
K21 +e )

(4.3.5)

We can evaluate the right hand side of (4.3.3) for each fixed A as
a function of x using indefinite convolution. To this end, we shall
require the Laplace transform,

2

2 [ — z—x/0 K g
—K et de = —— . (4.3.6)
0 2ul+op

A sequence of functions {f3€}52 _ __ can then be obtained using suc-
cessive approximation based on the equation

__ B ap—Hlz=¢l , __ _ ) _
Tl A= = [T (YRR M) + PUOA(EA) de.
(4.3.7)
starting with f3¢ = «. This iteration can also be carried out using
Sinc approximations, and it can moreover be shown that the resulting
sequence of Sinc approximations converges.

4.4 Parabolic PDE

We illustrate here the Sinc solution to two problems:

1. Two separate population density problems over (i) (0, 00) x (0, c0)
and (ii) over (0,00) x (0,7); and

2. A Navier—Stokes problem over R® x (0,7).

4.4.1 A NONLINEAR POPULATION DENSITY PROBLEM

We consider the nonlinear integro—differential equation problem

Fy(z,t) = A(z,t) — B(x,t), (x,t) € RT x (0,7),
(4.4.1)
F(x,04) = Fy(z), xR,
with Rt = (0, 00).
In (4.4.1),
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Alz,t) = LWG(w,u)b(u)Fx(u,t)du

% a(v,w)

B(wt) = pt) /:Fm(v,t)/x Fy(w, t) dwdv,

(4.4.2)
where the initial condition function Fj, and functions G, b, u and
a are assumed to be given.

v w

This problem was discussed, for example, in [RM, VrPMS]|, and a
solution of this problem for an engineering application has been suc-
cessfully carried out in [SRi] using programs similar to the ones pre-
sented here.

No solutions to this problem seems to exist in the literature.

At the outset the above PDE is transformed into the integral equa-
tion problem,

F(z,t) = Fy(z) + U(z,t) = V(x,t), (z,t) € Ry x (0,T) (4.4.3)

with the functions U and V given by the integrals with respect to ¢
of A and B respectively, i.e.,

Uz, t) = /Ot /:OG(:E,u)b(u)Fz(u,T)dudT

V(z,t) = /Ot w(T) /Ox Fy(v,7) /:_OU a(vt;w) Fy(w,7)dwdv,dr,
(4.4.4)

The basis for our solution is the well-known Picard iteration scheme

FO (g 8y = Fy(a) + U™ (z,6) =V t), n=0,1,,...,
(4.4.5)
where U™ and V() are the same as in (4.3.4), except that each
F,(-,-) in (4.3.4) has been replaced with F™(-,.) with FO) (2, t) =
F() (.%')
Our method of solution presented here illustrates the flexibility and

power of Sinc methods for handling such a complicated problem. We
proceed as follows:
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1. Select my = 2M + 1 Sinc points {xj}j\i_M for variable x €
(0,00) and ny = 2N + 1 Sinc points {tx}__, for variable
te(0,7).

2. Discretize Fy(x) by forming an m, x m; matrix Fo = [Fj i]o ,
with (Fj,k)g = Fo(l'j).

3. Forn=0,1,..., let F™ denote an m, x m; matrix, where
FO = Fy, while for n > 0, F(™ is gotten by evaluation of
the right hand side of (4.3.5). This evaluation is carried out as
follows:

(i) Form a discretized approximation to F,(x,t) by applica-

tion of the Sinc derivative matrix to the matrix F( | to
from the matrix ) = [(Fx)k ¢] . Since differentiation of
a Sinc approximation is unbounded at x = 0, we use the

derivative polynomial derived in §1.7 to form F&”) from

F.
(ii) Discretize a(z,y)/y, using z—Sinc points for both x and
y to form an m, x m, matrix A = [a; x| = [a(x; , x)/zL].

Then form a 3-d matrix C' = [¢; i ¢] with ¢; ¢ the prod-
uct ¢j k1= ajk(F:E)/“g.

(ili) Letting [0 1] denote the indefinite integration matrix for
integrating from 0 to x with x € (0,00), we now form a
new triple array, [e; i o] with e; p o = SM 0w K Ci k0
Note that this triple array is just the discretization of the
function

e(v, z,7T) :/ WF;M(IU,T) dw.

(iv) Since we next wish to evaluate the convolution integral

p(z,7) :/ F.(v,m)e(v,z —v,7)dv,
0

we need the Laplace transform (see §1.5.11)

Ew,s,r)= /OOO exp(—z/s)e(v,z,7)dz,

for every eigenvalue s of the indefinite integration ma-
trix used for integration from 0 to x. (See §1.5.9.) This
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Laplace transform integral can be evaluated using using
Sinc quadrature. (See §1.5.7).)

(v) We can now approximate p(z,7) using the algorithm for
r(z) in §1.5.11.

(vi) The approximation of fg p(z,7)dr can now be carried
out applying Sinc indefinite integration from 0 to ¢ over
(0,7T), with T infinite in Example (i), and T finite in
Example (ii).

In the program below we use the following functions:

Fo(z) = 1—e°"

bz) = 1+1x2
G(zy) = ﬁyul (4.4.6)
a(z,y) = ﬁyzﬂ

pt) =

In function Fy we selected ¢ = 2 for program p_d_picard.m (Exam-
ple (i)). In program p_d_T5.m (Example (ii)) we selected ¢ = 20 - a
normally computationally difficult boundary layer case, with bound-
ary layer in the neighborhood of x = 0. Both programs use Picard
iteration to compute a solution. However, Picard iteration does not
converge over Ry x Ry for Example (ii). Convergence is achieved
by subdividing

[e.e]
Ry x Ry =Ry x | J(T}, Tj1a), Tj =T,
=0
and performing Picard iteration anew over each subinterval
(Tj,Tj41), with initial condition, the approximate solution F(z,Tj)
obtained from the previous interval (T};_1.7}).

b

% Program: p_d_picard.m
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b

% This program is copyrighted by SINC, LLC

% an belongs to SINC, LLC

b

% F(x,t) = F_0(x) + U(x,t) - V(x,t)

b

% U(x,t) = int_0"t int_x"infinity G(x,u) b(u) "times"
% "times" F_x(u,tau) du dtau

h

%  V(x,t) = int_0"t mu(tau) int_0"x F_x(v,tau) "times"
yA "times" int_{x-v} infinity w {-1} a(v,w) "times"
% "times" F_x(w,tau) dw dv dtau

h

% A successive approximation solution over

% (0,infinity) x (0,infinity) is computed.

% See Sec. 4.4

b

clear all

format long e

b

% Initial value inputs

b

% Note M1 is slighly bigger than N1, to take care

% of the boundary layer.

b

% Begin timing

b

tic

M1 = 10;

N1 = 8;

ml =M1 + N1 + 1;
M2 = 8;

N2 = 6;

m2 = M2 + N2 + 1;

ht = 0.4/sqrt(N2);
hx = 0.7/sqrt(N1);
T =1;

h

format long e
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b

% Sinc Points, Weights, and Matrices
/A

x = Sincpoints3(M1,N1,hx);

wx = weights3(M1,N1,hx);

YA
YA
t
YA
% Integration over (0,x) and (x,infinity)
YA
Axp
Axm
b

% The derivative matrices

b

% The "x" derivative matrix on (0,infinity)
% Note the many possibilities of Sinc

% differentiation on (0, infinity).

b

Axd = Dpoly3_1(M1,N1,hx);

b

% Integration over (0,t)

b

% Atp = Int2_p(0,T,M2,N2,ht);

Atp = Int3_p(M2,N2,ht);

b

% First, some definitions of functions and
b

% some diagonal matrices.

b

for j=1:mil

b

% the initial F_O, b

b

FO(j) =1 - exp(- x(j)/0.5);

b(j) = 1/(1+x(3)"2); % b(x) = 1/(1+x72)

for k=1:ml

b

ct

= Sincpoints2(0,T,M2,N2,ht);
Sincpoints3(M2,N2,ht) ;

Int3_p(M1,N1,hx);
Int3_m(M1,N1,hx);

370
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% The next two are values of G and a
h
G(,k) = x(jD/(x(G)"2 + x(k)"2+1); % x/(x"2 + y~2 + 1)
a(j,k) = x(H)/ (G2 + x(k)"2+1); % x/(x"2 + y°2 + 1)
end
end
h
% The diagonals of full matrices
h
for j=1:mil

for k=1:m2
h
% The initial value of F
h

FFO(j,k) = FO(j);

end
end
hh
% The approximation of "mu"
h
for k=1:m2

mu(k) = 1/(1+t(k)"2);
end
h
Dmu = diag(mu);
h
% Start of iterative "contraction" loop
h
F = FFO; % FFO = F(x,t)|_{t=0}
nn = 1
h
% The value of the "least squares"
% convergence norm, is here set to 1
h
while(nn > 0.00001)
h
% First compute the U(x,t) part -- see (4.3.5)
h
% First, compute the U = U(x,t) - Part
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b
% F_x denoted by Fx
b
Fx = Axd * F;
YA
% Next, G(x,u) b(u) F_x(u,tau)
YA
for j=1:mil
for k=1:m2
for 1=1:ml
GbFx(j,k,1) = G(j,1) * b(1) * Fx(1,k);
end
end
end
b
% P2(x,tau) = int_x"infinity G(x,u) b(u) F_x(u,tau) du
b
for j=1:ml
for k=1:m2
P2(j,k) = 0;
for 1=1:ml
P2(j,k) = P2(j,k) + Axm(j,1) * GbFx(j,k,1);
end
end
end
b
clear GbFx
b
% We now get U(x,t) at Sinc pts.:
% U(x,t) = int_0"t P2(x,tau) dtau
b
U = P2 *x Atp.’;
b
clear P2
b
b
% V(x,t) is next:
b
for k=1:m2
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for 1=1:mil
Fxx(1) = F(1,k);
for j=1:mil

awFx(j,1) = a(j,1)/x(1)*Fxx(1);
% awFx(v,w,tau) = a(v,w)/wxF_x(w,tau)
end
end
b
% Set ker_p(v,y,tau) = int_y infinity awFx(v,w,tau) dw
b
ker_p = Axm*awFx;
p = real(conv_nl_discrete_p(x,x,wx,Axp,ker_p));
for 1=1:ml
p(1) = Fxx(L)*p(1);
end
PP(k,1) = p(1);
end
b
% At this stage we have
% int_0"x F_x(v,tau) int_{x-v} infty (a(v,w)/w) F(w,tau).
b
% We next multiply this by mu(tau) and integrate the result from
% 0 to t:
b
V = PP.’*Dmu*Atp.’;
b
% We have thus completed the computation for V
b
% Next form the difference FF = F - FFO - U + V:
b
FF =F - FFO - U + V;
b

W = real(FF);
pA

F=F-W,;

nn = norm(W);
end

h

% end timing
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h

toc

h

surf (t,x,F)

pause

print -dps2 p_d_picard.ps

FIGURE 4.18. Density F(z,t) on (0,00) x (0, 00).

The following program, p_-d_T5.m first solves the above integral
equation problem over (0,7), then over (7,27, and so on, up to
(4T ,5T), with T'= 0.2. The programs are self-contained except for
the nonlinear convolution routines. The difficult to compute bound-
ary layer in the initial value function Fy can be effectively dealt with
via a slight increase in the lower limit M for approximation with
respect to the variable .

yA Program: #2: p_d_T5.m

% This program is copyrighted by SINC, LLC
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FIGURE 4.19. Density Boundary Layer F(z,t) on (0,00) x (0,T).

an belongs to SINC, LLC

Sinc successive approximation solution of
F(x,t) = F_0(x) + U(x,t) - V(x,t)

over

(0,infinity) x {(0,T), (T,2T), (2T,3T), (3T,4T)
and (4T,5T)}

Here,

U(x,t) int_07"t int_x"infinity G(x,u) b(u) "times"

"times" F_x(u,tau) du dtau

V(x,t) = int_0"t mu(tau) int_0"x F_x(v,tau) "times"
"times" int_{x-v} infinity w{-1} a(v,w) "times"
"times" F_x(w,tau) dw dv dtau
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0 o2

FIGURE 4.20. Density Boundary Layer F'(z,¢) on (0,00) x (T',2T).

% The initial condition has a bad boundary layer. G(x,y)
% is also badly behaved near (x,y) = (0,0).

b

clear all

b

format long e

h

M1 = 12;

N1 = 9;

ml = M1 + N1 + 1;

M2 =7;

N2 = 7;

m2 = M2 + N2 + 1;

hx = .5/sqrt(N1);

ht = 0.3/sqrt(N2);
T = 0.05;

yA

% Sinc Points, Weights, and Matrices
yA

x = Sincpoints3(M1,N1,hx);
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% x = Sincpoints4(M1,N1,hx);

wx = weights3(M1,N1,hx);

% wx = weights4(M1,N1,hx);

%

tau = Sincpoints2(0,T,M2,N2,ht);
Axp = Int3_p(M1,N1,hx);

Axm = Int3_m(M1,N1,hx);

% Axp = Int4_p(M1,N1,hx);

% Axm = Int4_m(M1,N1,hx);

%

% The derivative matrices

yA

% The "x" derivative matrix on (0,infinity)
%

Axd = Dpoly3_1(M1,N1,hx);

% Axd = Dpoly4_1(M1,N1,hx);

%

% Indef integration wrt t over (0,T) matrix
%

Atp = Int2_p(0,T,M2,N2,ht);

%

% Now diagonalize the matrix Axp, for

% Sinc convolution
b
[Y S] = eig(Axp);
s = diag(S);
b
% First, some definitions of functions and
b
% some diagonal matrices.
b
for j=1:mil
% the initial F_O
FO(j) = 1 - exp(- x(j)/0.05);
b
b(j) = 1/(1+x(3)"2);
for k=1:m1
% The next two are values of G and a

h

377
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% G(j,k) = 1/sqrt(1 + x(j)"4 + x(k)"4);
G(j,k) = x(3)/(x(j)"2 + x(k)"2+1);
a(j,k) = x(®)/(x(j)"2 + x(k)"2+1);

end
end
h
% The diagonals of full matrices
h
for j=1:ml
for k=1:m2
h
% The initial value of F
b
FFO(j,k) = FO(j);
end
end
h
% The approximation of "mu"
h
for k=1:m2
mu(k) = 1/(1+tau(k)"2);
end
Dmu = diag(mu);
h
% This is a row vector of the diagonal
% entries of S
h
Yi = inv(Y);
h
% Beginning of "time-strip", 11 - loop, to compute
% the solution F on the time interval I_1 = ((11-1)T,(11)T)
h
h
for 11=1:5
h
% A bit more initialization for I_1, I_2, I_3, I_4 & I_5
h
for j=1:m2
% Sinc points on I_1



4. Explicit Program Solutions of PDE via Sinc—Pack 379

t(j) = (A1-1)*T+tau(j);
Dmu(j,j) = 0.2/(1+t(j)"2);
end
h
% Start of iterative "contraction" loop
h
F = FFO; 7% FFO = F(x,t)|_{t=0}
nn = 1;
h
% The value of the "least squares"
% convergence norm, is here set to 1
while(nn > 0.00001)
h
% First, compute the U = U(x,t) - Part
h
% F_x denoted by Fx
h
Fx = Axd * F;
h
% Next, G(x,u) b(u) F_x(u,tau)
h
for j=1:ml
for k=1:m2
for 1=1:ml
GbFx(k,j,1) = G(j,1) * b(1) * Fx(1,k);
end
end
end
b
% P2(x,tau) = int_x"infinity G(x,u) b(u) F_x(u,tau) du
o

P2 = zeros(m2,ml);

for k=1:m2
for j=1:mil
for 1=1:ml
P2(k,j) = P2(k,j) + GbFx(k,j,1)*Axm(j,1);
end
end

end
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%
clear GbFx PP2
%
% We now get U(x,t) at Sinc pts.:
% U(x,t) = int_0"t P2(x,tau) dtau
%
U = (AtpxP2).7;
%
clear P2
%
% V(x,t) is next:
yA

for k=1:m2
for j=1:mil
Fxx(1) = F(1,k);
for 1=1:ml

awFx(j,1) = a(j,1)/x(1)*Fxx(1);
% awFx(v,w,tau) = a(v,w)/w*F_x(w,tau)
end
end

b
% Set ker_p(v,y,tau) = int_y infinity awFx(v,w,tau) dw
b
ker_p = Axm*awFx;
p = real(conv_nl_discrete_p(x,x,wx,Axp,ker_p));
for 1=1:mil
p(1) = Fxx(L)*p(1);
end
PP(k,1) = p(1);
end
b
% At this stage we have
% int_0"x F_x(v,tau) int_{x-v} infty (a(v,w)/w) F(w,tau).
b
% We next multiply this by mu(tau) and integrate the result from
% 0 to t:
b
V = PP.’*Dmu*Atp.’;
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%
clear awFx

h

h
UpV = real(U-V);
h
FF = FFO + UpV;
h
clear UpV
nn0 = norm(F - FF);
F = FF;
vector_iter_norm = nn0
nn = nnO;
h
% End of "contraction iteration" loop
h
end
h
% Printing a postscript file of the
% surface F
h
if(11<2)
figure(1)
surf (t,x,F)
pause
print -dps2 p_d_T5_1.ps
h
elseif (11>1) & (11<3)
figure(2)
surf (t,x,F)
pause
print -dps2 p_d_T5_2.ps
h
elseif (11>2) & (11<4)
figure(3)
surf (t,x,F)
pause



4. Explicit Program Solutions of PDE via Sinc—Pack

print -dps2 p_d_T5_3.ps
/A
elseif (11>3) & (11<5)
figure(4)
surf (t,x,F)
pause
print -dps2 p_d_T5_4.ps
b
elseif (11>4)
figure(5)
surf (t,x,F)
pause
print -dps2 p_d_T5_5.ps
end
b
% Initialization for next I_1

h

for j=1:ml
for k=1:m2
FFO(j,k) = F(j,m2);
end
end

/A
% End of "time-strip" loop
b
/A

end

382
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4.4.2 NAVIER-STOKES EXAMPLE

We illustrate here the solution to the integral equation (2.4.73),

u(7,t) :/RS (7)) G(F — 7 ,t)dF’

t
+/ , {(u(#,t")-V'G) u(@,t')+p(#,¢')V' G} di dt’,
0 R
(4.4.7)
in which we have written G for G(7 — 7 ,¢t — t').

The method of solution in navier_stokes2.m is based on the itera-
tion scheme

u,+1=Tu, (4.4.8)

with T defined as in (2.4.84), and where the operators Q, R, and
S are defined as in (2.4.85), and for which the Sinc approximation
of these terms is described following (2.4.85).

The program navier_stokes2.m uses the same spacial discretization
in each dimension. This program uses the routines:

navier_stokes2.m  the main program

navier_stokes_ic.m computes the initial condition vector u’
lap_tr_heat4.m used for computing Qu®
lap_tr_poi3.m computes the 3 — d Laplace transform of 1/(4xr)

navier_stokes_R.m computes the integral R of (2.4.85)
navier_stokes_S.m computes the integral S of (2.4.85)

conv4_vec.m compute 4 dimensional convolution integrals
Sinpointsl.m computes the spacial Sinc points
Sincpoints2.m to compute the time Sinc points

D1_.1.m to compute derivatives

Int_both.m spacial indefinite integration routines
Int2_p.m time indefinite integration routine

Here the program navier_stokes_ic.m computes the divergence—
free initial condition vector u®; this will need to be modified for a
different initial condition vector. The present program computes a
solution for the case of
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u’(F) = (x2 — 23, T3 — @1, T1 — T2) Xp (— 7'2) , (4.4.9)

for which the above divergence condition (2.4.66) is satisfied. The
user may also wish to modify some of the parameters in the main
program navier_stokes2.m.

Our program navier _stokes2.m converged for T' = 0.1 ; this appears
to be close to the largest value of T' for which it converged. Indeed,
the iterations took longer than we expected. A much faster rate of
convergence can be achieved by first solving the equation over R? x
[0,7"], and then solving the equation over R3 x [T",2T"], with e.g.,
T" = 0.05, where the initial conditions for the R x [T", 2 T"] solution
is just the vector u(7,T") obtained in the solution over IR x [0, 7"].
The modifications of the program navier_stokes2.m which would
enable us to achieve this are similar to those used in the program
p-d-T5.m of §4.3.1.

We compute two types of surface plots: one with coordinates at Sinc
points followed by one with coordinates at a finer mesh, where the
latter was obtained using the Sinc coordinate values in interpolation
formulas of the Sinc—Pack manual. The plots with Sinc—point values
(z,y,t) appear rougher, while the fine mesh plots are quite smooth.
It is not difficult to show using results from Chapter 1 that our
computations are uniformly accurate to at least 3 places on R? x
[0, 7).

Remark: A Warning! Consider the two Green’s functions, G and
its derivative G, , where, G(z1,x2,x3,t), is an even function in each
of the variables x,x9,2z3 whereas G,, = G, (x1,22,23,1), is an
even function of z2 and z3, but an odd function of x1. Let S(A, )
and Sz, (A, 7) denote the four dimensional Laplace transforms of
these functions. Set 7 = (1,2, x3) and consider the approximation

of the four dimensional convolution integrals

t
p(F 1) = / GF — 7t — ) u(F, ') dF dt’
0 JR?
(4.4.10)
t

g7 t) = / Gor(F — 7t — )l , ') di dt
0 JR3?
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0.4 u'(x,y, 0, T/2) at Sinc Points (x,y)

-3 _3

FIGURE 4.21. Plot of u'(z,,0,T/2) at Sinc Points (z,y)

through four dimensional Sinc convolution algorithms used in the
program navier_stokes2.m. Letting U and V denote respectively,
the four dimensional arrays gotten by evaluating v and v at the
Sinc points (z1, 22, wx3,t) as in the above program, and in the
notation for X, Y, Z used in navier_stokes2.m, the algorithm
for approximating p at the Sinc points is given by

-

conv4_vec(X,m,X,m,X,m,Z,m,S,U);
conv4d_vec(Y,m,X,m,X,m,Z,m,S,U);
conv4_vec(X,m,Y,m,X,m,Z,m,S,U);
conv4_vec(Y,m,Y,m,X,m,Z,m,S,U);
conv4_vec(X,m,X,m,Y,m,Z,m,S,U);
conv4d_vec(Y,m,X,m,Y,m,Z,m,S,U);
conv4_vec(X,m,Y,m,Y,m,Z,m,S,U);
conv4_vec(Y,m,Y,m,Y,m,Z,m,S,U);

YY" 'YYY YO
I

WYY YYYYTYO

+ + + + + + + +



4. Explicit Program Solutions of PDE via Sinc—Pack 386

u'(x, -0, T/2) at Fine Mesh (xy) ‘
0.4

i "omm i
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FIGURE 4.22. Plot of u'(z,,0,T/2) at Sinc Interpolated Points (z,t)

On the other hand, since G,, is an odd function of z;, its one di-
mensional Laplace transform taken over the interval —IR; is nega-
tive, and consequently, so is its four dimensional Laplace transform,
which is taken over (z1,z2,x3,t) € (—R4) x R4 x £Ry x (0,7),
where R4 = (0, 00). Hence the algorithm for approximating ¢ at the
Sinc points is given by

e

+ conv4_vec(X,m,X,m,X,m,Z,m,Sx_1,V);
- convd4_vec(Y,m,X,m,X,m,Z,m,Sx_1,V);
+ conv4_vec(X,m,Y,m,X,m,Z,m,Sx_1,V);
conv4d_vec(Y,m,Y,m,X,m,Z,m,Sx_1,V);
+ conv4_vec(X,m,X,m,Y,m,Z,m,Sx_1,V);
- conv4_vec(Y,m,X,m,Y,m,Z,m,Sx_1,V);
+ conv4_vec(X,m,Y,m,Y,m,Z,m,Sx_1,V);
- conv4_vec(Y,m,Y,m,Y,m,Z,m,Sx_1,V);

0 0 0 0 0 0 0 B o
]

0 0 0 0 0 0 0 B O
|
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0.5

u’(x,0,0,1) at Sinc Points (x.t) ‘

-3 0

FIGURE 4.23. Plot of v®(z,0,0,t) at Sinc points (z,t)

%

% navier_stokes2.m

yA

% This program is copyrighted by SINC, LLC
% an belongs to SINC, LLC

%

% Sinc Solution of (4.3.7)

% as outlined in Sec. 2.4.6.
yA

% Initializations:

YA

clear all

YA

% Start time

h

tic

h

Eps = 0.5;

% T = 0.00008;
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0.5 ua(x, 0,0,t) at:Fine Mesh (x,t) via Sinc Interpolation
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FIGURE 4.24. Plot of v®(x,0,0,t) at Sinc Interpolated Points (z, )

T =20.1;

b

% Sinc parameters

b

N = 8;

m o= 2kN+1;

hs = 1/sqrt(N);

ht = 0.6*hs;

zs = Sincpoints1(N,N,hs); % Spacial map #1 Sinc pts
zt = Sincpoints2(0,T,N,N,ht); % Time Sinc points
Dr = D1_1(N,N,hs);

h

% Diagonalization of both spacial indefinite
% integration matrices:

%

[X,Y,SS] = Int_bothl1(N,N,hs);
Xi = inv(X);

Yi = inv(Y);

s = diag(SS);
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Mmyawam Sinc Points (x, y) ‘

-3 _3

FIGURE 4.25. Plot of p(z,y,0,7/2) at Sinc points (z,y)

It = Int2_p(0,T,N,N,ht); % Time integration matrix on (0,T)
[Z,TT] = eig(It);

Zi = inv(Z);

tt = diag(TT);

clear SS TT It

h

% The initial velocity vector, u~0:

h

[U01,U02,U03] = navier_stokes_ic(zs);

b

% We first compute the Green’s functions
% -- see the discussion following (4.3.11)
h

for ii = 1:m

a = s(ii);
for j = 1m
b = s(j)

for k = 1:m
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p(x,y, 0, T/2) at Fine Mesh (x, y) :via Sinc: Interpolation

FIGURE 4.26. Plot of p(z,y,0,7/2) at Sinc Interpolated Points (x,y)

c = s(k);

GO(ii,j,k) = lap_tr_poi3(a,b,c);

for 1 = 1:m

t = tt(1);

Q(ii,j,k,1) = lap_tr_heat4(a,b,c,t,Eps)/t;
R = navier_stokes_R(a,b,c,t,Eps);
S = navier_stokes_S(a,b,c,t,Eps);
R2(j,k,ii,1) = R;
s2(j,k,ii,1) =
R3(k,ii,j,1) =
83(k,ii,j,1) =
R1(ii,j,k,1) =
S1(ii,k,k,1) = S;
V1(ii,j,k,1) = UO1(ii,j,k);
V2(ii,j,k,1) = U02(ii,j,k);
V3(ii,j,k,1) = U03(ii,j,k);

end

3
3
3

I

[J20== 7o B = - I ¢}

end
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p(0, 0, z, t) at Sinc ‘Points (z, t) ‘

T

-

FIGURE 4.27. Plot of p(0,0, z,t) at Sinc points (z,t)

end
end
b
clear UO1 UO2 UO3 R S
b
% Determination of the vector Q~0
b
U01 = zeros(m,m,m,m);
U02 = UO01;
U03 = U01;
for n = 1:
if n ==1
A=X; B=
elseif n ==
A=X; B=
elseif n ==

[o0]

; C=X;

o< W XN X
Q
I
<
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-6

-7
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FIGURE 4.28. Plot of p(0,0, z,¢) at Sinc Interpolated Points (z,t)

A=X; B=
elseif n ==
A=Y; B=
elseif n ==
A=Y; B=
elseif n ==
A=Y;B
else
A=Y;B
end
U01 = UO1 +
U02 = U02 +
U03 = U03 +
end
yA
clear Q
yA
% Start

b

Y; C=1Y;
5
X; C=X;
6
X; C=1Y;
7
Y; C = X;
Y; C=1Y;

real(conv4_vec(A,m,B,m,C,m,Z,m,Q,V1));
real(conv4_vec(A,m,B,m,C,m,Z,m,Q,V2));
real (conv4_vec(A,m,B,m,C,m,Z,m,Q,V3));

Vi V2 V3 ABC

of Iteration Scheme
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er = 1;

kkk = 0;

%

% Initial values of iterates

T

Vi = U01;
V2 = U02;
V3 = U03;

while(er > 10°(-4))
h
% First compute the "R-contributions"

h

Ulc = UO1;
U2c = U02;
U3c = U03;

b

B11l = V1.%V1;

yA

Ulc = Ulc - conv4_vec(X,m,X,m,X,m,Z,m,R1,B11);
Ulc = Ulc + conv4_vec(Y,m,X,m,X,m,Z,m,R1,B11);
Ulc = Ulc - conv4_vec(X,m,X,m,Y,m,Z,m,R1,B11);
Ulc = Ulc + conv4_vec(Y,m,X,m,Y,m,Z,m,R1,B11);
Ulc = Ulc - conv4_vec(X,m,Y,m,X,m,Z,m,R1,B11);
Ulc = Ulc + conv4_vec(Y,m,Y,m,X,m,Z,m,R1,B11);
Ulc = Ulc - conv4_vec(X,m,Y,m,Y,m,Z,m,R1,B11);
Ulc = Ulc + conv4_vec(Y,m,Y,m,Y,m,Z,m,R1,B11);
yA

clear B11

yA

B22 = V2.x%xV2;

yA

U2c = U2c - conv4_vec(X,m,X,m,X,m,Z,m,R2,B22);

U2c = U2c + conv4_vec(X,m,Y,m,X,m,Z,m,R2,B22);
U2c = U2c - conv4_vec(X,m,X,m,Y,m,Z,m,R2,B22);
U2c = U2c + conv4_vec(X,m,Y,m,Y,m,Z,m,R2,B22);
U2c = U2c - conv4_vec(Y,m,X,m,X,m,Z,m,R2,B22);
U2c = U2c + conv4_vec(Y,m,Y,m,X,m,Z,m,R2,B22);
U2c = U2c¢c - convé4_vec(Y,m,X,m,Y,m,Z,m,R2,B22);
U2c = U2c + conv4_vec(Y,m,Y,m,Y,m,Z,m,R2,B22);
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%

clear B22

%

B33 = V3.x%V3;

b

U3c = U3c - conv4_vec(X,m,X,m,X,m,Z,m,R3,B33);
U3c = U3c + convé4_vec(X,m,X,m,Y,m,Z,m,R3,B33);
U3c = U3c - conv4_vec(X,m,Y,m,X,m,Z,m,R3,B33);
U3c = U3c + convé4_vec(X,m,Y,m,Y,m,Z,m,R3,B33);
U3c = U3c - conv4_vec(Y,m,X,m,X,m,Z,m,R3,B33);
U3c = U3c + conv4_vec(Y,m,X,m,Y,m,Z,m,R3,B33);
U3c = U3c - conv4_vec(Y,m,Y,m,X,m,Z,m,R3,B33);
U3c = U3c + conv4_vec(Y,m,Y,m,Y,m,Z,m,R3,B33);
%

clear B33

yA

B12 = V1.%V2;

yA

Ulc = Ulc - conv4_vec(X,m,X,m,X,m,Z,m,R2,B12);
Ulc = Ulc + conv4_vec(X,m,Y,m,X,m,Z,m,R2,B12);
Ulc = Ulc - conv4_vec(X,m,X,m,Y,m,Z,m,R2,B12);
Ulc = Ulc + conv4_vec(X,m,Y,m,Y,m,Z,m,R2,B12);
Ulc = Ulc - conv4_vec(Y,m,X,m,X,m,Z,m,R2,B12);
Ulc = Ulc + conv4_vec(Y,m,Y,m,X,m,Z,m,R2,B12);
Ulc = Ulc - conv4_vec(Y,m,X,m,Y,m,Z,m,R2,B12);
Ulc = Ulc + conv4_vec(Y,m,Y,m,Y,m,Z,m,R2,B12);
yA

U2c = U2c - conv4_vec(X,m,X,m,X,m,Z,m,R1,B12);
U2c = U2c + convé4_vec(Y,m,X,m,X,m,Z,m,R1,B12);
U2c = U2c - conv4_vec(X,m,X,m,Y,m,Z,m,R1,B12);
U2c = U2c + conv4_vec(Y,m,X,m,Y,m,Z,m,R1,B12);
U2c = U2c - conv4_vec(X,m,Y,m,X,m,Z,m,R1,B12);
U2c = U2c + conv4_vec(Y,m,Y,m,X,m,Z,m,R1,B12);
U2c = U2c - conv4_vec(X,m,Y,m,Y,m,Z,m,R1,B12);
U2c = U2c + convé4_vec(Y,m,Y,m,Y,m,Z,m,R1,B12);
%

clear B12

yA

B13 = V1.x%V3;



b

Ulc =
Ulc =
Ulc
Ulc
Ulc
Ulc =
Ulc =
Ulc =
b

U3c =
U3c
U3c =
U3c =
U3c =
U3c
U3c
U3c =
b

clear
b

B23 =
b

U2c =
U2c =
U2c =
U2c
U2c
U2c =
U2c =
U2c =
b

U3c =
U3c
U3c =
U3c =
U3c =
U3c
U3c =
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Ulc - conv4_vec(X,m,X,m,X,m,Z,m,R3,B13);
Ulc + conv4_vec(X,m,X,m,Y,m,Z,m,R3,B13);

= Ulc - conv4_vec(X,m,Y,m,X,m,Z,m,R3,B13);
= Ulc + conv4_vec(X,m,Y,m,Y,m,Z,m,R3,B13);
= Ulc - conv4_vec(Y,m,X,m,X,m,Z,m,R3,B13);

Ulc + conv4_vec(Y,m,X,m,Y,m,Z,m,R3,B13);
Ulc - conv4_vec(Y,m,Y,m,X,m,Z,m,R3,B13);
Ulc + conv4_vec(Y,m,Y,m,Y,m,Z,m,R3,B13);

U3c - conv4_vec(X,m,X,m,X,m,Z,m,R1,B13);

= U3c + conv4_vec(Y,m,X,m,X,m,Z,m,R1,B13);

U3c - conv4_vec(X,m,X,m,Y,m,Z,m,R1,B13);
U3c + conv4_vec(Y,m,X,m,Y,m,Z,m,R1,B13);
U3c - conv4_vec(X,m,Y,m,X,m,Z,m,R1,B13);

= U3c + conv4_vec(Y,m,Y,m,X,m,Z,m,R1,B13);
= U3c - conv4_vec(X,m,Y,m,Y,m,Z,m,R1,B13);

U3c + conv4_vec(Y,m,Y,m,Y,m,Z,m,R1,B13);
B13

V2.%V3;

U2c - conv4_vec(X,m,X,m,X,m,Z,m,R3,B23);

U2c + conv4_vec(X,m,X,m,Y,m,Z,m,R3,B23);
U2c - conv4_vec(X,m,Y,m,X,m,Z,m,R3,B23);

= U2c + conv4_vec(X,m,Y,m,Y,m,Z,m,R3,B23);
= U2c - conv4_vec(Y,m,X,m,X,m,Z,m,R3,B23);

U2c + conv4_vec(Y,m,X,m,Y,m,Z,m,R3,B23);
U2c - conv4_vec(Y,m,Y,m,X,m,Z,m,R3,B23);
U2c + conv4_vec(Y,m,Y,m,Y,m,Z,m,R3,B23);

U3c - conv4_vec(X,m,X,m,X,m,Z,m,R2,B23);

= U3c + conv4_vec(X,m,Y,m,X,m,Z,m,R2,B23);

U3c - conv4_vec(X,m,X,m,Y,m,Z,m,R2,B23);
U3c + conv4_vec(X,m,Y,m,Y,m,Z,m,R2,B23);
U3c - conv4_vec(Y,m,X,m,X,m,Z,m,R2,B23);

= U3c + conv4_vec(Y,m,Y,m,X,m,Z,m,R2,B23);

U3c - conv4_vec(Y,m,X,m,Y,m,Z,m,R2,B23);
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U3c = U3c + conv4_vec(Y,m,Y,m,Y,m,Z,m,R2,B23);

%
clear B23
pA

% The function g of (2.4.73)

h

% First the derivatives

b
for 1=1:m
for j=1:m
for k=1
for

end
Dw1
DwW2
DW3
for

end
end
end
for ii=1:m
for k=1
for

end
Dw1
DW2
DW3
for

:m

ii=1:m
W1(ii)

V1(ii,j,k,1);

wW2(ii) = v2(ii,j,k,1);

W3(ii)

Dr*Wi.’;
DrxW2.7;
Dr*W3.’;
ii=1:m
U11(ii,j,k,1)
U21(ii,j,k,1)
U31(ii,j,k,1)

'm
j=1:m

Wi(j) = vi(ii,
W2(j) = va2(ii,
W3(j) = v3(ii,
= Dr*Wi.’;

= Dr*W2.’;

= Dr*W3.’;
j=1:m

U12(ii,j,k,1)
U22(ii,j,k,1)

]

V3(ii,j,k,1);

DW1(ii);
DW2(ii);
DW3(ii);

,k,1) 5
,k,1) 5
,k,1) 5

DW1(j);
DW2(j);
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U32(ii, j,k,1) = DW3(j);
end
end
end
for ii=1:m
for j=1:m
for k=1:m
Wick) = Vv1(ii,j,k,1);
w2(k) = v2(ii,j,k,1);
w3(k) = v3(ii,j,k,1);
end
DW1 = Dr*Wi.’;
DW2 = Dr*W2.’;
DW3 = Dr*W3.’;
for k=1:m
U13(ii,j,k,1) = DWi(k);
U23(ii,j,k,1) = DW2(k);
U33(ii,j,k,1) = DW3(k);
end
end
end
end
yA
% Now g —-—— see (2.4.73)

YA

g = U11.xU11 + U22.xU22 + U33.*U33 + ...
2x(U12.%U21 + U13.*U31 + U23.%U32);

yA

clear
yA

Ulc =
Ulc =
Ulc =
Ulc =
Ulc =
Ulc =
Ulc =
Ulc =
yA

U11

Ulc
Ulc
Ulc
Ulc
Ulc
Ulc
Ulc
Ulc

U22 U33 U12 U21 U13 U31 U23 U32

- conv4_vec(X,m,X,m,X,m,Z,m,R1,g);
+ conv4_vec(Y,m,X,m,X,m,Z,m,R1,g);
- conv4_vec(X,m,X,m,Y,m,Z,m,R1,g);
+ conv4_vec(Y,m,X,m,Y,m,Z,m,R1,g);
- conv4_vec(X,m,Y,m,X,m,Z,m,R1,g);
+ conv4_vec(Y,m,Y,m,X,m,Z,m,R1,g);
- conv4_vec(X,m,Y,m,Y,m,Z,m,R1,g);
+ conv4_vec(Y,m,Y,m,Y,m,Z,m,R1,g);
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U2c = U2c - conv4_vec(X,m,X,m,X,m,Z,m,R2,g);
U2c = U2c + conv4_vec(X,m,Y,m,X,m,Z,m,R2,g);
U2c = U2c - conv4_vec(X,m,X,m,Y,m,Z,m,R2,g);
U2c = U2c + conv4_vec(X,m,Y,m,Y,m,Z,m,R2,g);
U2c = U2c - conv4_vec(Y,m,X,m,X,m,Z,m,R2,8);
U2c = U2c + conv4_vec(Y,m,Y,m,X,m,Z,m,R2,g);
U2c = U2c - conv4_vec(Y,m,X,m,Y,m,Z,m,R2,8);
U2c = U2c + conv4_vec(Y,m,Y,m,Y,m,Z,m,R2,g);
b

U3c = U3c - conv4_vec(X,m,X,m,X,m,Z,m,R3,g);
U3c = U3c + conv4_vec(X,m,X,m,Y,m,Z,m,R3,g);
U3c = U3c - conv4_vec(X,m,Y,m,X,m,Z,m,R3,g);
U3c = U3c + conv4_vec(X,m,Y,m,Y,m,Z,m,R3,g);
U3c = U3c - conv4_vec(Y,m,X,m,X,m,Z,m,R3,g);
U3c = U3c + conv4_vec(Y,m,X,m,Y,m,Z,m,R3,g);
U3c = U3c - conv4_vec(Y,m,Y,m,X,m,Z,m,R3,g);
U3c = U3c + conv4_vec(Y,m,Y,m,Y,m,Z,m,R3,g);
yA

Ul = real(Ulc);

U2 = real(U2c);

U3 = real(U3c);

yA

clear Ulc U2c U3c

yA

% Error test

%

ERMAT = U1-V1+U2-V2+U3-V3;
ERVEC = reshape(ERMAT,m"4,1);

err = norm(ERVEC) ;
clear ERMAT ERVEC

b

Vi = U1;

V2 = U2;

V3 = U3;

b

kkk = kkk+1;

Iteration_no = kkk
Iteration_error = err
er = err;



end

h
h
h
h
h
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At this point we have computed the
vector solution to Navier-Stokes

equations.

Now, for the pressure:

gc = zeros(m,m,m);

h

yi,i,1);

+ conv3_vec(X,m,X,m,X,m,GO0,AA);
+ conv3_vec(Y,m,X,m,X,m,G0,AA);
+ conv3_vec(X,m,X,m,Y,m,GO,AA);
+ conv3_vec(Y,m,X,m,Y,m,G0,AA);
+ conv3_vec(X,m,Y,m,X,m,G0,AA);
+ conv3_vec(Y,m,Y,m,X,m,GO,AA);
+ conv3_vec(X,m,Y,m,Y,m,G0,AA);
+ conv3_vec(Y,m,Y,m,Y,m,GO,AA);
,1) = qc(:,:,:);

for 1=1:m
AA = g(:
qc = qc
qc = qc¢
qc = qc
qc = qc¢
qc = gc¢
qc = qc
qc = gc¢
qc = gc
pecC:,:,:

end

h

clear AA qc

h

p = real(pc);

h

toc

h

clear pc

h

% Printouts

h
h
h
h
h
h
h
h
h

In what follows we produce several
surface plots of solutions obtained
at Sinc points. Some of these have
the appearance of not being very
accurate, whereas these solutions
are, in fact quite accurate at the
Sinc points. We have thus also
included some surface plots of
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% solutions at finer meshes; these
% were obtained via use of Sinc

% interpolation formulas.

b

% Velocity fields at (x,y,0,T/2)

b

% These are

h

Ulxy = U1(:,:,N+1,N+1);
U2xy = U2(:,:,N+1,N+1);
U3xy = U3(:,:,N+1,N+1);

yA

% Velocity fields at (x,0,0,t) and

%

% pressure at (x,0,0,t), (0,y,0,t),

yA (0,0,z,t)

%

for ii=1:m

for j=1:m

Ulxt(ii,j) = U1(ii,N+1,N+1,3);
U2xt(ii,j) = U2(ii,N+1,N+1,3);
U3xt(ii,j) = U3(ii,N+1,N+1,3);
pxt(ii,j) = p(ii,N+1,N+1,5);
pyt(ii,j) = p(N+1,ii,N+1,3);
pzt(ii,j) = p(N+1,N+1,ii,j);

end
end
%
% Finer mesh values and Sinc inter-
% polation
yA
steps = (zs(m) - zs(1))/100;
stept = (zt(m) - zt(1))/100;
%
bb = zeros(100,m);
% cc = zeros(100,m);
dd = zeros(100,m);
for j=1:100
xx = zs(1) + (j-0.5)*steps;
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tt = zt(1) + (j-0.5)*stept;
bb(j,:) = basisl(xx,N,N,hs);

% cc(j,:) = basis2(0,T,tt,N,N,ht);
dd(j,:) = basis_poly2(0,T,tt,N,N,ht);

ys(j) XX;
yt(j) =tt;
end
pA
% Plots

b

% 1. u_1l at Sinc points

b

figure(1)

surf (zs,zs,Ulxy)

pause

print -dps2 n_s2_ul_x_y_0_halfT.ps
b

% 2. ul at finer mesh

b

% The reader should compare the

% following figure(2) plot with

% the Sinc point plot of figure(1l).
b

ul_fine = bb*xUlxy*bb.’;

figure(2)

surf (ys,ys,ul_fine)

pause

print -dps2 n_s2_ul_fine_x_y_O_halfT.ps
b

% 3. u2 at Sinc points

b

figure(3)

surf (zs,zs,U2xy)

pause

print -dps2 n_s2_u2_x_y_0_halfT.ps
A

% 4. u3 at Sinc points

b

figure(4)
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surf (zs,zs,U3xy)

pause

print -dps2 n_s2_u3_x_y_0_halfT.ps
h
% 5. ul(x,0,0,t) at Sinc points

h

figure(5)

surf (zt,zs,Ulxt)

pause

print -dps2 n_s2_ulx_0_0O_t.ps

h

% 6. u2(x,0,0,t) at Sinc points

h

figure(6)

surf (zt,zs,U2xt)

pause

print -dps2 n_s2_u2x_0_0_t.ps

hh

% 7. u3(x,0,0,t) at Sinc points

h

figure(7)

surf (zt,zs,U3xt)

pause

print -dps2 n_s2_u3x_0_0_t.ps

h

% 8. u3(x,0,0,t) on finer mesh

h

% The reader should compare the

% following plot with the Sinc point
% plot of figure(7)

h

u3xt_fine = bb*U3xt*dd.’;

h

figure(8)

surf (yt,ys,udxt_fine);

pause

print -dps2 n_s2_u3_fine_x_0_0_t.ps
h

% 9. Pressure at Sinc points (x,y,0,T/2)
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%

Pxy = p(:,:,N+1,N+1);
%

figure(9)

surf (zs,zs,Pxy)

pause

b

% 10. Pressure p(x,y,0,T/2) on

% finer mesh. Compare figs(9) and 10.
h

p_fine = bbx*Pxy*bb.’;

h

figure(10)

surf (ys,ys,p_fine)

pause

print -dps2 n_s2_p_fine_x_y_0_halfT.ps
b

% 11, 12,13. Pressures p(x,0,0,t),

% p(0,y,0,t), and p(0,0,z,t) at Sinc

% points

b

figure(11)

surf (zt,zs,pxt)

pause

print -dps2 pxt_x_0_0O_t.ps

b

figure(12)

surf(zt,zs,pyt)

pause

print -dps2 pyt_O_y_O_t.ps

b

figure(13)

surf (zt,zs,pzt)

pause

print -dps2 pzt_0_0_z_t.ps

b
% 14. p(0,0,z,t) on a finer

% mesh. Compare figs(13) and (14).
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h

pzt_fine = bb*pzt*xdd.’;

h

figure(14)

surf (yt,ys,pzt_fine)

pause

print -dps2 n_s2_pst_fine_0_0_z_t.ps

4.5  Performance Comparisons

The efficiency of Sinc allows it to take on important applied problems
not within the reach of classical methods. Here we present four simple
problems numerically accessible using one such classical method, the
finite element method (FEM), and make comparisons with Sinc. This
section will be brief and short on detail. We refer the reader to [SNJR]
for complete accounts of these and other examples.

4.5.1 THE PROBLEMS

1. Poisson Problem
We consider

Au(F)=—6-4rD)e", FeR?, (4.5.1)

with solution u(F) = e, where ¥ = (z,y,2) and r =

Va4 y? + 22

2. Heat Problem
‘We consider

ou(r,t
“g; ) _ Aur ) = f(7.1),7 € R? (4.5.2)
with two heat sources
2_0.5-¢

fiFt)=¢€ (1+55-t—4-t-r%)

and

P = (G savi-avi )

having corresponding solutions
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—r2_0.5-¢
ui(x,y,z,t) =t-e

and
—r2_0.5¢
ug(z,y, 2,t) =Vt -e i

3. Wave Problem

We consider the 2-d wave equation

0?u(r,t)

T Vau(r,t) = f(7,t), 7F€R? 0<t<1.  (4.5.3)

with forcing function

1.0 = (7 = i v (H -2 ) et 000,

and with solution
u(F, t) = t3/2 (7772050,

Here, 7 = (z,y) € R? and r = /22 + 2.

4.5.2 THE COMPARISONS

1. The Green’s function solution u to (4.5.1) is the sum of eight
indefinite convolution integrals of the form

z b z
(1) _ ? (6 n ¢) d¢ dn dg
u (I’y’Z)_/al./y a347r\/ y 77) +( C)27
(4.5.4)

evaluated for all points (x,y, z) equal to Sinc points {(i h,j h,kh) :
i)jak: _NauN}

Let U = Ujji be the solution array whereby at Sinc points ih, jh
and kh,

8
Uiji = u(ih, jh,kh) = > u®(ih, jh, kh). (4.5.5)
/=1
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Numerically computing the elements of U, these three dimensional
convolutions u(®), then proceeds by taking the Laplace transform G
of the Green’s function 1/(4nr) - as performed in §2.4.1. Algorithm
2.5.2 for computing the three dimensional indefinite convolution may
now be applied. Accordingly, we define

A=A = hICV=X8X"! i=1,3
(4.5.6)
Ay =AT = p(INHYT =y Sy-1,

where S = diag[s_n,...,sny] is a diagonal matrix of eigenvalues
of the matrix A, and X and Y are the corresponding matrices of
eigenvectors. We then evaluate the array [g;;x] = [g(ih, jh, kh)], and
form a vector g from the array, where the subscripts appear in a
linear order dictated by the order of appearance of the subscripts in
the do loops, do k = -N, N, followed by do j = -N, N, followed by
do i = -N, N. We then also form the diagonal matrix G in which
the entries are the values éijk = G(si, sj, 8k), where we also list the
values Gijk in the same linear order as for g.

Similarly from the arrays U .(f;, we can define vector uy by listing the

7
elements Ui(jé,z in the linear order. Algorithm 2.5.2 may then symboli-
cally be expressed using the Kronecker matrix product, which in the

case ¢ = 1 takes the form

(4.5.7)
U = XeYeZ|GXley ez,

Similar formulas hold for the seven other U® matrices. The vector
u approximating the solution u of PDE (4.5.1) at the Sinc points is
then given by

u= (zgj U(@) g. (4.5.8)
(=1

We emphasize that the matrices U®) need never be computed since
our algorithm involves performing a sequence of one—dimensional
matrix multiplications. For example, with N = 20 we get at least 3
places of accuracy, and the size of the corresponding matrix U* is
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413 x 413 or size 68,921 x 68,921. This matrix, which is full, thus
contains more than 4.75 x 10° elements. If such a matrix were to
be obtained by a Galerkin scheme, with each entry requiring the
evaluation of a three dimensional integral, and with each integral
requiring 413 evaluation points, then more than 3.27 x 10 function
evaluations would be required, an enormous task indeed! Yet Sinc
accurately gives us all of these values with relatively little work.

A FEM solution was computed (4.5.1) on a cubic area [—6,6]3
with zero boundary conditions. This restriction caused no problems
because u and g are rapidly decreasing functions.

We computed the Sinc based solution with 2NV 4+ 1 Sinc points. The
corresponding values of h were computed as h = 7/ V/N. The FEM
solution was computed afterward using more and more nodes un-
til the accuracy of the Sinc solutions was achieved. Differences are
dramatic. For example, with N as small as 20, Sinc achieved an ab-
solute uniform error of 0.0040 in a time 14 times faster than the
FEM, which had about 10,000 nodes. Throughout, Sinc maintained
an error bounded by 6_1‘5\/N, whereas FEM required 53706 nodes
to achieve .0062 error, and 143497 nodes to achieve error of .0026.

2. Sinc Green’s function solutions to (4.5.2) are obtained following
much the same procedure as with the Poisson problem. Here, we
rely on finding the Laplace transform of the Green’s function for
parabolic problems in IR?, derived in §2.4.5.

The total number of Sinc points used in each direction as well as in
time t was 2N + 1. The FEM solution was computed on a cubic area
with center the origin, side length 12 and zero boundary conditions,
and the time interval was chosen as [0, 1] with constant step size.

For heat source fi(7,t), a uniform error of about .01 was achieved
with N = 12 for Sinc, and achieved with time step size .01 for
FEM, taking about 7 times longer than Sinc computation. When
both methods reached an error of about .006, and N equal to 14,
Sinc again ran about 7 times faster than FEM.

For the second heat source fo(7,t), memory constraints early on
became an issue for FEM so that with main memory of .5GB, a lower
limit of .02 accuracy was achieved with time step of .005, which took
about 4 times as long as Sinc to run, this with N = 11. A ten fold
increase resulted Sinc achieving an error bounded by .0006, this with
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N = 30.

The Sinc error was approximately e~13VN in this second case. Early
failure in the second case for FEM can be attributed to a singularity
of fo at t = 0, thus requiring a finer mesh.

3. The lower limit of accuracy due to memory constraints for FEM
stopped at .015 error, and took about 100 times longer than the
Sinc solution for the same error, this with N = 22. For N = 60, Sinc
reached an error 2e-07 in a time increased by a factor of 38. The Sinc

—1.6 VN

error converged at a rate about e
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Directory of Programs

ABSTRACT This chapter provides cross references between theorems and
equations of this handbook and the programs of Sinc—Pack. In these tables,
programs followed by a star (*) are programs of this package which are not
illustrated in this handbook.

5.1 Wavelet Formulas

These formulas were derived in §1.4. For these, we list the following
programs corresponding to the equations in §1.4:

Where Used Program
Formula (1.4.3-4) basis_period.m (*)
Formula (1.4.13) wavelet_basis_even_int.m
Formula (1.4.16) wavelet_basis_even_half.m
Formula (1.4.19) wavelet_basis_odd_int.m
Formula (1.4.22) wavelet_basis_odd_half.m
Formula (1.4.17) wavelet_basis_even_half_cos.m
Formula (1.4.18) wavelet_basis_even_half_sin.m
Formula (1.4.95) waveletintmat_e_int.m
formula (1.4.94) waveletintmat_o_int.m
Example 3.10.1 wavelet_main_odd_half.m
Example 3.10.1 wavelet_main_even_int.m (%)
Example 3.10.1 wavelet_main_odd_int.m ()

Deriv. similar to (1.4.94) waveletintmat_e_half.m (%)
waveletintmat_o_half.m (*)
-- uses wavelet_basis_odd_half.m (%)

DFT: Formula (1.4.110) ftransmat.m
DFT inv. Formula (1.4.116) ftransmatinv. m
Example 3.10.2 wavelet_main_even_half.m
—-- uses wavelet_basis_even_half_cos.m

wavelet_basis_even_half_sin.m
Sec. 3.10.2 wavelet_ode_ivp_nll.m
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-— uses waveletintmat_e_int.m
wavelet_basis_even_int.m
Equation 1.4.93 waveletint_e.m
Equation 1.4.93 waveletint_o.m (%)

5.2 One Dimensional Sinc Programs

Formulas of Sinc—Pack are one dimensional. But because of separa-
tion of variables, these one dimensional formulas can be used to solve
multidimensional PDE problems, i.e., without use of large matri-
ces. These one—dimensional matrix—vector operations are discussed

in §3.1.

5.2.1 STANDARD SINC TRANSFORMATIONS

We list here Sinc—Pack programs of standard Sinc transformations,
and also, programs for first and second derivatives of these transfor-
mations. The number following the word “phi”, e.g., phi3, refers to
the transformation number as described in §1.5.3.

Equation Prog. 1st Deriv. Prog. 2nd Deriv. Prog.
Identity phil.m phil_1.m phil_2.m

log (23 : ;L) phi2.m phi2_1.m phi2_2.m
log(x) phi3.m phi3_-1.m phi3_2.m
log(sinh(z)) phid.m phi4_1.m phi4_2.m

log (a: +V1+ a:2> phi5.m phi5_1.m phi5_2.m
log(sinh(xz + V1 + z2)) phi6.m phi6_1.m phi6_2.m

i (v—u)/2

+1log (%‘M) phi7.m  phi7_l.m phi7_2.m

(5.2.1)

We also list the functions 1 ,where x = 1 (w) corresponds to the
inverse of the transformation w = (). These programs psi*.m are
used to generate the Sinc points, based on the formula, z = ¥ (k h) ;
these Sinc point programs are listed in the section which follows.
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P(w) Prog., psi*.m
Identity , w psil.m
a+be” .
_— psi2.m
1+ev
exp(w) psi3.m
log (ew +V1+ 62“’) psid.m (5.2.2)
sinh(w) psib.m

1 1
5 <t(w) + m)
t(w) = log (ew +V1+e? “’) psi6.m

ewtiv + et (utv)/2

PR Cn Y psi7.m

5.2.2 SINC PoOINTS AND WEIGHTS

The Sinc points, z; = ¢¥(kh) and weights, hy)'(kh) = h/¢'(z;) are
ubiquitous throughout this handbook, in formulas of interpolation, in
derivatives, in quadrature, indefinite integration, Hilbert transforms,
analytic continuation, Laplace transform inversion, and in the solu-
tion of PDE and IE (partial differential and integral equations). The
programs corresponding to these formulas are Sincpoints*.m and
weights*.m respectively. Each of these programs generates a row
vector of m numbers, with m = M + N + 1, and with M and N
corresponding to the limits in the sum (1.5.27), and with the integer
“*7 referring to the transformation number of the transformation in

§1.5.3.

Sincpoint Programs Weights Programs
Sincpointsl.m weightsl.m
Sincpoints2.m weights2.m
Sincpoints3.m weights3.m
Sincpoints4.m weights4.m
Sincpoints5.m weights5.m
Sincpoints6.m weights6.m
Sincpoints7.m weights7.m
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5.2.3 INTERPOLATION AT SINC POINTS
There are two classes of algorithms.

The first class is based on the results of Sec. 1.5.4, and more
specifically, Equation (1.5.24). Each of the formulas basisk.m, with
k=1,2,3,4,5, 6 and 7 uses the formula basis.m, which cor-
responds to the case of & = 1 for approximation on the real line
R. The other integers from 2 to 7 correspond to the transformation
number in §1.5.3. For example, the call statement basis3(M,N,h,x),
with 2 € (0,00) returns a row vector of m = M + N + 1 basis val-
ues (w_ps(z), ..., wn(z)), enabling the evaluation of the formula
(1.5.27). For the case of a finite interval (a, b) we also need to specify
a and b in the call of the program basis2.m, e.g., with any = € (a, b),
one would write “basis2(a,b,M,N,x)”.

The second class of programs is based on the methods of §1.7. These
are denoted by basis poly*.m, with K =1, 2, 3, 4, 5, 6 and
7 corresponding to the transformation (x) in §1.5.3. As for the first
class above, these programs also return a row vector of m = M+N-+1
numerical values b_ps(y), ..., bny(y), which enables the evaluation

N
p(y) = > bu(y) Flzk),
k=M

and which is exact at the Sinc points zj. Indeed, p(y) is a polynomial
of degree m—1 in the variable y = p(z)/(1+p(z)) , with p(x) defined
as in Definition 1.5.2. This approximation is frequently more accurate
than than the Sinc interpolation formula (1.5.27) in cases of when T’
has a finite end—point.

Formula Program

(1.5.24) & (1.5.27) basis.m
basisl.
basis2.
basis3.
basis4.
basisb.
basis6.
basis7.

BEBEBEBBB
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(1.7.1), (1.7.16) basis_polyl.
basis_poly2.
basis_poly3.
basis_poly4.
basis_polyb.
basis_poly6.
basis_poly7.

8 B B B B B B

5.2.4 DERIVATIVE MATRICES

There are four classes of programs for one dimensional differentia-
tion. The first two classes are based on differentiation of Sinc inter-
polation formulas. The first class, D*_j.m is based on differentiating
the interpolation formula

N
Fp(x) = Z Fi, S(k,h) o p(x);
k=—M

the second class, Domega*_1.m is based on differentiating the for-
mula (1.5.27) (see Theorem 1.5.14), while the third class uses the
inverses of the indefinite integration matrices obtained via the pro-
grams Int*_p.m, or the negative of the inverses of the matrices ob-
tained via the programs Int.m.m (see below). While these classes
produce results that converge when I' = IR, and more generally, on
closed subsets of all open arcs I', they do not give accurate results
in a neighborhood of a finite end—point of an arc I', even when the
function F' does have bounded derivatives at such points. The reason
for this is that the derivative of either the above formula for Fj} or
the formula (1.5.27) contains a factor ¢'(x) which is unbounded at
a finite end—point of an arc I'.

The fourth class of programs, Dpoly*_1.m, is derived in §1.7, and is
based on differentiating a composite polynomial that interpolates a
function at the same Sinc points. As proved in §1.7, these formulas
are able to produce uniformly accurate derivative results when such
results exist, even for arcs that have finite end—points.

Other Illustrations of Derivative Programs:

Handbook Location Method Program Interval



5. Directory of Programs 414

Example 3.3.1 # 1 above der_test33.m (0,1)
# 1 above der_test0l.m* (0,1)
# 2 above der_test3.m* (0,1
# 1 above der_test4.mx (0,infinity)
# 3 above der_test_Int2.m* (0,1)

5.2.5 (QUADRATURE

I. Let us first list the programs Quad % .m, where the “*” corre-

sponds to the ™ transformation in §1.5.3, i.e., for use of evaluation
of integrals over ', based on the transformation

F(2)dz = /R F(thu(w)) ¥, (w) duw, (5.2.3)

.
and then evaluation of the integral via use of the Trapezoidal rule,
i.e., via use of Quadl.m. There are seven integrals, Quad.m, for
x =1, 2, ..., 7. The user must write the routine FFx.m for use
in Quadk.m. The routines themselves use the transformation from
the left of (5.2.8) to the right, and they then evaluate the integral.
The user is cautioned however: Often — particularly for the cases
of *x = 2,6 and 7 it is preferable to first make the transformation
z = . (w) in the integral on the left of (5.2.8), to get the integral on
the right of (5.2.8), and then to apply the rule Quadl.m. Calls take
the form, e.g., “c = Quad3(Eps), where Eps is the error to which
the integral is to be evaluated. We must, however, be more specific
for the cases of * = 2 and * = 7, in which case the calls take the
form ¢ = Quad2(a,b, Eps) and ¢ = Quad7(u,v, Eps) respectively.

* int_{Gamma_k} F(x) dx Program

Quadl.
Quad2.
Quad3.
Quad4.
Quadb.
Quad6.
Quad7.

N O O WN
B B B B8 B B B

II. The quadrature routines in the following table are also contained
in Sinc—Pack:
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Handbook Location Program

Algorithm 1.5.18 quadl_FF.m*
quaddl.m
quadl.mx*
quadl_FF.m*

ex_1_4_quad.m*

All of these programs are essentially the same, except that
quaddl.m is most informative re printouts.

III. The following programs could be combined with Algorithm
1.5.18, or the program quaddi.m but they have not — see (1.5.46) —
(1.5.47), and the corresponding entries in Tables 1.1 and 1.2. Doing
so could be an interesting and worthwhile project. These programs
return four numbers corresponding to the entries ¢(x) and ¢'(x) in
Tables 1.1 and 1.2, for z, and then also, for 1/x (see quaddl.m),
corresponding to the transformation number k in §1.5.3.

y = sqrt(l + x°2)

* q(x) q’ (x) program

1 log(x) 1/x g_bothl.m*
2 (x-a)/(b-x)  (b-a)x/(1+x)"2 q_both2.m*
3 X 1 No Program
4 log(x + y) 1/y g_both4.mx
5 (1/2)(x - 1/x) (1/2) y~2/x72 q_both5.m*
6 (1/2)(w - 1/w) @/2)1 + 1/w"2)/y q_both6.mx

w = log(x + y)

~

V=2(x+U/V) / (x+V/Y) V~2x*V/U-U/V)/(x_U/V)~2 q_both7.mx

U = exp(iu/2), V = exp(iv/2)
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5.2.6 INDEFINITE INTEGRATION

The matrices for indefinite integration are all a product of an intrinsic
matrix — Im.m, for indefinite integration over the real line, IR, and
a diagonal matrix of weights. There are two matrices for each Iy,
with * corresponding to the transformation # * in §1.5.3, one for
integration from the left end—point a of 'y to a point x € Ty, and
the other, for integration from x € I', to the right end—point b of T',.
Recall, if V' is the operator that transforms a function f defined on I"
to a column vector V f = (f_ar, ..., fn)', with fp = f(zz), and
where z;, denotes a Sinc point, then V' [7 f(t)dt =~ A(V f) where A
denotes the indefinite integration matrix for integration from a to
x. Similarly, Vfﬁf(t) dt = B (V f), where B denotes the indefinite
integration matrix for integration from z to b. In the table which
follows, the integer  refers to the transformation # * in §1.5.3.

* A--Matrix Program B--Matrix Program
1 Intl_p.m Intl_m.m
2 Int2_p.m Int2_m.m
3 Int3_p.m Int3_m.m
4 Int4_p.m Int4_m.m
5 Int5_p.m Intb_m.m
6 Int6_p.m Int6_m.m
7 Int7_p.m Int7_m.m

The program indef_ex_1.m gives an illustrative example of the
approximation of an indefinite integral on (0, c0).

5.2.7 INDEFINITE CONVOLUTION

Linear Convolutions. “Linear convolution” is based on the formula
(1.5.55) of §1.5.9. There are two linear one dimensional convolution
programs:
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convl_mat.m and convl_vec.m (5.2.4)

Each of these is written for for purposes of approximating indefi-
nite convolution integrals over an interval (a,b) C R of the form of
p and ¢ in §1.5.9. For each, there is an implied indefinite integration
matrix — call it A: A = XSX ! for indefinite integration either from
a to x, or from x to b, and where S = diag[s_as, ..., sn]is a diag-
onal matrix. Then, with F' the Laplace transform of f, one needs to
externally form the diagonal matrix FF with j** diagonal entry 5j.

The call

W = convl mat(X, FF)

then returns F'(A). An application of this routine is the approxima-
tion of a solution to a Wiener—Hopf integral equation.

The routine convl_vec.m approximates either p or ¢ of (1.5.51),
and for this purpose we also require an externally defined
routine to determine the vector gg = Vg, for the ap-
proximation V[ f(z —t)g(t)dt ~ X FF X 'gg, and similarly,
fgff(t —x)g(t)dt ~ X FF X~ ! gg.

A direct illustration is given in the example program ex abel.m in
§3.6. But this procedure is also applied several examples in §3.9,
e.g., in the program example ode_airy.m in §3.9.4, and in a more
sophisticated manner in the program examples of §4.3.

Nonlinear Convolutions. These are programs resulting from the ap-
proximations over IR or a subinterval (a,b) of R of the functions
p, q, and r of §1.5.11. The derivations of these approximations is
based on the linear convolution procedure of §1.5.9. These formulas
are basic for enabling Sinc solutions to PDE over curvilinear regions.
There are two sets of programs, each requiring its own inputs:

(i) An array of values (z,t, A, kery) for computing p, and array of
values (t,z, A, kery) for computing ¢, or an array of (t,x, A, ker;)
values for computing r; and

(ii) Arrays of values (X , KK) as in (i) above, but with ker, replaced
with KK, where X is the matrix of eigenvectors of the indefinite
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integration matrix (call it A) (for integration form either a to x or
from x to b with x € (a,b)) and where the entries of KK are:

(sj, ) for the case of p;

(2 ,xy) for the case of ¢; and

(25, 8k, 21) for the case of r,

and where, with the Laplace transforms are defined as in (1.5.62) for
p, as in (1.5.66) for ¢, and as in (1.5.70) for r, where x; denote the
Sinc points of (a,b), and where s; denoting the eigenvalues of A. The
programs are called lap_transf ker *.m, where “*” denotes either
P, q, or r, where the Laplace transforms are defined as in (1.5.62)
for p, as in (1.5.66) for ¢, and as in (1.5.70) for r. The variable s
in these Laplace transforms becomes the discretized s;, with the s;
denoting the eigenvalues of A.

The programs are named as follows:

Function Program (i) Program (ii)
p(x) conv_nl_discrete_p.m convnll_p.m
q(x) conv_nl_discrete_q.m convnll_qg.m
r(x) conv_nl_discrete_r.m convnll_r.m

5.2.8 LAPLACE TRANSFORM INVERSION

There is only one program, lap_inv_g.m, for all intervals. The appli-
cation of this procedure to curvilinear arcs requires more research.
There is a one dimensional example program, ex_lap_inv4.m, in
63.7, illustrating Laplace transform inversion for reconstructing the
function t~/2 sin(t) on (0, 00). The method is also used for program-
ming of the operator Q in our illustration of the the solution of a
Navier-Stokes equation on R? x (0, 00).

5.2.9 HILBERT TRANSFORM PROGRAMS

The Hilbert transform programs of the following table are included
in Sinc-Pack. The first group, Hilb_yam*.m are formulas essentially
for intervals, given in Theorem 1.5.24, which were first discovered by

Yamamoto ([Ya2]), via a different procedure. In these, the “x” refers
the number of the transformation in §1.5.3. We then list a program
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based on (1.5.106), which gives results that are, in fact, uniformly
accurate, even for functions that do not vanish at end points of the
interval. Finally, we also list a program of Hunter’s method, which
is accurate for functions that one can accurately approximate via
polynomials on an interval, and finally, programs of some examples.

Equation, or Method Program
(1.5.100) Hilb_yaml.m
Hilb_yam2.m
Hilb_yam3.m
Hilb_yam4.m
Hilb_yamb.m
Hilb_yam6.m
Hilb_yam7.m
Example of Hilb_yam ex_hilb_yam.m
Example of Hilb_yam ex1l_hilb_yam.m
(1.5.84) Hilbert_t2.m
Hunter’s Hilb_hunter.m
Example of applics of Hunter’s Hilb_hunter_ex.m
Other Simple Hilbert transforms Hilb2_ex.m

5.2.10 CaucHY TRANSFORM PROGRAMS

These programs compute several (n) vectors of the Cauchy trans-
formed sinc functions ¢; defined in Sec. 1.5.12 — see Eq. (1.5.78) —
for performing the Cauchy transform over an interval or contour.
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They are labeled Cauchy®.m, where the ‘*’ corresponds to the trans-
formation #(*) in §1.5.3, and program selection should correspond to
functional behavior as described in the particular example of §1.5.3..
Function calls take the form, e.g., Cauchy3(M,N;h,u), with u a com-
plex number. For example, for the case of n = 1, m function values
cj(u) are returned, and one then gets a uniformly accurate approxi-
mation of the form

1 /°° f@)
2w Jo t—u
even in the case when f (although bounded at 0) does not vanish

at the origin. Although these formulas work for any u € C, the user
must ensure that phik(u) is properly defined.

N
dt ~ Z f(z5)cj(u), (5.2.5)
=M

Contour Program
Gammal Cauchyl.m
Gamma?2 Cauchy2.m
Gamma3 Cauchy3.m
Gamma4 Cauchy4.m
Gammab Cauchy5.m
Gamma6 Cauchy6.m
Gamma7 Cauchy7.m

5.2.11 ANALYTIC CONTINUATION

These algorithms are based on the results of Sec. 1.5.13,
and more specifically, Equation (1.5.107). Each of the formulas
basis_harm*.m, with «x = 1, 2, 3, 4, 5, 6 and 7 uses the pro-
gram basis_harm.m, which corresponds to the case of £k = 1 for
approximation using data on the real line IR. The other integers “*”
from 2 to 7 correspond to the transformation number in §1.5.3. For
example, the call statement basis_harm3(M,N,h,x), returns a row
vector of the m = M + N + 1 basis functions as defined in (1.5.107),
ie, (0_m(z), ..., dn(x)), where these functions are defined for
o(z) = log(z) enabling the evaluation of the formula (1.5.109) at
x €. For the case of a finite interval (a,b) we also need to specify
a and b in the call of the program basis harm.m, e.g., with data
in (a,b), and z €C, one would write basis_harm2(a,b,M,N,x). Al-
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though these formulas work for any x €, the user must ensure that
o(z) is well defined.

Formula Program

(1.5.107) basis_harm.m
basis_harmil.
basis_harm2.
basis_harm3.
basis_harm4.
basis_harmb.
basis_harm6.
basis_harm7.

B B BB BB B

5.2.12 CaucHY TRANSFORMS

Only two programs appear, Cauchyl.m, and Cauchy2.m. The first
is used for approximating a Cauchy program over the real line, at
several values in the upper half plane, while the second is used for
approximating a Cauchy transform over a finite interval (a,b), at
several values not on (a,b). The basis_harm*.m programs of the
previous subsection can also be used for approximation of Cauchy
transforms.

5.2.13 INITIAL VALUE PROBLEMS

These are based, mainly, on the indefinite integration routines. The
examples in the following table are contained in Sinc—Pack.

Program Location Program
Section 3.9.1 ode_ivp_nll.m
Section 3.9.2 ode_ivp_lil.m
Section 3.9.3 ode_ivp_li2.m

Section 3.9.4 ode_airy.m
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5.2.14 WIENER-HOPF EQUATIONS

These are discussed in §1.5.15, and an example is discussed in §3.9.5.
The program example, wiener hopf .m is given in §3.9.5.

5.3 Multi-Dimensional Laplace Transform
Programs

We list here, Sinc programs of Sinc-Pack, for multidimensional
Laplace transforms of Green’s functions that are used for approx-
imating multidimensional convolution integrals. We list Laplace
transforms of Green’s functions for Poisson problems, for wave equa-
tion (i.e., hyperbolic) problems, for heat equation (i.e., parabolic)
problems, for Navier—Stokes problems, and for two dimensional bi-
harmonic problems.

We shall use the notation “G-F” to denote the words “Green’s Func-
tion(s)”.

5.3.1 Q — FUNCTION PROGRAM

The function Q(a) is defined as an in (2.4.1), over the arc C defined
in (2.4.2). This function is required for evaluation of many multidi-
mensional Laplace transforms. The program Qfunc.m evaluates Q(a)
for any complex number a , based on the results of Theorem 2.4.1.

5.3.2 TRANSF. FOR POISSON GREEN’S FUNCTIONS

The Greens function of the one dimensional Laplacian,

()

is just —(1/2)|z|. That is, the function

b
w(z) = —%/ & — t] g(t)dt (5.3.1)

is a particular solution on (a,b) to the problem wy;, = —g(x). The
Laplace transform of the G-F —(1/2)|z| is, trivially,

82

Ggl)(s) = /Ooo —g exp(—z/s)dx = 5 (5.3.2)
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The G—F of the Laplacian in two and three dimensions are

—(@27) tog /2 + 23 and (4my/a?+ a3 +a3)?

respectively. These G-F have Laplace transforms as given in Theo-
rems 2.4.3 and 2.4.4 respectively. The programs for evaluating these
Laplace transforms are called lap tr poi2.m and lap_tr poi3.mre-
spectively.

5.3.3 TRANSFORMS OF HELMHOLTZ GREEN’S FUNCTION

The G-F for the Helmholtz equation in one, two and three dimen-
sions are given in Equation (2.4.29). These G-F satisfy the differen-
tial equation(s) (2.4.30). The Laplace transforms of these G-F are
given in Theorems 2.4.6, 2.4.7 and 2.4.8.

Formulas and corresponding computer programs of Laplace trans-
forms of the G-F of Helmholtz equations are intimately related to
formulas and computer programs of the Laplace transforms of the
G-F of wave and heat equations. The computer programs of these
Laplace transforms are given in the following table:

G--F Laplace transform program
(2 k)"(-1) exp(- klx_11) lap_tr_helml.m
(2 pi)~(-1) K_0(k r) lap_tr_helm2.m

r=( .12+ (x.2)"2)°(1/2)
(4 pi R)"(-1) exp(- k R) lap_tr_helm3.m

R=(x_1)"2+ (x_2)"2 + (x_3)"2 )~(1/2)

5.3.4 TRANSFORMS OF HYPERBOLIC GREEN’S FUNCTIONS

Green’s Functions for hyperbolic equations satisfy the differential
equation and initial conditions (2.4.52). Performing a Laplace trans-
form with respect to the variable ¢ on the differential equation for G(%)
for d =2, 3, transforms this differential equation into a differential
equation very similar to that of the differential equation (2.4.30) for
the d dimensional Helmholtz equation. The Laplace transforms of
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Helmholtz equations can thus be used to express the Laplace trans-
forms of hyperbolic (wave) equations, as spelled out in Theorem
2.4.10. The following programs, which, then obviously use the pro-
grams for Helmholtz equations, are then used to compute the Laplace
transforms of the Green’s Functions for wave equations. The reader
is instructed to examine (2.4.51) and (2.4.52) regarding the role of d
in these results.

n Green’s Functions Laplace transform program
2 See (2.4.52) lap_tr_wave2.m
3 lap_tr_wave3.m
4 lap_tr_wave4.m

5.3.5 TRANSFORMS OF PARABOLIC GREEN’S FUNCTIONS

Green’s functions for parabolic equations satisfy the differential
equation and initial conditions (2.3.1). Performing a Laplace trans-
form with respect to the variable ¢ on the differential equation (2.3.2)
for the Green’s Functions G for d = 2, 3, 4, transforms this dif-
ferential equation into a differential equation very similar to that of
the differential equation (2.4.30) for the n —1 dimensional Helmholtz
equation. The Laplace transforms of Helmholtz equations can thus
be used to express the Laplace transforms of parabolic (heat) equa-
tions, as spelled out in Theorem 2.4.11. The following programs,
which, then obviously use the programs for Helmholtz equations,
are then used to compute the Laplace transforms of the Green’s
Functions for wave equations.

d Green’s Functions Laplace transform program
1 See (2.4.61) lap_tr_heat2.m
2 lap_tr_heat3.m

3 lap_tr_heat4.m
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5.3.6 TRANSF. OF NAVIER-STOKES GREEN’S FUNCTIONS

The Green’s Functions for which we will list Laplace transform pro-
grams are based on the following formulation of the Navier—Stokes
equations:

u(r,t) = /RS G(r—7,t)u’(r)dr’

t
+/o 3 {((V'G) - u(, ") u(@ ') +p(,t") (V'G)} dF' dt’,
(5.3.3)
in which we have written G for G(7 — 7 ,t — t').

The the four dimensional Laplace transform of —G,, (7,t) is ex-
pressed in (2.4.97), and this can be evaluated using navier_stokes_R.m.
The program for the four dimensional Laplace transform of
—Ky, (7, 1), with IC(7,t) defined in (2.4.91) is given in (2.4.98) and
is called navier_stokes_S.m.

5.3.7 TRANSFORMS OF BIHARMONIC GREEN’S FUNCTIONS

The biharmonic Green’s Functions which satisfies the differential
equation

A? G(z,y) =0(x)d(y) (5.3.4)

is just the function G(z,y) = (167) ! R log(R), as is given in
(2.4.102), where R = 2?2 +22. The Laplace transform of this function,
as well as of the functions G, (z,y) and Gyx(x,y) (see 2.4.103)) are
given in the statement of Theorem 2.4.12.

Laplace Transform Program
G--F Eq. (2.4.105) lap_tr_bihar2.m
G_x -- Eq. (2.4.107) lap_tr_bihar2x.m
G_xx -- Eq. (2.4.107) lap_tr_bihar2xx.m

G_y -- See (2.4.107) lap_tr_bihar2y.m
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G_yy —-- See (2.4.107) lap_tr_bihar2yy.m

There is, of course an obvious matrix transpose relationship be-
tween the outputs of the programs for G, and G, as well as between
the outputs of the programs for G, and Gy, in the case when the
defining indefinite integration matrices of these functions are the
same.

5.3.8 EXAMPLE PROGRAMS FOR PDE SOLUTIONS

Included in Sinc—Pack are programs for solution of the following
problems:

1. Harmonic Sinc Approximation Program. The program continue.m
enables analytic continuation.

2. Programs for Solving Poisson and Dirichlet Problems.

(a) The program pois R_2.m in §4.1.2 solves a Poisson prob-
lem over R?;

(b) The program, lap_square.m in §4.1.3 solves a Poisson—
Dirichlet problem on a square;

(¢) The program, lemniscate.m in §4.1.4 converts Dirichlet
to Neumann data on a lemniscate;

(d) The programs lap_poi_disc.m in §4.1.5 gets a particular
solution to a Poisson problem on the unit disc. The pro-
gram lap -harm disc.m in §4.1.5 solves a Dirichlet prob-
lem with discontinuous data on the boundary of the unit
disc; and

(e) The program pois_R_3.m solves a Poisson problem on IR3,
3. Biharmonic Problems. The program biharm.m computes three

approximate solution tasks for the PDE problem over the
square B = (—1,1) x (—1,1)

A*w(z,y) = f(z,y), in B,

S (5.3.5)
w=g and — =h on 0B,
on
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where 0B denotes the boundary of B, and where g and h are
given functions:

(a) Particular solutions, w, w, and w,, based on eval-
uating the integral (4.1.48) via Sinc convolution, us-
ing the Laplace transform programs, lap tr_bihar2.m,
lap_tr_bihar2x.m and also, lap_tr_bihar2y.m;

(b) It solves a boundary value problem

A%V (z,y) =0 in B;

5.3.6
oU (5.3.6)
V=g, —=h onobB,
on
where g; and hp are given functions. To this end, it de-
termines values of functions u, v and ¢ on the boundary
of B, where these functions are harmonic in B, such that
V=@-a)u+ (y—>b)v+ ¢ in B, and with a and b any
constants.

(c) Finally, it evaluates the solution V in the interior B via
use of the analytic continuation procedure that was used
in the above program, lap_square.m.

4. The program wave_3pl.min §4.2.1 solves a wave equation prob-
lem over R? x (0,T).

5. The programs p_d_picard.m, and p_-d_T5.m in §4.4.1 solve var-
ious forms of the nonlinear integro—differential equation (4.4.1)
for a probability density. The second of these computes a so-
lution for the case of a bad boundary layer.

6. The program, navier_stokes2.m of §4.4.2 computes a solution
to a Navier—Stokes problem discussed in §2.4.6, but over the
region (7,t) € R3 x (0,7).
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